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Classical Computing

“Efficient” computation time scales polynomially with

the problem size.

— Search ~ nt

—n= 1000, t = 1 sec
—n = 1050, = 1.2 sec
“Inefficient” computation times scales exponentially.
— Factoring ~ 2"
—n = 1000, t =1 sec
—n = 1001, t = 2 sec
—n=1012,¢t =1 hour
—n = 1050, t = 3.3 million years
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Example: Inner product

Let |y), | @) € C? be two N = 2" dimensional vectors. How to compute the
magnitude of the inner product | (¢ |y) %7 lw) = (yy, - wy)

Digital () = (@1, -+, )
— N = 2" multiplications and additions Al
o 3 (Blw) =) dry,
— Decompose multiplications and additions as NAND gates P
Quantum

— Run the following circuits with 27 4+ 1 qubits and n + 2 gates
—Prob(0) — Prob(1) = | (¢ |y) |’ 10y 7 Fe-e—el HHA
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The First Wave of Quantum
Machine Learning?

week ending
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Quantum Algorithm for Linear Systems of Equations
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Solving linear systems of equations is a common pr0b1e1=n that arises both on its own and as a subroutine
in more complex problemsgiven a matrix A and a vector b, find a vector X such that AX = b’.|We consider
the case where one does not need to know the solution x itself, but rather an approximation of the
expectation value of some operator associated with X, e.g., X' MX for some matrix M. In this case, when A
is sparse, N X N and has condition number «, the fastest known classical algorithms can find X and
estimate ¥ MX in time scaling roughly as N./«x. Here, we exhibit a quantum algorithm for estimating
xT MX whose|runtime is a polynomial of log(NV) pnd k. Indeed, for small values of « [i.e., poly log(N)], we
prove (using some common complexity-theoretic assumptions) that any classical algorithm for this
problem generically requires exponentially more time than our quantum algorithm.

Ax = b Complexity of inversion of a regular matrix=O(N°)
X = Complexity of inversion of a sparse matrix=O(V)



The exponential Speed-Up



The exponential Speed-Up



Different Quantum Advantages/Speedups

1. A provable quantum speedup: (gold standard)
requires a proof that there can be no classical algorithm that performs
as well or better than the quantum algorithm. (grovers algorithm)

2. A strong quantum speedup:
compares the quantum algorithm with the best known classical
algorithm. (shores algorithm)

3. Common quantum speedup:
relaxes the 'best classical algorithm’ to the ‘best available classical
algorithm’

4. Potential quantum speedup:
compares two specific algorithms and relating the speedup to this
instance only

5. Limited quantum speedup:
compares conceptually equivalent algorithms
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HW

Check out the following webpage
— https://kckong.ku.edu/PHSX600-801/

Install Qiskit / PennyLane in your laptop or Google colab.

Create your IBM Quantum account (for IBMQ Lab and IBMQ

Composer).

Try simple Qiskit examples

— Examp

e 1 wit

N single gates on colab

— Examp

e 2 wit

n single qubit circuit on colab

— Examp

e 3 wit

N multiple qubits and measurements



https://kckong.ku.edu/PHSX600-801/
https://colab.research.google.com/drive/1iZdE2NcEWHVJxZ6Pk-76RONZ7i2flUOW
https://colab.research.google.com/drive/1qdICNPVhlnB8k5mawCgR5wrOk4Qk1UYT
https://colab.research.google.com/drive/14QrCfIvz7RwWX4XNc04NAu1EYWg1OPK9

Topics to discuss

Introduction to QM, Single qubit, and system with two or more qubits
Quantum algorithms

Quantum Machine Learning
— QAOA and feedback based algorithm
— Two applications: collider and dark matter

We will not discuss
— Hardware/experimental aspect of quantum computer
— Computational complexity theory
— How to use Qiskit/PennyLane
— QRAM, quantum tomography, quantum sensing
— Quantum communication, quantum information theory
— Quantum cryptography, traversable wormhole



Topics to discuss

. Single qubit, Dirac notation, Bloch sphere and measurements
. Quantum circuits, singlet qubit gate, two qubit gates, three qubit gates,

no cloning, superdense coding, teleportation

Quantum algorithms, data embedding, Deutsch algorithm, Deutsch-
Jozsa, Bernstein-Vazirani algorithm, Simon’s algorithm

Quantum Fourier Transformation and quantum phase estimation
Shor's algorithm and Grover’s algorithm
Quantum machine learning, distance-based classifier

Quantum optimization, QUBO, Adiabatic theorem, variational quantum
algorithms

QAOA, FALQON, ADAPT-QAOA
Single qubit-classifier using data re-uploading

10. Harrow-Hassidim-Lloyd Algorithm (Ax=b)
11. Quantum error correction, bit flip error correction, stabilizer formalism,

phase flip error correction



Very brief history of qguantum computing

* 1924 The term “quantum mechanics” used by M. Born

» 1925 Formulation of matrix mechanics by Heisenberg, Born, Jordan

« 1925-1927: Copenhagen interpretation

* 1930 “The principles of quantum mechanics” by Dirac

» 1935 Einstein, Podolsky and Rosen

+ 1935 “Quantum entanglement” and Schrodinger’s cat by Schrodinger and Einstein
« 1947 “Spooky action at a distance” in a letter to M. Born by A. Einstein

« 1976 Attempt to create quantum information theory

« 1980 Quantum mechanical model of Turing machine by Benioff (ANL)

« 1981 “Simulating Physics with Computers" by Feynman

« 1985 Quantum Turing machine by Deutsch

« 1992 Deutsch-Jozsa algorithm

* 1993 First paper on quantum teleportation

» 1994 Shor’s factoring algorithm (cf RSA encryption)

* 1996 Grover search algorithm (Bell)

2004 First five photon entanglement by China

« 2011 First commercially available quantum computer (D-Wave)

« 2017 First quantum teleportation of independent single-photon qubit (14km) by China
« 2018 US National Quantum Initiative Act

» 2019 Google quantum supremacy

» 2022 Nobel prize (Aspect, Clauser , Zeilinger) for violation of Bell's inequality
« 2022 433 qubits by IBM

« 2023 Breakthrough Prize (Bennet, Brassard, Shor, Deutsch)
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security of the United States. The United States strategy for QIS

» A Coordinated Approach to Quantum Networking Research, January 19, 2021
R&D and related activities is described in the National Strategic
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https://www.quantum.gov
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Alain Aspect Jéhn F. Clauser Ainfo'h Zeilinger

The Nobel Prize in Physics 2022 was awarded
jointly to Alain Aspect, John F. Clauser and Anton
Zeilinger "for experiments with entangled photons,
establishing the violation of Bell inequalities and
pioneering quantum information science"
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Collaboration Site | Physics Results
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Updates > Briefing > ATLAS achieves highest-energy detection of quantum entanglement

CMS
ATLAS achieves highest-energy March 27, 2024

detection of quantum entanglement

physics results,
top quark 28 September 2023 | By ATLAS Collaboration




Digital Computing

Digital computation with n bits: {0,1}" —> {0,1}", m <n
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Quantum computing?

Quantum computation with n qubits: ~ Prob. (%) Size of the sample space = 2"
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Need transition form

classical to quantum:

o Classical Quantum
o1 bits < > qubits
Classical Bit
gates . . quantum
gates
algorithms <

Qubit

Control qubit

lc) ——— c)

Target qubit

> quantum algorithms

|b) —'E @ |x)
0) —&——6 0)
1) Ry (6) #F 1




Example: Inner product

Let |y), | @) € C? be two N = 2" dimensional vectors. How to compute the
magnitude of the inner product | (¢ |y) %7 lw) = (yy, - wy)

Digital () = (@1, -+, )
— N = 2" multiplications and additions Al
o 3 (Blw) =) dry,
— Decompose multiplications and additions as NAND gates P
Quantum

— Run the following circuits with 27 4+ 1 qubits and n + 2 gates
—Prob(0) — Prob(1) = | (¢ |y) |’ 10y 7 Fe-e—el HHA
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Proof: Inner product

|a) ® |b) = |a)| D)

N

|w)

1
Hlx)=——(1|0 —1D)*|1
| x) \/5(|>+( )*I 1))

) H(|0>|a>|b>)=%<|0>+|1>)|a>|b> -

(2) SWAPH(|0)|a)|b)) =%SWAP(IO>+|1>)Ia>Ib> =L2(|0>|a>|b>+|1>|b>|a>)

W) = HSWAPH (]0)]a) | b)) =i2H<|0>|a>|b>+|1>|b>|a>)

(3)
1 |
=5|0>(|a>|b> + | b) | a)) +5| 1)(1ay|b) —|b)|a))
|
sum of the “unswapped” and the “swapped” difference
1 1
(4) PO)= (0@ DIy > == —=I(alb)|’
- —>  P()-PO) = [{alB)I
2 2
P =[(0RD)|y)] =5+5|(a|b)|



Why Quantum Computing?

Quantum simulation
Cryptography

— Mathematics: factoring, hidden subgroup program, discrete
logarithm problem

Optimization
Search algorithm 10)
Quantum Machine Learning 7 | 7H
— Quantum Advantages? s

« Learns better with small # of data Jol, ST
- Faster convergence T s el

» Less # of parameters

. . 6 : 6
What are the interesting problems? ly) = cos—10) + e@sin=|1)

|0) + i]1)




A few popular tools for quantum
simulation

Qiskit (IBM)

e |IBM Quantum Composer

e |IBM Quantum Platform

PennyLane and Strawberry Fields (Xanadu)
TensorFlowQuantum (google)

CUDA Quantum (NVIDIA)

TensorCircuit


https://quantum-computing.ibm.com/composer
https://quantum-computing.ibm.com/

IBM QUANTUM PROCESSORS ROADMAP

Sources: Global X analysis of information derived from: IBM. (2022). Our new 2022 development roadmap.

5000 Kookaburra,
4158
4000 []
1% 3000
=
C:; Flamingo,
2000 Condor, 1,386
1121
Osprey, . .
1000 Hummingbird,  Eagle, 433
Falcon, 65 127
27 []
ol ] N
2019 2020 2021 2022 2023 2024 2025
Year

Note: 2022 onwards includes planned processor launches.



A quantum computing partnership
with the University of Chicago and
the University of Tokyo

The commitment, to be signed May 21 on the sidelines of the G7 and U.S.-Japan Leaders’ Meeting, aims to advance

development of a fault-tolerant quantum computer by supporting research, entrepreneurship and workforce training.
May 17,2023 - 2 min read

e Charina Chou m Hartmut Neven < Share
Director and COO, VP, Google Quantum Al

Google Quantum Al




Quantum computers are hard to build

* Qubits, unlike classical bits, need to interact strongly among themselves to
form entangled states, which in turn form the basis for computation in
quantum computers. But to achieve this experimentally is incredibly hard.




Physical Error Rate

Quantum Hardware Roadmap

10-1

Noisy Intermediate Scale Quantum (NISQ)

\/
10-3
Beyond

losica Far Future
Far Future
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Number of Qubits

10+



Is there a "Moore's law” for quantum computing?
* https://arxiv.org/pdf/2303.15547
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Figure 6: evolution of the number of physical qubits with D-Wave, IBM, Google and Rigetti. Compilation: Olivier
Ezratty.



Is there a "Moore's law” for quantum computing?

* https://arxiv.org/pdf/2303.15547

lifetime (us) = B
A m =0 o
: ot Q& )
(O JJ-based qubit - X= O =
4 - B8 88 xxE w2
10 ] Bosonic encoded qubit 3« 8 ¥3 E% U. Maryland
. & .
X Error corrected qubit & x b o = § S8 ® fluxonium
o A, el -
e A - B Y
= A X :
£ 5 3’ =/ &Q / L &:\k IBM Sherbrooke
2 3 = = — 3 i transmon
toois 10 2. 05 B8 2 b A i
"2 g S e 8 &6 | &1 O« SGoogle
- T o 22 e 5 \ A ycamore
10ps 10! 3 — = / a ™ . transmon
S el m @ S / Gatemon
1us I e ‘ & e ‘E' £ / (semiconductor)
) #al c o 3 2 “
o 7R ¢ g 2 §
-‘] - E. -,' \" "' E 2 g "_-
10 ) & 3 E 3
3 Y E =
- ~ . T ) Gatemon
10 /t @ = (graphene)
o
ins 0-3 | 1 | 1 | | | ] | | l ] |
2000 2004 2008 2012 2016 2020 2024

Figure 7: evolution of superconducting lifetime over time. Source: Morten Kjaergaard et a

1°°,



Is there a "Moore's law” for quantum computing?
* https://arxiv.org/pdf/2303.15547
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Figure 9: scatter plot of qubit numbers and two-qubit gate error rates for commercial vendors. Source: vendor
fidelities numbers compiled by Olivier Ezratty as of March 2023.



Is there a "Moore's law” for quantum computing?
* https://arxiv.org/pdf/2303.15547
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Machine Learning for Science Activities »

“4/1”‘ Google Summer of Code 2023

SG

Introduction

In 2023 ML4SClI is participating in the program as a GSoC umbrella organization. The ML4SCI
organization has partnered with the Google Summer of Code in 2023 to broaden student participation in
machine learning projects over a wide variety of scientific fields. ML4SCI participants will be mentored by
scientists at top research universities and laboratories on research projects at the cutting edge of science.
Projects span a wide range of scientific domains, including physics, astronomy, planetary science,
quantum information science and others.

For Students R

In 2023 GSoC students work with their mentors for 175 hrs to produce open-source codes that apply
machine learning solutions to solve science problems. Projects span three evaluation periods that allow
for students and mentors to collaborate on their project and evaluate student progress. Detailed rules for
the GSOC program can be found here. Interested students should look at the ideas page and contact the
mentors. Candidates will be asked to complete an evaluation test for each project they apply to
demonstrate the skills needed for the respective projects. In the next step, students will produce a



Why Machine Learning?



CHALLENGE BlG DATA Taken from J. Duarte’s talk
» HL-LHC will reach 1 exabyte of data per year

1 PB=1000 TB
1 EB =1000 PB

LHC Science Facebook
data uploads SKA Phase 1 -
~200 PB 180 PB 2023
~300 PB/year
Google science data
searches
98 PB

LHC — 2016
50 PB raw data

Google
Internet archive
~15 EB

Yearly data volumes

HL-LHC — 2026
~600 PB Raw data

SKA Phase 2 — mid-2020’s HL-LHC — 2026
~1 EB science data ~1 EB Physics data



QML: Variational Quantum Algorithms
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Data is obtained via InspireHEP

@ The number of papers (in high energy physics) that has a keyword “Machine

Learning”, “Deep Learning”, “Artificial Intelligence” or “Neural Networks” in their title.

A The number of papers that has a keyword “Quantum Computer”, "Quantum

L1}

Computing”,"Quantum Annealing” or “Quantum Machine Learning” in their title.
700

* G. Cybenko, 1989 with sigmoid activation
K. Hornik, 1991, importance of the multilayer architecture
D Simon, 1993, P. Shor 1994, 1995, L. Grover 1996

525
LEP (Large Electron Positron Collider), CERN, 1989-2000
350 \
Top quark discovery at Tevatron,
/ Fermilab, US, 1995 A
175 , : /
Higgs discovery at LHC,
CERN, 2012 /
A/A/
O — _A_A_A_A_AgA—A’A’A/ — —A—A—

1982 1985 1988 1991 1994 1997 2000 2003 2006 2009 2012 2015 2018 2021



Single Qubit

Notation: alternative representation
Normalization conditions
Quantum measurements
Different bases
Operators on qubits
Simple quantum circuits

IBM 127-Qubit Quantum Processor




Qubits and Pauli’s matrices

_x_ (01 * Qubit ([y), [y)) = (wly) = 1):
1 0 6
0 " cos
0 i ) =cos—[0) +esin—[1)=| ~ ~
- = 2 2 e# sin 2
i 0 9)
0<0<7n,0L5¢p<2n
_ <1 0> - Conjugate (dual vector or bra-vector): (w| = (|y))’
0 -1

0 . 0 |
(w| = COS§<O| + e ?sin E<1| = (cosg o~ i sin%)

lo;,0,] = 0,0, — 6,0, = 2i€ ;04
- Aset of all | y) (ket-vector) forms a vector space

{0;,0,} =0,0;+ 0;0,=125; (Hilbert space)
» Pauli’s matrices are generators of rotations in two
dimensional complex plane.

10) = <(1)> , 1) = <(1)> Computational basis . G
R(O) = exp <—i > >

| +) 0=l _ 1 (1> Hadamard basis
+1

V2 V2

0;0; = 20; + 1€, 0}

Ql




Vector, vector space, Hilbert space

Dual vector, inner product

Dirac notation: ket-bra

Physical state evolves in time following the

Schrodinger equation: ih%w()‘é, ) =Hy(X,1)
(t) = U(1) y(0)
/dt / dt1Hy(t,)--- Hr(tq)

* The most general unitary transformation acting on

one qubit: U®) = exp <i§-§>



Adiabatic Theorem

7 _ oy w
di

nstantaneous eigenstate:  H(¢) y, (1) = E,(¢) v, (1)

Schrodinger equation:

nitial condition: w(t=0)=yy
00)

f evolution is slow enough, w(f) ~ e

Born and Folk 1928

w(t) = U@ y(0)

O

Ur(t) = ) (—i)° /Ot dtQ"'/Ot2 dt1Hi(tq) - - Hi(t1)

q=0



Dirac Bracket Notation

- Consider a quantum system with two orthonormal states, |0) and | 1):

(0]0)=(1[1)=1 (0]1)=(1]0)=0 (i)} = &
 In general, a qubit can be in an arbitrary superposition state
w = ay|0) + a;| 1) with complex coefficients, a, and a;, which are
related to the probabilities to measure the state |0) and | 1),

correspondingly. P(0) = | (0| ) |2 _ |a0|2
P = [(1y)|° = |y |?

 The total probability is equal to 1, therefore P(0) + P(1) = | o ” + | =1
 The two complex parameters o, and «; can be represented by the two real

parameters (angles) 8 and ¢ (considering the normalization condition,
ignoring the overall phase)

0<0<7,0L5¢p<2n

0

0 . 0 Cos ~
lw) =cos—|0) +e?sin—|1) =] .

2 2 e“bsin%



Dirac and Vector Notation

ket: |a) = <Zi’> 2-dimensional complex vector (amplitude vector)

h\ T
bra: (b= (b)) = (;) = (b b¥)

a
Inner product: (b|a) = (bg)k b;k) <a(1)> = bfay+ bfa

If a # b, (b|a) is in general a complex number.

% o fk
apbi agbi
a,bi a,bf

. Outer product: |a){(b| = (Z‘l)) (bg)k b¥) = <

. Standard basis: |0) = <(1)> and |1) = <(1)>

O10y=(1]1)=1 (0]1)=(1]0)=0 (i]j) = o



Dirac and Vector Notation

. ket: |a) = <Zi’) 2-dimensional complex vector (amplitude vector)

2
. The squared £, norm of a ket |a) = ‘ ‘ |a)‘ ‘ = (ala) = |ay|* + |a; |



Fermions are sinors nd not
invariant under 360 degree rotation.

.7 MeV/c?
-1
1/2 I

muon

<0.17 MeV/c*

¥ > ¥ =exp[i—-8]¢

N|qb

muon
neutrino

GAUGE BOSONS

LEPTONS

- SM is based on Lie Algebra.
(cf) Graded Lie Algebra or supersymmetry



Bloch Sphere

« Each (normalized) state of the qubit can be uniquely associated
with a point on the unit sphere. 10)

sin @ cos ¢
lw) «— (0,¢) «— 7 =]sinOsing

10) + i|1)
cos @

V2

0 |
10): 8 =0,¢ = arbitrary — 7 = <O> o+ I
1 V2

0
1) : 9=7r,qb=arbitrary—>?=<0>

0 8
~1 |\p)=cos§|()>+e“psm§|1)

1 0
|+>:Q=ﬂ/2,¢=()—>f‘=(0> |+i>:9=ﬂ/2,¢=ﬂ/2—>7¢=<1>
0 0

1 0
| =) 9=7t/2,¢=7r—>f=<0> |+ 9=n/2,¢=3ﬂ/2—>f=<—1>
0 0



Bloch Sphere

« {10), 11}, {14),1 =)} {1+i),] — i)} are antipoda

points on the Bloch sphere.

« Antipodal points are orthonormal, i.e., they represent two
orthonormal qubit states (in Hilbert space)

« The antipodal point is obtainedby ¢ - -9, ¢ — 7+¢
T—0 T —

0
1
>—1D

_410)

|0) + ¢/ @*Psin

0 . 0
= sin —|0) — e’ cos —| 1)
2 2

| ) = cos

|0) + i]1)
V2

0 . 0
7| = sin —(0| — ™™ cos —(1
(W 2( | 2( |

0 . 0
7 = (sin —(0| — e~ cos —(1 )
(W ly) ( 2( | —e 2( |
&) . 2]
(cos—|0)+e’¢sin—|1))
2 2

A )—cos€|0>+ei‘psin€|1) 0 0 0
2 2 =Sinzcosz(()l())—cosasinz(lll)=O

0+1) \§ >
vz




Measurement in a different basis

. 0 . 0
. What if we want to measure our state |y) = cos 5 |0) + e sin 5 | 1)

in a different basis? For example,

0

«9=§,¢=O — |+)=cos§|0)+sin2|0)= <|0)+|1)>

1
V2
9=£,¢=7z —> |—)=cos§|0)+e""’sin§|0)=L<|O)—|1)>

: ¥

« Born rule: the probability that a state |y) collapses during a
projective measurement onto a basis { |x), |x1)} is given by

P(x) = | (x|y) |? POty = [ (et w) |7



Measurement in a different basis

P(+)= ‘%((OI+(1|)(cos§|0)+e’¢sin§|1)> 2 = %cos§+%ei¢sing 2

:%<1+Sinﬁcos¢> <|+>>=L<1 1><|0>>

=)/ 2 \1 -1J\ID

P(—)=%<1—Sin9003¢> ey 1OEID <l1>
RS

Rewrite the state |y) in the new basis | + ) and | — )

1 1
|o>=$(|+>+|—>) |1>=$(|+>—|—>)
0 0 . 1 0 1 0 .
|l//>=COSE|O>+SinE€l¢|1> =$COSE<|+>+|—>>+$Sinzel¢<|+>—|—>>
=%<cosg+8ingei¢)l+)+%<cos§—sin§e’¢>|—)

2 2

1 0 0 .
P(+)= —(cos— + sin —e“”)
2 2 2

1 e 0 .
P(—-)= —(cos— — sin —eld’)
2 2 2




* Global phases are physically irrelevant.
* Relative phase is measurable.

1 0 +:100%
+) =5 (0)+11) < 0%
)= 5 (0)+il1) = 5 (10 +e*2n) 5%

ey JOEID <1>
vz oo V2



Quantum Measurements

« Sequential selective measurement:

| a)

|a) A

| b)

=]

B

¢)

=]

« what is the probability of obtaining |c)?

=1

_ Probabilities are multiplicative, we get | (¢ | b} |*|(b|a) |

« Now let us sum over b to consider the total probability for going

through all possible b routes.

|a) —1b) —|c¢)

o~y —F
\ || ;})

sum of probabilities = Z | {c|b)|*|{b|a)|’
b

= ¥ (clb)blay(alby(blc)
b



Quantum Measurements

« Now let us sum over b to consider the total probability for going

through all possible b routes.

|a) —>1b) —>|c¢)

o~y —F
\ || ;})

. I B-filter is absent, probability is | {c | a} |

|a)

|a)

A

sum of probabilities = Z [{c|BY|*|(b|a)|?
b

— Z (c|b){b|a){a|b){b|c)
b

¢)

=]

C

=]

different

[(cla) > =1 (clb)(bla)|* = ) (c|b)(b|a)a|b)(b'|c)
b b,b’



Quantum Gates

« Quantum gates act on qubits.

« Quantum gates transforms the state of a qubit
into other states.

« Quantum gates must be linear that keeps the
total probability equal to 1.

 Classical reversible logic gates are valid
gquantum gates.

» General One-Qubit Gates: one-qubit quantum
gates are rotations on the Bloch sphere.



Quantum Circuits

* Quantum gates are repressed by unitary transformations
(matrices), U'U=UU"=1 or U ' =U".

Input Output
Algorithm
1% Uly)
U
. Asingle qubit has 2 basis states, | +) = <(1)> and |-)= <0> U; =i UIJj)

U= Uyl 0)O| + Uy [0){1| + Uy 1)O] + Uy [ 1)1 ] = <U10 U11> Z il D
i,7=0

Single qubit gates: X, Y, Z, Hadamard, phase shift etc
Two qubit gates: Controlled , SWAP gate, Controlled Phase shift, etc
Three quiet gates: Toffoli gates etc



Uij — <l| U|]>

v=1ur= (Y1) U( X161 = L 1n(Guin) e = Y 1aGi(Gruin)
i J i, i,

U=Uoo|0><0|+U01|0><1|+U10|1><0|+U11|1><1|—<U10 UH) ZUUIWI
i,7=0



Quantum Circuits

1% ly') = Ulw)

- _ UOO UOl
U = Upgl 001 + Upy 10X T+ U | 101 + Uy [ 11T = (0
10 11

W' ly') = w U Uly) = (w|w)

* The set of U forms a group.

UN)={U|U'U=1)
SUN)={U|U'U =1, det(U) = 1}

« Group: closure, identity, inverse, associativity



More on operators/matrices

A function of a matrix A is defined as its Taylor expansion.

=3 Lar

n.
n=0

« The eigenvalue problem forA: Al|a) = ala)

— | — |
J@la)y= ), —A"a) = ), —a"|a) = f@)|a)

n=0 n=0

10G

« Unitary matrix can be written as U = ¢"”", where H is a Hermitian matrix,

H =H

« Ex2) translation, time evolution



Single Qubit Gates

« X gate = Not operator = oy = bit flip = NOT gate

_ I — D

GX:X:<(1) (1)>=|0><1|+|1><0| o)) =1j®1)
o |0y =11)  ol1)=10) addition modulo 2
* Interpretation on the Bloch sphere 310
 rotation around x-axis by 7 / | 92 1)
[ |0) + i1
+ maps |0) — |1)and |1) — |0) {3 N\
e maps |+i) — |—-iand |—-i) — |+10) -+ 1) S

|ii>=i(|o>ii|1>) 2

\/5 6 6
ly) = cosEIO) + e“”smzll)



Single Qubit Gates: Z-gate

Pomen o mnese P oz (3 ©) = 10001- 1)
—_— Z
o,10) =+10) o,|1)=—11) oz j) = (=1Y 1))

=3 8o () ()
=3 8o () ()

« Phase flip = rotation around z-axis by &
ozl + i) =1[—10)

oz| —i) =|+1i)

£10)
/ 2]
f,;,f\/y |\V)
[ /T o+
10) + [1) “ ______ LA e
V2
1)

0 8
ly) = coszl()) + e“”smzll)



Single Qubit Gates: Y and phase shift

« Y gate = oy = bit and phase flip = rotation around y-axis by 7z

oy| +1i) =+ | +1) oy|+)=—1i|—) oy|0) =+1i|1)

oyl —i)=—|—1) oyl —)=+il+) oy|1) = —1i]0)

 Phase shift operator: R, = ((1) ?¢> =P,
e

_ _-_(1 O For ¢ = n/4,
For ¢ = r, Rﬂ—Z—<O _1>

For ¢ = n/2, Rﬂ/2:S:<O >:\/2 R, = _<O ein/4>

77

l



Single Qubit Gates

« X gate = Not operator = oy = bit flip = NOT gate

—1 X @7 ox|0) =[1)

ox|1) =10)
ov=x=( 1) =101+11)0 ol =1j®1)
t coatesozmphaseflp 4. (6 ) =10001- 111
— Z
5,]0) = + | 0) o)1) =—|1) oz1j) = (=1)|))

« Y gate = oy = bit and phase flip

S (? —Oi>  inya, oyl )y =i~ ]j @ 1)



Single Qubit Gates

« Hadamard operator: to switch between Z and X basis.

—1H — H=%(} _11>=%(|0><0|+|0><1|+|1><0|—|1><1|)
L (1 1)1 e
w0-20 )0 500 o
vz AL =10y Al H1x) = —(10)+ 1| 1)
L (1 1Y)(0 I (1 V2
=i )= (3) o0 o

« The operator SH changes between the Z and Y basis.

* Most general 2 by 2 unitary matrix:

0 —jp .0
U'U=1 — 4 conditions U= ) e sin
2 X 4 = 8 parameters



System with two or more qubits

- H. : Hilbert space spanned by {|0),|1)}

- H = H,® H, is called the Hilbert space of the combined system

(tensor product space of H; and H,.
H, H, HQH,

dim (H,) = 2 = dim (H,) 10) 10) 10) =10) ® |0) =|00)
dim (H, ® H,) = 4 111 [1)=10)®][1)=]0I)
12) =1)® |0) =|10)

, _ _ 13)=11)®|1)=]11)
A system of two spin-1/2 particles (qubits): l

2Q2=361

computational basis
* n-qubit system: or standard basis

lw) = ay| 0--00) + a; | 0-+-01) + @ | 0-+-10) + -+ + atyo_; | 1+ 11)

21

2
2 |l =1
i=0



Tensor Products of Operators

Linearity: (a4, + a,A;) ® B=a,A; ® B+ a,A, ® B

Each term in a tensor product acts on its own component:

(A®B)|Imn) = (A®B)(Im)®|n)) =A|m) ® B|n)

Multiplication: (A ® B)(C® D) = (AC ® BD) eprasentation
Matrix representation: l
@) =10 +a11) = () 0 (”0)\ @b
1a) @ |b) = (%) ® <bo> _ b, _|% b,
b, “ b, . <bo> ar by
|b>=b0|0>+b1|1>=< > \ "\ b, ) \a1 b

bl
Cartesian product: A =A; XA, X XA, = {(a,ay,,a,)| a; € A}

a=(ap,ay,a,) €A 2a=2a2a,-,2a,)

dim(A, X A,) = dim(A,) + dim(A,) R*=R xR
Tensor product: A=A1®A, |a) €Ay, |ay €A,

2(lap) @ lay)) = (21a))) ® lay) = a) ® (21ay))
dim(4, ® A,) = dim(4,) - dim(4,)



1 1
00) = [0}[0) = 0} & [0) = ‘f =1o| =10
0 0
0 0
01) = |0)[1) = [0) @ 1) =a] =1
0 0
1 0
1 0
10) = [1)10) = 1) ©[0) = (1’ =171 =12
0 0
0 0
1) = [)]1) = [1) ©[1) = (1) =|o| =13
1 1
|w) = agy|00) + ag;|01) + a5 10) + a;; | 11) = al]|l>®|J>
i,j=0
2"—1
. 1 2'—1
=a0|0)+a1|1)+a2|2)+a3|3)=gailz) .Zlaljlzzzlailzzl, n=2



Tensor Products of Operators

« Tensor product: A=A QA |a) €A, |ay) €A,
2(la) ®lay)) = (21ay)) ® lay) = |a;) ® (2]a,))
dim(4, ® A,) = dim(4,) - dim(A,)

For A with {a},a,, -+, ¢, } basis and B with {$,, 3,, -, p,,} basis, dim(A) =n and dim(B) = m
A ® B with basis {a;f;} dim(A®B)=n-m
« Direct product:

For A with operation e and B with operation o, one can consider A X B with operation * .

a€A (@a,b) € AXB (@,b)* (a',b)=(asa',bob)EAXB

beB \

agy a by b
* For operators A= ( % 01) , B= < W Ol)

dip 411 b,y by

element-wise operation

(aoo (boo bOl) agy <b00 b01>\ (aooboo agobor  ao1boo a01b01\
AQB = <a00 “01) <b00 b01> _ bio b1y by iy _ agobro  Ggob11 @o1bio apibi
%0 “u by by p <b00 b01> p (boo bm) ajoboo  @10Por  A11boo  a11by

\10 bio by H\byy by ) (@10P10 @10b11 anbyo  anby




H|0) =

N
—_—

H|1) =

N
p—

Sl Sl-

Examples

H=—(1 1) ==z (1001+ 1001+ 101 11)1)

V2 b =12
1
—2(}>=|+> Hl+)=10) |
Hix) = —=(10) + (1 [1))
1 1 \/5
()= moen
AW
0] (1]
(1 1)
V2 V2 | (U Uy
Lot \Uyp Uy
(V2 V2
Uy = (il UJj)

U=1ur= (Y1061 ) U( X 1061 = D Ad(GIUIn)Gl= 2161 (61U ) = X 141U,

J L,J L,J L.j



Examples




(H®1)(]0)®]0)) = H|0) ©1]0)

Examples = [+ ® 0
1
— (10) + ® (0
\[(\ )+11)) ®10)
1
—(10)®0)+1]1)®|0
\[(\ ) ®10)+[1)®10)).
1
(H1& D]00) = —=(100) +]10) = é(‘f) 0) 7 0)
0 o a0 {7}
0
(H@1)/01) = —= (01) + 1)) = —= | ¢ |.
V2 va (! 101 0
1 01 0 1
1 :> HI = —
2110—-10
(H@D[10) = —=(00) = 10)) = 2(01)7 V2101 0
0
0
(H@D)|11) = —= (jo1) - [11)) = 1(1).
V2 |0



Tensor Products of Operators

« Commuting operators:  I=¢,, X=0,,Y=0,,Z =0,

3 3
i=0 i=0
X QXL =X [ ®X,=X
1® 2 1 1® 2 2 . Z1ZQ=Zzz1
act on 1st state act on 2nd state
« Example: Z,10) = +1]0)
|w) = [ b1byDs3) b; € {0,1} Zi|1)==1[1)

(Z)) =wlZ |y) = (b byb;|Z, @ I, ® I; | b, b2b3> = (b, |Z1|b1><b2|12|b2><b3 |13|b3>

= (=" Z1j) = (=1Y1j)



Tensor Products of Operators

Bell basis for a two-qubit system | ) = %( 100) + | 11))
|®7) = —( [00) — | 11)
(w1
N
) = $(|01>+|10>)
o
|w>—$(|01>—|10>)

Overall phase is not important.

V) ® (e |w)) = (e?]v)) @ Iw) = e?(|v) @ |w))
1, | | I
—2<e¢|00>+e¢|11>> =$e¢<|00)+|11)> ~$(|00>+|11>>

Relative phase is important and observable. The interference term is crucial in QM.

— ei¢|oo>+|11>) #%<|00)+e"¢|11)) ¢%<|oo>+|11>)

1
L



e Partial trace
_ [ %00 401
A®B= (010 a11> ® (

(

agoboy  agoboy
agobiy  agobr;
ajobgy  a19bp

(d10P10  @10b11

Iry

boo 1r(A) by, tr(A)
<b10 tr(A) by, tr(A)

bOO bOl
blO bll

a1b00
apibyg
a;1byg
ayibg

v

Partial Trace

a()lbOI\
agby
aj by

apbyy

tr,

tracing out
2nd system

tracing out
1st system

-

(a (bOO b01> a <b00 b01>\
>= % blO bll o blO bll

a <b00 bOl) a (bOO b01>
\10 blO bll ! blO bll )

A

ap tr(B) ay tr(B)
Cllo tI’(B) an l‘I’(B)

bOO b01>
blO bll

)



Direct Sum of Vector Space

. If Vwith bases {|a;), -, |a,)} and Wwith { | 5,), -+, | B,,) } are

vector spaces, V @ W is also a vector space with bases

tHlag), 1), 1 Br)s -+ | ) } and
dim(V @ W) = dim(V) + dim(W)

(X))
"’>=(2> |W>=(§;) V)@ W) = ’y“?
om=ofl)  om=of)

(x1)

0, 0
(01+02)<|">® |W>> = <0102> )y?

V2,



Separable vs Entangled states

Separable states: if a quantum state | ) is given by tensor product of
two states, i.e., if |y) = |a) @ | f), |y) is separable.

[00) =10)®10), [01) =]0) ®|1)

Entangled states: if a quantum state is not separable, |y) is an

entangled state. 1
w) =—(100)+111))
NG

|¢>=%(|00>+|01>) =%(|0>®|O>+|0>®|1>) =%|0>®(|0>+|1>)

—> if Bob measures | 0), Alice still has 50% probability for |0) and | 1).

Entangled states are crucial resources for QC, as there is no classical
analog.

Density matrix: more later



Summary of fixed 1-qubit gates:

Gate| Circuit representation| Matrix representation| Dirac representation
X o 1)(0] + [0){1
A 10
0 —i
Y _y— | 1) (0] —i|0)(1
Y (iO) i11)(0] = #]0) (1]
1 O
Z | Jz1- (0 _1) [1)(0] = 0) (1]
(11 1 1
H | g NARER 5 (0 + 1IN0+ —=(0) = [1)(1]
10 :
S | s = (O i) 10001 + =i [1)(1]
(10 L 10v(0] 4+ L o(—iT/9 1101
T — 1T — 2 0 o(—iT/4) 75' ) |+7§€ | 1) (1]




Two Qubit Gates: CNOT and CU gates

CNOT gate = Controlled Not =Controlled X —r—

NOT operation is performed on 2nd qubit, when the 1st f)i
qubit is in state | 1). Otherwise 2nd qubit is unchanged.

|00) — ]00) (100)")

( \

(1 0 0 0\ |OO> (I 0>: (E _ _ )
oy = 1oy {jory| [0 1 0 of[1on| o x)TEPNFITAETE
110y - |11) |10y 10 0 O 1]]]|10)

CNOT|a)|b) = G b).
[11) — [10) iy 00 0T ) . ‘a>.|.> .‘a>|a |
lij) = ii®j) (mod 2)
Generally, controlled U-gate
100Y — |00)
|01) — |01)
[10) = [1)®@U|0) = 1) ® (Up|0) + Uy | 1))
1) — [D@UI) =11)® (Ujyl0) + Uy, [ 1))

| U U U: any arbitrary

CU = <é g) = exp (i—(]— Zl)H2> for U = ' = <U°° U‘“) unitary matrix.
2 10 =1l U=X,Y, Zleads to
e = cos@+iA sinf for A> =1 CX, CY, CZ gates.



Two Qubit Gates: SWAP and CPhase gates

« SWAP gate: |ab) — |ba) : I 100) — |00)
101) — |10)

( )

(1)8(1)8 | |10y — |01)
SWAP = 0100 :5[I®I+X®X+Y®Y+Z®Z] 111) - |11)
0 0 0 1)

« CPhase gate = Controlled phase shift: I
shift phase by ¢ only if it acts on | 1)

lab)y — |ab)e® fora=0b=1

|ab) otherwise
(1 0 0 0)
010 0 1 0 .
= = — — i}
0 0 0 e?)
(1 0 0 0)
CPhase(n) = 8 (1) (1) 8 — CZ = Controlled Z
\0 0 0 —1)



Two Qubit Gates: Bell state

« Example: how to obtain Bell state.

|o> lw) = CNOT(H®1) [10)®10)]
v = CNOT [L(|o>+|1>)®|o>]
10) D— NG

= CNOT [%000) +110))]

1
=——(]00)+ |11
ﬁ(' )+111))
(1)
__L |o
\/5 0
\1)
1
H|x>=$(|0>+<—1>xu>)
| 1 H|0)=|+) H|+)=10)
I 1\
H=$<l _1>-$(|o><0|+|o><1|+|1><0|—|1><1|) HIY=1-) H|-)=11)



Quantum gate can be parametrised

Pauli rotations:

generalised form via R(01, 61, 03) = R;(01)R,(02)R;(05)
e -3 cos(%) —el=F+3) sin(%2)

R(01,0,,03) = | .
( ) e’(%_%)sin(%) e’(%l*%)cos(%z)



Example: Turning a Hamiltonian term info a gate

Recall H = H, + Hy, + --- + Hy

— vy H v — - — v —

Assume, universal gate operations on device are {H Rz, CX}

Example 1 Assume H=Z— U=e¢""" —s  —Rs(2)|—

N\ e

Rz(e) =e 2

Example 2 Assume  Ho =X —> Since HXH=7Z=X=HZH

— U =He ““'H (proof via CBH Formula)

—> H Rz (2t) H




Example 3 H=7Z®Z note € 287t # et g et

with (Z@ Z)2=1 one finds e"Z®%)" = cos(t)] —isin(t)Z ® Z

for the action on states we find
e (2920t 100) = (cos(t)I — isin(t)Z ® Z) |00) = (cos(t) — isin(t)) |00)
e!ZO2)t111) = (cos(t)l —isin(t)Z @ Z)|11) = (cos(t) — isin(t)) [11)

e/ Z92)t01) = cos(t)]01) —isin(t)Z |0) @ Z |1) = (cos(t) + isin(t))|01)

which can be written in matrix form as

et 0 0 0]
. it 01) if # of 1 is even one gets - :
izezy _ | 0 e 0 0
€ 10 0 et (0 |110) if #of 1is odd one gets + (Par”y of state)
0 0 0 e

circuit that with Rz(Qt) = [eit gt]
implements that Rz (2t) voe




No-cloning theorem

* Unknown quantum states can not be copied or cloned.
—Suppose U is a unitary transformation that clones

U( |a) |O)> = | a) | a) for all quantum state |a)

—Let |a) and | b) be two orthogonal quantum states.

U1a)10)+U|b)10)]

U(Ia>|0)> a)|a) :> (c)|0>>

L
2
U(|b>|o>)=|b>|b> =% :|a>|a>+|b>|b>]
|c>=%(|a>+|b>) 7
= U910 =16)le) = ﬁ(|a>+|b>)\2(|a>+|b>)

= L(1@10)+10)15)+15)1a) +15)15))




No-cloning theorem

No unitary operation that can clone all quantum states.

However it is possible to construct a quantum state from a known
quantum state.

It is possible to obtain n particles in an entangled state
a|00---0) + b|11---1) from unknown state a|0) + b | 1).

It is not possible to create n particle state
<a|0) + D | 1)) R <a|0) + b | 1)) from an unknown
state a|0) + b | 1).

Profound implication in quantum information and error correction.



Superdense Coding

Encoder

gy

q1

Decoder

\%)

Entangled States

|Q2>/'

 How to create two entangled states

10,

4

CNOT <H®I>< 10), ® |0>2) — CNOT

\J

>7

= CNOT

- %l -

(|oo>+|1o>>

Charles H. Bennett
Stephen Wiesner

1970, 1992

H10)=—(10)+1))

(|o>—|1>)

=—(10+ D)

S~

H|1) =

%I

H | x)

Nl

CNOT |ab) = |aa & b)

(105 +11),) @10,

\/1§<|oo>+|11>>



Superdense Coding

a ® a
b b
* |nitial state of qubits A /L
and B is the entangled A ®
Bell state. e
|w0>=$[|00>+|11> /L
B N 7 b
(1) (@) @) @) O
(1) a,b € {0,1} are classical bits. Controlled phase gate = CZ (¢ = n)
A
ifa=1,|1 — |1 1 )
o=l —==1l 1) = —={ 100} + (=111}
10) —> +]0) V2
ifa=0,|0) — +]0) Change the phase for Alice’s qubit (1st) qubit
1) — +]|1)

| W)= quantum state of entire system



lw) =

lwy) =

(2)

S Sl-

Superdense Coding

_|oo>-+|11>]

100) + (=1 [11)]

17
J: H lﬁﬂ a

If b=0, the first qubit stays unchanged.

If b=1, the first qubit changes bit.

1 _
|w2>=E[|b0> + (=1)7[B1)

3 )
CNOT : (00)
(O1)
(10)
(11)

JaN

b: classical bit

— (00)
— (01)
— (11)

(10)

Alice’s qubit



Superdense Coding

1 1 a @ a
|wO>=$_|00>+|11>] ) /L b
|w1>=%:l00>+(—1)a|11>] A —

HH A a
|w2)=%[|b0)+(—1)“|131)] /L
B D % b

(1 @) @ @ )

Alice gives her qubit to Bob.

CNOT|b0) = | bb)

(3) Bob performs CNOT. |w3) = CNOT |y) _ _
CNOT|51) = | bb)

— CNOTL[|190> +(=1)] 151)]

V2 Change the 2nd
1 _ qubit conditioned
:_[“’b) +(_1)a|bb>] upon 1st qubit.

NG



Superdense Coding

1 71 a ® a
|w0>—$_|00>+|11>] ) /L )
|w1>=%:l00> + | A —e—

I _ ¢
|w2>=$[|b0> + (=1 [BD)] /L

1 : >—A-
Iw3>=$llbb>+(—l)“lbb>] (1) (2) 3)  @4) (5

(4) Bob applies Hadamard on Alice’s qubit (1st qubit).

|w4>=(H®1)|w3>=(H®1)i2[|bb>+<—1>a|l‘ob>]
=77[|Ob>+< DP116) +(=17(106) + (= DP| 1) )]

| _
=5[(1 +(=1)%) |0b) + ((=1)" + (= 1) +Z’)|1’9>] H|x>=i(|0>+<—1>XI1>)
V2



Superdense Coding

1 1 a @ a
|wO>—$_|00>+|11>] ) /L b
|w1>=%:l00>+(—1)a|11>] A —

H A a
|l//2)=%[|b0)+(—1)a|131)] /L

1 . ~ 7 b

v =160 + 110 M @ @ @ @

(4) Bob applies Hadamard.
| _
lyy) = 5[(1 + (=D 0) + ((=D)? + (=1)**?) | 1)] ® | b)

= %[(1 +(=1)*) [0) + (=) (1 = (= 1)) 1>] ®10)

(5) Bob performs measurements on both qubits.



Superdense Coding

a b a+b | A) B)
0 1 1 0) 0)
0 0 0 0) 1)
1 1 0=2 1) 0)
1 0 1 —| 1) 1)

1y =14) ® 1B) = = (14 1) 10) + (17 + =0*F) [1)] ® 1B

lyy) = (=D |ab) = (=1)""|a) ® | b)

» Measurement of two qubits yield two classical bits a and b with 100% probability.

« By initially sharing some entanglement, one can send two bits of information by
sending a single qubit.

« Shared entanglement — powerful resource for quantum cryptography



Superdense Coding

Transformation

a b (Alice) New state |%>=%<IOO>+ 1))
1
0 0 I1®1 ) $(|oo>+|u>)
1
0 1 x®Ilw)  Fl0rI)
! « Bob measures two
—( 100y — |11
0 Z&1yo) \/§< > >> qubits in the standard
1 basis to obtain two-bit
1 Y QI |yp) —2( - [10) + |01>> binary encoding of the
number that Alice
. CNOT (Bob) wishes to send.
Alice gives
herqgubit %(mow|10>)=%(|0>+|1>)®|0> —  0)®]0)
HQI
to Bob. %(|11>+|01>) %(|1>+|0>)®|1> 10)® 1)
%(|00>—|10>) %(|0>—|1>)®|o> 1) ®0)
A Az - ®|1)
ﬁ( 1) + 101) ) = ﬁ< 1) +10))®I1)



Comments

 This result shouldn't be surprising: it is a known result that n qubits cannot be used
to store more than n bits of information.

 To devise a super-superdense coding scheme to transmit more than two bits of
information with only two qubits, would mean to find a way to encode and decode
more than two bits of information in the overall state of two qubits, and we know
that this is not possible.

* Nonetheless, the superdense coding protocol does provide advantages with
respect to the classical case. The qubit used as channel can be generated and
shared a long time before the communication begins, and just be kept "in store" for
whenever Alice and Bob feel the need to use it. When they finally decide to
communicate, they can now "compress" two bits of information into a single qubit,
thus effectively doubling their channel capacity, at the cost of "consuming" the pre-
shared qubit.

* In other words, you can think of the superdense protocol as a way to "preload" the
communication, in order to make it more efficient in the future. What is neat and
"quantum" about this is that it can be done without any assumption on the actual
information that will be transmitted later. This would not be possible in a classical
context. This works for two entangled qubits only. (Security + no-cloning)

» There are many research articles on super-dense coding.



D

Three Qubit Gates

Toffoli gate=Controlled CNOT=CCNOT=CCX=T
— If 1st qubitis | 1), perform CNOT on the second and third qubits.

|000)
1001)
1010)

1110y —— [ 111)

1111)

1110)

(1 0 0 00 0 0 0O)
01000000
00100000 |
7100010000 <10 _____
00001l 00O 0 {CNOT
00000100 |
00000001
0 000001 0

I'=exp|izl = Z)( = Z)(I = X3



Three Qubit Gates

* Fredkin gate=Controlled SWAP=CSWAP gate
— If 1st qubitis | 1), swap the second and third qubits.

1000) (
1001)
1010)

oo = O
o - O O
oo O O
o O O O
o O O O
oo O O

SO O =
_—0 O O

1005 —— |100)
1101) 1110)

| 110) |101) \
| 111) |111)

o O O O
o O O O
o O O O
o O O O
coo—
o - O O
o o = O
— o O O



Two Qubit Gates: Bell state

« Example: how to obtain Bell state.

|o> lw) = CNOT(H® 1) [10) ®10)]
v = CNOT [L(|o>+|1>)®|o>]
0 O— V2

— CNOT [%000) | 10))] — %( 100) + | 11))

1
—( 100 11
\/E(l Y+ ]11))
(1\
0
0

1)

-



An example: GHZ state

I0>1 ) = |000) + | 111)
10), H—4— w» V2

N Greenberger-Horne-Zeilinger (GHZ) state, 1989
10); (/

lw) = (I, ® CNOTy) (CNOT, ® ) (H® L, ® 1) |0) ® | 0) ® | 0)

CNOT;; = CNOT with qubit ¢ as the control and qubit j as the target .

1
= (I, ® CNOT,) $(|00> +111)) ®10)

1
- (I, ® CNOT,) $< 1000) +110) )

1 000) + | 111
=7<|0)®CN0T|OO)+|1)®CN0T|10)> _ >\7_| )
2 2
QN ®N 11---1
For N-qubit system: |GHZ) = 0) \;-_U) = 100 O>\;—_| )
2 P

¢ |BMQ Maximally entangled quantum state



https://quantum-computing.ibm.com/composer/files/new?initial=N4IgdghgtgpiBcIDMBaAjgVwEYEsAuKA4gBIBaIANCGhAM5QIgDyACgKIByAigIIDKAWQAEAJgB0ABgDcAHTA4wAYwA2GACYwhM6jGU4sARjELF22WDQAnGAHMhaANpIAuubkALew4mu5igB5ePhReBr5KgY5hIY4i4QD08UIAAooA9qpQYLRC3hQGFHGUIBq0ipY4AA54OGlgjCAAvkA

Operator

Matrix

Pauli-X (X)
Pauli-Y (Y)
Pauli-Z (Z)
Hadamard (H)
Phase (S, P)

7/8 (T)

Controlled Not
(CNOT, CX)

Controlled Z (CZ)

SWAP

Toffoli
(CCNOT,
CCX, TOFF)

|
)
|

|
N
l

|
I
l

|
7)
|

|
!
l

1

|
N
l

anlite

COO0OO0O0OQOCO+

[=NeNeNoNoNol e

— 1
OO

oo OoO-

Y 1
COO -

COO0O0OO+HOO

oo =O como

OoO~=OOo

[=NeNeNelNoNeNe)

como OoO=OO

COoCOROOOCO

-0 oo rl—aooo orRo o
=229 ST
—= 29

OCOoO+HOOOCOO

~HOO0OOOCOOO

oOHOOOOCOCO




Teleportation

* Use two classical bits and one Bell pair to move a state from
qubit 1 to qubit 3.

Two classical bits

entangle'c\ /;ntangled
qubit l qubit

v T

CZ
10) P A
CX |
10) H—e X 7 ly)




Teleportation

» Use two classical bits and one Bell pair to move a state from
quIt 1 to quIt 3. CNOT;; = CNOT with qubit ¢ as the control and qubit j as the target.

Qubit 1 |y) /L H — CZ
N

Alice
Qubit 2 |0) P—Pb A
CX
Qubit 3 |0) AE ® X Z lw) } Bob
(1) 2 Q) (4) ()

initial state = |y) = |y); ® |0), @ |0);
1
lw1) = Hy|ly) ®10), ® [0); = |y), ® |O>2®_<|O> + | 1))
2
1
lys) = CNOT3, | y); ® |0), ®$<|0> + | 1>> conditioned on g3

—lhe—=(10®10+11)® 1)

V2



Teleportation

Qw1 19 1 2
D—D 7

Qubit2 |0)

Qubit 3 |0) —E ¢
(1)

2) Q@) @)

Alice

AN

) =l @ —=(10@10)+ 1)@ 1)

2

[y3) = CNOT,, |w>1®i(|0>®|0>+|1>®|1>) for [y) = a]0) + S[ 1)
NG

1
= CNOT}, (a]0) + 41 1)) ®$(|0>® 0)+11)®]1))

1
- CNOT,, —(a|000> +a|011) + B]100) + 4] 111))
2

=%(a|000)+a|011) + A1 110) + S| 101))



Teleportation

Qw1 19 1 2
D—D 7

Qubit 2 |0) g

CX

Qubit 3 |0) —E ¢
(1)

2) )

) =%<a|000)+a|011)+ﬂ|110)+ﬁ|101)>

Initial state:
ly) =al0) +B|1)

lyy) = H, |ys) =%[a(|000> +1100)) + a(]011) + | 111)) + B(]010) — | 110)) + B(]001) — | 101))]

qubit1 qubit2 qubit3
0 0 al0) +p|1)
0 1 £10)+all)
1 0 al0) —pF|1)
1 1 —p10)+a|l)

correction step
I
X
Z
ZX

final state
a|0) +p| 1)
a|0) + p|1)
a|0) +p|1)
a|0)+ p|1)



Quantum Algorithms and Data Embedding

Classical Algorithm Quantum Algorithm
Dataset D Dataset D
Input x Input x
Il iyl Quantum System
Input encoding State preparation
Processing Unitary evolution
Read out Measurement

Output y Output y



Quantum Algorithms and Data Embedding

Classical data

-------------------------------------------
. .
. ‘e

Requirement

--------------------------------------
.* .,
o L3

Quantum state

=[x) ®|x) ® - ® |x,)

2n
lw) =) xli)
i=1

Basis : X € {0,1}®" :
Encoding X = (X, Xy, o x,) € {0,1)
X e R¥
x, € R
Amplitude onsom . n
Encoding A V= L2

Alj € R ]= ’”.,21’1’1 g

B - R

i A;‘:Aji
x € [0,27)
AT=A

A € RZ”XZ
Time-evolution R
Encoding X €
: 212
Hamiltonian : A E I
Encoding
A € RZ"XZ

......
-------------------------------------------

.....
-------------------------------------

00000
------------------------------------------------



Binary encoding into basis states

basis vector coefficient {0,1}

/

Represent numbers as binaries, each binary . Tz_lb 1
digit requires a qubit = "ok

binary fraction er
data vector sign quantum state

0.1 —/0\0001...
x =(0.1,-0.6,1.00 — —-0.6 —{1[1001... — |00001 11001 01111)
1.0 > 0/1111....

« Binary fraction = expression in power of 1/2

_ _ . e e J
In decimal form:  0.j,j,4q = jip = b T 52 ot 2m_n;+1

J = 02"+ 20+ j32° + 2% + 27 + 27 + 2t + g2
/ % =2 + 5,22 + 322 + 2t +j20 + j 27+ 272 4 23

J1J2J3Jads -JeJ7Js binary fraction: O . j¢ j7 /g



Angle/Rotation encoding

When used on an n-qubit circuit, this feature map of angle encoding can take

up to n numerical inputs x1, .. , xn. The action of its circuit consists in the

application of a rotation gate on each qubit j parametrised by the value x;. In

this feature map, we are using the x;values as angles in the rotations, hence

the name of the encoding.
Example

x normalised [0,2pi)

0) Rx(x;) 0) Ry(x1)

0) — Rx(x2) — 0) — Ry(x2)

|O> RX(xn) |O> Ry (xn)

'

as Rz|0> doesnt do anything

0) H Rz(x1)
0) — H Rz(x2)
|O> H RZ(xn)




Quantum versions of classical algorithms

* Any quantum computation is reversible prior to measurement. In
contrast, classical computations are NOT in general reversible.

— (ex) classical NOT operation is reversible while AND, OR NAND
are not

— Every classical computation does have a classical reversible
analog (which takes slightly more computational resources)

— The construction of efficient classical reversible versions of
arbitrary Boolean circuits easily generalizes to construction of
quantum circuits (that implement general classical circuits)

* Any classical reversible computation with n-input and n-ouput simply
permutes N = 2" bit strings
Classical computation: m: Ly — Zy
N-1 N-1
Quantum computation: [/ - Z a|x) — Z a | 7(x))

0 0



Quantum versions of classical algorithms

n=2,N=22=4 10) = [00)
|1) = |01)
12) = |10)
|3) = |11)

* Any classical computation n-inputs and m-outputs defines

f: ZN — ZM N=2n
x — f)

M=72"

—

T

— can be extended to a reversible function Ty acting on n+m bits

ﬂ'f . ZL — ZL

x,y) — (x,y®fx)

L — 2n+m

P = bitwise exclusive OR

X =n-bitstring  y=m-bitstring L = n+m-bit string

« Fory=0, 7 actslike f: (x,0) — (x,f(x))

7 IS reversible, there is a
corresponding unitary transformation

f(x) = m-bit string

U(10® 1)) =19 @1y &)

Uy

— |x)

— |y ® f(x))




A simple QA with two qubits x v

Consider a simple function, f(x): {0,1} — {0,1} .
. . one-bit domain one-bit range

For possible functions

— |dentity: f(O)=0andf(1) =1

— Bit-flip function: f(0)=1andf(1) =
— Constant function:  f(x) =0 or f(x) =1 e 9 e 9

Reconstruct a unitary transformation Uf such

that (x,y) — (x,y @ f(x)), which
Uy

corresponds to Uf(|X)® |y)> =[x) & |y ®f(x) N
N
@ is mode 2 addition: 0 0 =0=1P 1and0P1=1=0 1.

« X — f(x) is not suitable becausef(x) is not unitary in general.

xy) — (y@®f(x) — 6y dfn) Sfx) = (x)

=,
U(10®19)) =108 1y fw) ly) — Ur — [y &)




A simple QA with two qubits

« Take advantage of “quantum parallelism” (a qubit can have
both |0) and | 1))

| x) — — | x) |10) — — | 0)
Uy Uy
— |y @ f(x)) |10) — — |0 & f(0))

* Apply Hadamard gate to the first qubit and then apply U.

|O>—.— U, ) H|O)=%<|O)+|l)>

10) —

v) = U (#10) @ 10)) =%Uf(|o>+|1>) ®10) =%Uf(|0>® 0)+11) @ 10))

1 1
— (10)®[f(0)+ )& [f(1)) ) = —|x) @ | f(x))
\/§< > x=20,1\/§

lw) =



A simple QA with two qubits

- |w) contains information on both f(0) and f(1)
— Superposition of f(0) and (1)
— Need to perform measurement to access the info
— However, measurement returns only one value of x and f(x)

10) . Uf B %,

10) —

1 1
lw) =—=U( |0) ® | f(0)) +[1) ® | f(1)) ) = —|x) @ | f(x))
\/5 f< ) x=20,1 \/5
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Deutsch Algorithm

1985

* We want to find out whether a particular
function, with one input bit and one output
bit is constant or balanced. Classically, we
need to evaluate the function twice (i.e.,
for input = 0 and input = 1), but
remarkably, we only need to evaluate the

function once using quantum algorithm,
by using Deutsch’s algorithm.



Deutsch Algorithm

« Deutsch algorithm exploits QA to obtain information about global
property of f(x).

« A function of a single qubit can be either constant f(0) = f(1) or

balanced f(0) # f(1)

0 pllni

Uy

(1) (2) (3)
lwo) HOH [yy) Y |yp) HBT |ys)
lwy) =10) ® | 1) =|01)

(1)t =H@HI0) =—(100+ 1) ®—=(10-11))

V2 V2
=%<|00>— |01>+|1o>—|11>) =%<Z|x>)® (I0>— I1>)



Deutsch Algorithm
vy = 10)® 1) = |01)
10) — H -—lir—ﬂﬂ
H U Clgé ==X 10)® (10 -11)

Uf(|x> X |)’>> =|x)® |y Bf(x))

(1) (2) (3)

2) ly) = Uslyy)
For fx) = 0: U100 ® (10)-11)| = U (Im@10)) -y (10 @11))
=) ®[|0+f(x) — |x) ® |1 +f(x))

=198 (10)-11) =) e (10)- 1)

Forfr) = 1: U[In@(10-10)| =19 e (1h-100) =W In e (10)-11)

1 1 Phase Kick-Back: Deutsch
lwa) = Urlyy) = —[ 2 (= 1)@ | x) ] R _< 10) — | 1)) algorithm encodes the value
25 V2 of f(x) in the first qubit rather

than in the second qubit.



Deutsch Algorithm

0)
1)

Uy

A o) =10)® 1) = [01)
: |w1>=%(§|x>)®(|0>—|1>)

(1) (2)

3) lyy=(H®I)|y) = (H®I)

7124

3) U(10® 1) =1x) ® 1y &)

\AZ( 1>f<x>|x>]®7(|0>—|1>)

[ (1010 + 1O |

§\~ )

[( l)f(o) |O>+|1> +(_1)f(1) |O>_|1>]
V2 V2

[(( 1O 4 (— 1)f(1)>|()>_|_<( 1O _ (— 1)f(1))|1>]

l\JIr—*



Deutsch Algorithm

« Deutsch algorithm exploits QA to obtain information about global
property of f(x).

« A function of a single qubit can be either constant f(0) = f(1) or

balanced f(0) # f(1)

0 pllni

Uy

| w3)

lwo) HOH [yy) U |yp) HBIT |yp)

1y == (O + D) 10 + (1O - =1y0) )]

* |f measurement gives |0), f(0) = f(1) — f(x) = constant.

* |f measurement gives | 1), f(0) # f(1) — f(x) = balanced.

« Can be generalized to function with multiple input values, Deutsch-
Josza algorithm



Quantum computing jargon

* Query complexity:
—In Deutsch’s algorithm we are not using a quantum
computer to evaluate a “classically difficult” function per
se, but rather using quantum phenomena to reduce the

number of queries we need to make to an unknown
function, to ascertain some information thereabout.

* Oracles and black boxes:

—In Deutsch’s algorithm, and other query complexity
algorithms, we query U, which is known as a “black box”,
or often in quantum computing an “oracle”. The oracle in
Deutsch’s algorithm is sufficiently simple that we can
explicitly express each possible option, but frequently in
guantum computing problems are framed in terms of
oracles, even when this is not the case.



Basic operations with bit strings

x and y are two n-bit strings: |2} = 1%y X =+ Xy X))
Y)Y = 1 Yuct Yuez = Y1 D0)

xiayi S {091}

Hamming distance = dy(x, y) = the number of bits in which the

two strings differ. |x) =]10101)

d(x,y) =17
) = 11100y H5Y

Hamming weight = dy;(x) = d;(x,0) = the number of 1-bit in x =
the Hamming distance between x and O.

X - y = the number of common 1-bit in x and y
x @ y = the bitwise exclusive OR = bitwise addition under mod 2

X Ay = the bitwise AND
~x=x 111---1 =the bit string that flips 0 and 1



Useful Identities

» X y=dyxAy)

: x-y=%(1—(—1)xw) mod 2

e X V+x-2=x:-(y P z) mod 2
e dy(x®y) = dy(x) + dy(y) mod 2

2"—1
Z (—1)**=0 b/c successive 2i and 2i + 1 terms cancel
x=0

2”21( 1)”—{2n’ ify=0
° ~ Lo otherwise

9



| | " I
Z(_l)x.x:() Z(_l)x.y:{z : 1fy_9

‘ = ‘ s 0, otherwise

Forn=2: xe€{0,1,2,3}, or {00,01,10,11}

x-xe{0,1,1,2}

2"—1
2 DT =D+ D+ D+ (1) =0
x=0

2"—1 2"—1
2 (_ l)xy = 2 (— 1)xn—lyn—1+xn—2yn—2+°"+x0y0
x=0 x=0

(i (_1)xoyo>< 21‘4 (_1)x1y1> S venees < ( Z (_1)xn_1yn_1>

x0=0 .xl =0 xn_1=0

(1 +(_1))’o)<1 _|_(_1)y1> ...... (1 _|_(_1)yn_1)

=0 unlessy,=y;=-=y,.;=0



Walsh-Hadamard Transformation

W=HQH® - Q H=H®" apply H to each qubit in an n-qubit system

W|O)=H®H®---®H<|O)®~--®|O)> N =2n

Computational
basis
= (H|o>) ® - ® <H|O)> T
1 1
=(—=(0+ID)) @ (—=(10)+ID)) 10) = 100---00)
\/5 \/5 |1) =]00---01)
_ ! |2) =100--11)
—ﬁ(loo---OO)HOO 01) +|00---10)--- + | 11 11)) :
| ]Sll IN—1)=|11---11)
W[0)=—— ) [|x)
\/N x=0 j
l Shorthand

Notation
Linear combination of all possible states



Walsh-Hadamard Transformation

W=HQH® - Q H=H®" apply H to each qubit in an n-qubit system

1 & r) = |r,_(F,_p = 1T,
W|0>=—NZ|x> N=2" =i i) oy
x=0

|8) = 18,_18,_5 = 515)

» How does Wacton |r)? Wiry= ) W,ls)

Wlr) = <H®H® ®H> |71 Fyen = F1 1Y)

_ \/lz_n[|o>+(—1)m|1>]® = ® [ 10)+(=131)

i 1
= Z (=1)%=17-1]5 1) = Z (= 1) sp)

N—1 s,_1=0 50=0
= - Y D, ) @ @ (<1 [5) @ (~1)V | 5
s=0
| 2 1 |
W(in) =—- 2, 13"1s) RS =
2n \/5
s=0



Deutsch-Jozsa Algorithm oo

- Given afunctionf: Z,, — Z, thatis known to be either constant (0 on all
inputs or 1 on all inputs) or balanced (1 for exactly half of the input domain
and O for the other half), and U; : [x) ® |y) — [x) ® |x © f(x)),

determine whether the function f is constant or balanced.

* Phase change for a subset of basis vectors

1
Consider a superposition : |y) = Z | x)

\/ﬁ

Boolean function : f: Z,, — Z, where f(x)= {

1 1
X)) —(|0)—|1 where X = {x|f(x) =1
V?;|>x5“>l»] (el = 1)

=) Do)

I, ifxeXcCz,
0, otherwise

ulwmel-)| =u

For: |y) = ) a,|)

N-1

S;f: Zaxlx) — Zaxei¢|x)+2ax|x)

x=0 xeX x&X



Deutsch Algorithm
vy = 10)® 1) = |01)
10) — H -—lir—ﬂﬂ
H U Clgé ==X 10)® (10 -11)

Uf(|x> X |)’>> =|x)® |y Bf(x))

(1) (2) (3)

2) lw) =Uly)
For fx) = 0: U100 ® (10)-11)| = U (Im@10)) -y (10 @11))
=) ®[|0+f(x) — |x) ® |1 +f(x))

=198 (10)-11) =) e (10)- 1)

Forfr) = 1: U[In@(10-10)| =19 e (1h-100) =W In e (10)-11)

1 1 Phase Kick-Back: Deutsch
lwa) = Urlyy) = —[ 2 (= 1)@ | x) ] R _< 10) — | 1)) algorithm encodes the value
25 V2 of f(x) in the first qubit rather

than in the second qubit.



Deutsch-Jozsa Algorithm

0)®" - |y n = number of qubits

U ¢ N = 2" = dim of Hilbert space

1) — =)

1 N—-1
"’”0>=W'0>=_N§'x>

) . Uf w) lw) = Z (=17 )
1) 1> —» Can reuse the ancilla qubit
1 Ni £G0) (17)) N
) =—= ) (=1)/"V]i) W(lr)) == ) (=1)""]s)
1 Nz_‘i O Wiy 1 Nz_‘j f(')jvz_‘j 1 i)
Py =Wl|y)=— ) D)YW]i)=— ) (DY ) —(=1)7]|j
\/N i=1 \/N i=1 =0 VN

For constant f, (=1)/¥ = (=1)/@ is a global phase.

1 N
DEICHED) (Z (=17) 1j) = (=D 10)
" \<== only nonzero when j = 0

P :
2, ify=0
1) = {
¢ XZZO =D 0, otherwise



Deutsch-Jozsa Algorithm

1Py =Wlp)=—= ) —D/OW]i)=—= ) (-1)/V —( DY j)
P I L

For balanced f, |¢) = o 2 (Z( 1) — Z( 1)11) | 7) where X = {x|f(x) = 1}

ieX i€X

Forj = 0, amplitude is zero.

Y (=1 =Y (=) =0 for j = 0

ieX €X

< |¢) does not contain |0).

[:> - Measurement of state | ¢) (in the standard basis) will return | Q) with probability
1, if fis constant, and will return a non-zero | j) with probability 1, if fis
balanced.

« Classical algorithm must evaluate f at least 2"=1 1 1 times to solve the problem
with certainty, while quantum algorithm solves with a single evaluation of Uf.

* There is an exponential separation between the query complexity of the QA and
query complexity of any classical algorithm.

» There are classical algorithms that solve the problem in fewer evaluations but
only with high probability of success (not 100% probability).



Deutsch-Jozsa Algorithm

|0>®” ’ /M7i— 1% |+>—%<|0>+|1>)
f
1) —| H I | 1) |—>——(|0>—|1>)
\/_
H=i<i 1l>=i RG] H =1
V2 - V2 e
( o
W=H®"=|— (=D | y) (x|
\\/E x,yez{(),l}
(
1
=|— ) (=D |y)xl [® - ® (= 151 |y ) |
\\/5% 0){Xo \/_% 1 1
1
i \/5” xye{;l} (=D [ y)(x| XY =XYo+ X1yt X 1V

H®"|0) =




Bernstein-Vazirani Algorithm 1997

« An-bit function f: {0,1}®" — {0,1}, which outputs a singlet bit, is guaranteed to
be of the form f.(x) = x - 5, where s is an unknown n-bit string and

n—1
XS =XpSg+ -+ X,_15,_; = le-si (mod 2). Find the unknown string s = (s535;**5,,_1)-
i=0

- Best classical algorithm uses O(n) calls to f.(x) = x - s mod 2. Each query gives one
bit of information of s (because f outputs one bit).

Uf<|x> ®17)) =198y /) Uy = Z Z XM (x| ® |y ®F))(y]

fi(x) =x-s mod 2 Z Y @I @1y @s -y

x€{0,1}®" ye{0,1}®"

« How do we find s with less than n queries? — Use superposition (over all possible input bit strings)

2 EDVIN®1-)
\/EZ X ®n
0y wl- — |w)
W= Y COV=—= ¥ D7y AR
\/; xe{0,1}®" ﬁ xe{0,118"

Ui(lmel-)) =




Bernstein-Vazirani Algorithm

* |y,) states are orthogonal! (w,|lw,) =0,

1 1
wlvy =0 X (D™l Y (C1PIy) = ) (= D™ (xly)
X,y

x€{0,1}®" y€{0,1}®"

X8 =XgSg+ =+ X, 15,
— i Z (_l)x-s+x-t — i Z (_Dx.(s@t) 0~0 n—1°n—1
& xe{0,1}®" 2" x€{0,1}8" X-S+x-t=x-(sdt) (mod 2)
Z (—l)x'k = Z (_1)x0k0+"'+xn—1kn—1 = Z (_l)xoko Z (_l)xlkl... Z (_l)xn—lkn—l
x€{0,1}®" xe{0,1}®" x0€{0,1} x,€{0,1} x,_€{0,1}
21 :
2", ify=0
=20, n X 20, 5 X 20 = 215 1y = ; y
kol k10 n10 k0 XZ::‘) =D { 0 otherwise

<l//s | l//t> = 5s€9t,0 = 5st

« Orthogonal set of vectors from a basis and we can “measure in this basis”.

« Equivalent to performing unitary transformation and measuring in the
computational basis, from which we should be able to extract the string s.

1
WeHo=—— Y ¥l = Y = Y D7l

2 yye{0,1}® y€{0,1}®" x€{0,1}®"



Bernstein-Vazirani Algorithm

Apply H®" to |y):  H®"|y,) = D |y)(w,lw) =|s) in 100% probability

10) HH 7R 1s0) 0o —{w]— HwHZAR 1)
0) e H7AR 1 1) Us 1)

S : Circuit for Berstein-Vazirani algorithm

Simpler explanation:
Berstein-Vazirani algorithm
behaves as if it were a circuit
consisting only of CNOT
operations from ancilla to the
qubits corresponding to 1-bit
of s.




Bernstein-Vazirani Algorithm

« Berstein-Vazirani algorithm behaves as if it were a circuit consisting
only of CNOT operations from ancilla to the qubits corresponding to 1-

bit of s. ¢ = 01101
0
1 —e
1 ®
0
1 r
ancilla ——D o

- For s=01101, the black box for U

behaves as if it contained this
circuit, consisting of CNOT gates
for each 1-bit of s.

10) |0)
10) —P 1)
|0) b | 1)
|0) |0)

10) P 1)
|11) —o—e L | 1)
« BV algorithm behaves as if it were

implemented by this simple circuit,

consisting of a CNOT for each 1-bit
of s.




| 35 7 4 1 1BIS[{2 3 6 7 10 Il 4 IS|{4% S 6 7 1213 14 1IS|
|17 19 21 23 25 27 29 31| | 18 19 22 23 26 27 30 31| |20 21 22 23 28 24 30 31|
133 35 37 39 41 43 45 47 || {34 35 38 39 42 43 46 47 | {36 37 38 34 44 Y5 46 47 §

149 51 53 55 57 59 61 63 | {50 S| S4 55 58 54 62 63 | |52 53 S4 S5 60 61 62 63 |

|8 a 10 112 13 14 1516 17 18 1920 21 22 23| |32 33 34 35 36 37 38 39 |
| 24 25 26 27 28 29 30 31| |24 25 26 27 28 24 30 31| |40 Y1 42 43 Y4 4S5 46 47 |
140 41 42 43 44 4S5 46 47 [ {48 44 SO S| 52 53 S4 SS [ |48 44 SO SI 52 53 S4 S5

156 57 58 59 60 61 62 63| |56 57 58 59 60 61 62 63| || 56 57 58 54 60 61 62 63 |

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————



Simon’s Algorithm

 Given a 2-to-1 function f such that f(x) = f(x @ a) for all
x € Z5, find the hidden string a € Z7. (Simon’s algorithm shows

structural similarities to Shor’s algorithm) Ix) = oo )
— 10 n—1

Ut [0 @1y) — [0)® [y ®f) % € {0.1]
1 1
Uf[W|O>®n®|O>] =Ufﬁ;|x>®|0>=ﬁ§|x>®lﬂx>> N=2"

» Suppose we perform a measurement on 2nd qubit and f(x,) is
the measured value. Then the 1st qubit becomes

%( | X0) + |f(xo)>) = %Ox& + |x€Ba>>.

0 - ["H7-

0), -




Simon’s Algorithm

* Apply Walsh-Hadamard:
(|x0) + |x0€Ba))] =

1
W[—
V2
1 &
w(|r)) z—g 1" | r)
1

Vs

Wrs - WW -

1 [ 1
V2 iz S
1
— Y D (1+(=1D™) 1)
\/5+1 :
1

> {1+ neeart |y

D (D)

n+1
\/5 y-a=even

- Measurement on the 1st qubit results in a random y such that y - a = 0 mod 2.

- Unknown a; must satisfy y,ay + y,a; + -=-y,_1a,,_; = 0 mod 2.

0w ]

10,

Uy

[

(A

M




Simon’s Algorithm

Repeat the same procedure until n linearly independent equations
have been found. Each time computation is repeated, at least 50% of
the time, the resulting equation can be independent.

Repeating 2n times, there is a 50% chance that n-linearly independent
equations can be found.

The equation can be solved to find the string a in O(n?) steps.

With high likelihood, the hidden string a will be found with ©(n) calls to
Uy, followed by O(n?) steps to solve the resulting set of equations.

Classical algorithm needs O(2"?) calls to f .



Simon’s Algorithm: probability of finding
n-linearly independent equations

Consider we have a string, x = (X;X,X3°*X,)).

1st measurement: P; = 1

After 1st measurement, what is the probability that next measurement will be
linearly independent? P, =1-1/2"

Probability that next measurement will be linearly independent: P; = 1 — 2/2"
Probability that next string x,, . ; is linearly independent: P, =1 —2"/2"
Probability of n — 1 being linearly independent:

1
1 2 "2 S U-77) 1 1
(- (1-2) (1220 g Loy i)
on on on 0k L 2 " on

l-a(l=-b)=1-a-b+ab>1—-a-b forO<a,b<1



Discrete Fourier Transformation

Simon’s algorithm — Shor’s algorithm (factoring numbers) makes use of QFT.

Discrete Fourier Transformation (DFT): signal processing, quantum theory
(position <> momentum).

Assume a vector f of N complex numbers:  f,, k =0,1,---,N—1

DFT is a mapping from N complex # to N complex #.

N=1 .
DFT: fi — fi=—= 2 w7h w = exp<ﬂ>
\/_ k=0 N
y R
Inverse DFT : f, — fi=— Z wikF, nonzero only
VN S whenj =7




Discrete Fourier Transformation

1 1 I 1 I

44100 points i

Example from  _ 05 i
introductionto 2
classicaland & 0
gquantum < L i
computing by 05
Wong p L A N R |
0 0.2 0.4 0.6 0.8 1
Time (s)
1 1 I 1 I 1 I 1 I 1
2205 poings i
) _
o -
E
;—Q: —
£
<
_1 1 I 1 I 1 I 1 I 1
0 0.01 0.02 0.03 0.04 0.05
Time (s)

Vibrations of a piano playing a C major chord (made of middle C
and the E and G notes above it) for one second



Discrete Fourier Transformation

Sound was sampled at a rate of 44100 Hertz (Hz), or 44100 points per second.

.00000,-0.46933 dj VRN
.00002,-0.46011 g, N=44,100 O = Za] TR
.00005,-0.44931 V/__] ry
.00007,-0.41455 dy
.00009,-0.38632 0=
.00011,-0.34164
.00014,-0.28851

1
V44100

( 0.46933627(0)(0)/44100 _ () 4601 ,27i(1)(0)/44100 4

O O O O O o o

1 0.1357127i(44099)(0 >/4‘“00) —0.0973861,

.. ¢ = \/17(—O.46933e2m(0)(1)/44100—0.46011e2”i(1)(1)/44100+...
44100
0.99993,0.12177
0.99995,0.12454 +0.13571 27 44099)(1 >/44‘00) —0.118737 4 0.136405i,
0.99998,0.13571 an_1 0y — 4i100 (_0_46933ezm(0)(2)/44100 _0.46011£27(D(2)/44100

1+0.135712mi(44099)(2 >/44100> —0.106039 +0.0597867i,

1 . .
¢44098 — 44100 ( _ 0.46933627”(0)(44098)/44100 _ 04601 16271'1(1)(44098)/44100 + .

+0. 13571e2m(44099)(44098)/44100) —0.106039 — 0.0597867i

¢44099 — 441100 ( o 0.46933827”(0)(44099)/44100 —0.4601 182ﬂi(1)(44099)/44100 4.,

+0. 13571eZ”’<44°99><44°99>/4410°> —0.118737 — 0.136405i.



Discrete Fourier Transformation

Or = Oy for k=1,2,...,N/2—1, 50 ¢ and @y, are unique. N=44 100
¢O — 0.097386 1; [ 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 |
¢1| = 0.180844 .10 1 Plotting k on the x-axis and |¢| on the y-axis with k =0,1,...,22050 7]
0| =0.121732 £ sf} .
g 6 1 —
. < 4 —_
| 44008 = 0.121732 X I I
__ 0 5000 10000 15000 20000
|P44099| = 0.180844. Frequency (Hz)
14 -I LI I rrri I LI I LI I LI I rrri I LI I LI I LI I LI I-
121- 262 330 ]
Middle C = 261.6256 Hz o[- first 1000 points of the x-axis ]
g VL _
E=2320.6276 Hz £ °F Resonances E
s o0 392 o
— < i 7
G =391.9954 Hz 421__ 262%2 330x2 !392)(2 ]
0

p—
)
-
-}

0 100 200 300 400 500 600 700 800 900
Frequency (Hz)

Resonances=integer multiple of fundamental frequencies



Another example of FT



Discrete Fourier Transformation

Convolution (circular convolution, periodic convolution, cyclic convolution)
N—-1

(f*8);= Z fi&—i» Wwhereg_, =gy_, (periodic condition) (f*)@) = [ f(0)g(t —7)dz

i=0
DFT turns convolution into point wise vector multiplication.
DFT of f *g = & = f, &

1 N-1
W & 7 2 (B N
LN Wy (_Z szf>< ZW(] ’)m§m> _ ! f, & w-mf’” w =, g,

j=0 o VN7 \/]T/ ji ——

DFT: f, — [ =

k=0 N Inverse DFT : f, — f;=

i
- Sl-
T



Fast Fourier Transformation

—jk
i=—= 2 WA (7)) (1 1 1 1)
VN = Jo . L N (ﬁ) )
~ 1 1 w w w
2ri /1 =—11 w? w* w2 y
— - N __ : :
vmeo(Z) wer | TUR|D T f
-1 1wl 2Nl w | V-1
wh-1 = N1 = -1
W Wt w?\}(N_l) | D' =D7  Unitary
w}\',(’ w}vl w]l\}(N_l)
(N-1)0  (N-1)-1 (N—1)-(N—1)
W N Wy |

* How many math operations are needed for DFT?
« N multiplications for eachfj — N? complex multiplications

« Addition — N(N — 1) complex addition



Fast Fourier Transformation

o ( )
i | Nl ( \ 1 1 | 1 ( \
= — wkf Jjo 1wl w2 . M-I J
VN % fi |1 . » I
Sl=mE—=11 w w e W :
27l v : \/N : :
w = exp(—) wh =1 ~ : : : : : f
N \fN—l) \ 1 WN_I W2N_2 . W ) \N_l)
wV=1 = N yp=1 = -1

* FFT offers less math operations.

27l
Assume N = 2" : WKENIZ — _pk kN — ok N = exP(T)
.1 Ni . 1 N%:j ’ N%:‘l o
f}‘ - w—lk]l;_ - W—Zyei + W—(21+1)]0i
VN = VN | S par
F= oo fis o oo s S ) l

= (€p> 09> €1, 015 ***5 €Ny Onp) F—y I
wHwmY =wHw

[Zﬂ'i( 2,,)] [27Ti( “)] i
exp|—(=2ij)| = exp|—=(=ij)| =w
p N J p N/2 J NI



Fast Fourier Transformation

y 1 Nzl N/2—1 N/2—1
j:ﬁ Z "’kf— [ Z W 2ye + Z " (2z+1)10]

l

w w2 = iyl

I = Uos Jis Jas f3o =05 Ineas Iv—1)

= (€g, 0 €1, 01, ***, Enp2s Onpd)

NI2
2mi 27l _; 2ri
exp| <=(=2i) | = exp| —=(=if)| = wih wy = exp( =)
1 NI2—1 T
fo= —— e.+wo. w_"j] — —
J \/N[ g ( i N z) N2 Whi2 eXP<N)
DFT of fin terms of DFT of e and o.
f=e.+w7o, j=0,1,--N-1 5 i . _N
J7 5T N \/Ej—eJ+WNJ0], OS]SE_I
. T ~ —j ~ N
DFT of e and f are periodic with period N/2 \/5 =€ — W0 5 <jsSN-1



Fast Fourier Transformation

2 2
N N
To compute e and o : 2 <3> ==
N —j ~ N2> N
Need = to compute w_/ 0. — need — + —
2 N ] ) 2

complex multiplication as opposed to ~2 in DFT.
A reduction of about a factor of 2 for large N.

For v =27, the number of multiplication is bounded
by 2"'n = N log N



A simple application of FFT

« Consider two polynomials with complex coefficients

fx) = ag+ ax + a,x* + - + ay_x¥!

N—1
g(x) = by + byx + byx* + -+ + by_xV1 Cy = Z ayby_,
¢
: Fx) g(x) = Nz_wj a;b, i — 2% o 1k Sum is over valid polynomial terms.
) ~ ¢ If k — £ < 0, no terms in the sum.

« Computation requires N? multiplication
a = (ag, -, ay_,0,-+,0)

b 0,+++,0
« Consider 2N dim vectors: iNo_l Oy-1:057+0)

&= ) asb_, (mod 2N)
4
« Compute DFT of vectors a and b — point wise multiplication of the

two vectors — Inverse DFT —requires O(N log N) operations

¢ looks like convolution.

fkgkzékzDFToff*g f*g=Z]§'gi—j
j=0



Quantum Fourier Transformation

 For classical discrete Fourier transformation

n_1 :
2 wik . w = exp( 2mi ) N
7

1
V2 S o

1 &
« QFT is defined similarly F:lj) — — ), wrlk)=Fl))
\/5 k=0

Il
\)
S

Yk =

1 &= 1 2=l
« For arbitrary quantum states, F: |x)=— ijm — |y) = Zyk|k>
k=0

V2 s V2
— 1

1 3 1 |
Flx) = — x:Flj) = - — x-wfklk)
V2 Z? ’ V2 % V2 g:')]

J—

_ 1 2"—1 . 2"—1 .
- Forasingle quantum state, F|j)=— w/k| k) F|j) = : _ Z w/ | k')
V2 i 2 j=0
1 2"—1 2"—1 . . 1 2"—1 o
GIFFI)y == X 2 wikwhklh = — ¥ wi* =g,
k=0 k'=0 k=0

2"—1
% Z wl=0k =5, F'F = 1 and QFT is a unitary transformation.
k=0



Quantum Fourier Transformation

For  J=h2" 7 +jp2" 4  4j,20= ) ji2" K=
i=1 o 2 0;
n | k=0
k=k2" '+ k2" 2 4 e + k20 = ) k2
71 i=1 N=2"
. . 1 — 27l ~ . 27i
Flj) = 0 =— X, exp( 52 X k2 ) 1K) w=exp( )
V2 i £=1 2
=
= — Z exp(ZﬂlJZku f) | k)
\/5 k=0 /=1
|2l
= exp| 27ijk,; 27! ) exp( 27ijk,27%) ---exp( 27ijk 27" ) | k)
n 1 2 n
V2 i
| d 1
=Y - exp<2ﬂijk12‘1) exp<27rijk22‘2> ---eXp<2ﬂijkn2_”> K, ky e k)
V2 k=0 k=0 \ /

\— —

=10) + exp(2m’j2‘1> 1) =10) + eXp(2ﬂij2‘”> 1)



Quantum Fourier Transformation

N 2rij 2rij 2rij
F1jy=—= (10 +exp(S2) 1)) (10) +exp(55) 1)) (10) +exp( S22 ) 1)
1 - 27l
= n®<|0>+exp( )|1>>
\/5 k=1 ]z = 0,1
« Binary fraction = expression in power of 1/2 1<k<n
In decimal form:  0.j, j,, ---jm=]'“ﬂ +J"ﬂJrl + -+ Im 0<,;<2"-1

) 72 Im—£+1

J is not necessarily an integer: % =1y Fak * Jngad = Z j,2mvk

fn=8andk =3, j=j2"+2°%+;2°+j2%+j2° +j2%+j2! + 2"

J k3 s il om0 e el s a2 s i
o5 =2 R A2 G2 2 2+ 2 4 2

' ——

J1J2J3J4s -JeJ1J8 binary fraction: 0 . j¢ j- jg



Quantum Fourier Transformation

j =j12n_1 +j22n_2 t+ - _l_jn—323 +jn—222 _l_jn—lz1 +jn20 = ijzn—v

J Ji2N 2P A e 2 402+ 2 5,20 _ NN, yn-v—k
ok Nk N Z J Z Ju
v=1 v=1
=12 In—k - Jn—k+1"""Jn

exp<2m§> = exp<2m]1]2---]n_k.]n_k+1---]n ]n> = exp<27r10.]n_k_l ]n>

Fiiy=—= (10 +exp(SL) 1)) (100 + exp( 250 )11))+(10) + exp(Z2) 1))

2 22
L (o 27\ Y — L (1o o |
_\/zn §<| >+eXP< " >| >) —\/_n S <| >+€Xp< 7i0.j, ]n>|1>)

= 12n <|O) +exp<2m’0.jn> |1)> <|O) + GXP<27Ti0-jn—1jn) |1>)

...<|o> +exp( 2210 jujor-4j, ) 1)



Quantum Circuit for QFT

, 1
|]Lﬂ) transforms into — | |0) + exp<27zi0 .jf---jn> | 1)]

0.7, ,2710.0j 12
|0) + 270z @270l | 1) Controlled by the

2
. V2 — S~ value of j;th qubit.
eXp<2ﬂi%) = eXp<7rijf> = (=1)" / (:SG R, = (1 ’ ) . {jk =0, R=1

0 eZﬂi/Zk

1st qubit: | |0) + exp<27zi0 .jf---jn) | 1)

. . N - L
Start with [ /) = ;) | jaj3=j,) —1>—<|0>+(—1)]1|1>>|J2]3"'Jn>
\/5 < JrY _ .
exp 27r15> —exp(Zm 0.]1>

1 0.j L
=—=(10) + €203 | 1)) s

V2
R, on q; with g, control

> 7 (10)+ 22 1) ) | ojyiy) Ry =
2

I
N

1 0
0 ezm‘/z2

1 e L
= $( 10) + €102 1) ) |y,



Quantum Circuit for QFT

R; on q; with g5 control 1 e S
L =10y e 1) ) i)

\/5

continue down 1 D 2i O i e C
= (10) + ORI 1) ) |y

to g, V2

The entire procedure is repeated for all other qubits, j,, j3, " J,

[l()) + 270y | 1>] [ 10) 4 27045 | 1>] [|0> + 27104, 1>]

n

V2

1 & 2rij
Use SWAP gate or relabel to obtain:  F|j) = ® < |0) + eXP( m]) | 1))
k=1

% y

[l()) + 210y | 1>] [ 10) + 2704274 | 1>] [|0> + 27101y | 1>]

n

2



Quantum Circuit for QFT

. _ 221 0y~ [ 1Y |
|]1> ........ R”_l \/_ |0> + e | >
2 B |
. I 7 D0 7
| J2) R, —\/_ 10) + ™72 [ 1)
2 B |

| J3) @

: 1 |
i) o $[|0>+<—1>Jn|1>]

How many gates are required? = L[ |0) + e V1| 1)]

q;: H+ (n-1) controlled R gates — n \/5

q,: H + (n-2) controlled R gates — n-1 } n(n+1) Alsoneed O(n/2) SWAP gates
: : : 2 Overall scaling of QFT is O(n?)

g,: H+ 0 controlled R gates — 1

 Classical Fourier Transform scales as @(Nz) = @((2”)2)
« FFT: O(NIn(N)) for N =2"



Quantum Phase Estimation and
Finding Eigenvalues

Good example of phase kickback and use of QFT
Unitary operator U: Ulu) =e?|u), 0<¢ <2z

How to find eigenvalue”? = How to measure the phase?
How to find ¢ to a given level of precision?

Find the best n-bit estimate of the phase ¢

Given a unitary matrix U and one of its eigenvectors |u), find or
estimate its eigenvalue.

U |u) = ()| u) = % | u)



Quantum Circuit for QPE

0) rH > 7

o -] ® --CZ‘
| QFT |

10) | H[~ —/Mﬁ
mfelgiz?;::te{ u HorHo?] e U? U_'

(0) (1) ) 3)

QPE = H + controlled — U Yy QFT"




n control

Quantum Circuit for QPE

|0) H E - .i./Mﬁ_
S B mE * 5 LA
1%z ] - ; e
3 | QFT" |:
s HE R
i HT-

(0) (1) (2) 3)
QPE = H + controlled — U? + QFT!

m eigenstate
registers
~

lwo) = 10)®" @ |u)

i) = (H10))® @ |u) = \/gn(|o>+|1>)®"® 1)

n—1 1
lyo) = | |CUP—(10) + 1) )®" ® | u)
=1 ﬁ< )



Quantum Circuit for QPE

0 —{nH - Al

] M

10) —{H ® -'-f7?—

QFT' [}

n control
registers

A
L7

m eigenstate
registers
~

(0) (1) (2) 3)

n—1 .

|w2>=HCU2’\/1§,1(|0>+|1>)®"®|u>
=0

%(|o>+|1>)®|u> U, L(imem+rne)

2 V2
1

:$<|O>+ei¢2jll)> ® |u)




Quantum Circuit for QPE

(100 + €27 1D)) (10) + €27 11) ) (10) + e 1)) (10) + € 11) ) @ )

lwy) =

Z eV | y) @ | u) Phase kick-back: phase factor e'?Y has been

\/En r \/, propagated back from the second eigenstate
register to the first control register

QFT | Cl) — eZﬂiak/2” |k> > 2ria _ l¢ > ¢ — 2]Z'<ﬂ + 5)
V2 i 2n 2"

2ra : cf L : : a=da, 14,2ty

‘> is the best n-bit binary approximation of ¢ .
I &
Flj) k)
-1 [ P 2 j=0
QFT ™ |y) = 2 Z e I x) <2m’>
x=0 w = CXp\ -
| W3> — QFT — Z Z 2ﬂz(a—x)y/2" 27xidy | X> R | l/t>
x=0 y=0

Operate only n control register.



Quantum Circuit for QPE

2'—1 2"-1

1 . .
1) = QT ) = 30 3 2o 2 2) @ |

\’ x=0 y=0
Operate only n control register.

1 21

1) If6=0, = eXp(

y=0

2ri(a — x)y
on

2ra
2n

>=5ax — ) =la®lu) — ¢=

2) 1§85 £ 0 Measuring 1st register and getting the state |x) = | a) is the best n-bit

4
estimate of ¢b. The corresponding probability is P, = | C,|* > — ~ 0.405
T




_2«  Quantum Circuit for QPE

¢ ==
2'—1 '
\/5 x=0 -1 1 2mix(¢p—y/2")
D lvs) = QFT gy = — > D' e |3) ® |u)
QFT—I | x) = Z o~ 2mixyl2" | y) x=0 y=0
n
2 -0
2 2
erobabityofobsening [3) =Py = |- 31 o]~ L|L=P 2]
robability of observin = = |— e = , = zwi(¢p ——
y A T 2 | 17 g o
_ Y y
(1)lf¢—§, ly3) = 1y) & |u) P(¢=§)=100%
(2) If p # % closest n — bit approximation to ¢ = O.vyv,+--v, = v p—v=6, 0L|6]< ot
Length of minor arc
_ oy . O So =2y
r =exp lan(gb — 5)] = exp(2rid)
o 2 \9 > Length of a cord from 1 to r?
1 1 r 211
P(y):22n 1—r ’ ’ =|1—I" |
P2 = [exp(zma)]?' — exp(27i62") = et
-1
length of minor arc _ 2762 < half circumference < R _T 11— 2" > 462"
length of cord |1 —r?"| diameter 2R 2



Quantum Circuit for QPE

2710 Length of minor arc = 0 = 276

»
L

Length of a cord from 1tor=|1 — r|
length of minor arc 27
A0 ; g =% o0 1=+ <215
1 1 length of cord |1 —r|
Py = . L-r| 1 (462" P4 0405
P = 22n | 1—r —22n \ 276 o2 '

« We will get the correct answer with probability greater than a constant.

. Probability of getting incorrect outcome can be calculated using |6| >

n+1
. length of minor arc 27o T
D 11-r*"] <2 = < =
length of cord |1 —r] 2
“N\0 , 12 i
y P(y) = 1 [1-7 < 1 2 B 1
Y220 o T2 \35) T 22ey

. |l=r] > 45
c 1

length of minor arc < half circumference

N-bit estimate of phase ¢ is obtained with a high probability.
Need to repeat the calculation multiple times.

Increasing n will increase the probability of success (not obvious but true).
Increasing n (# of qubits) will improve the precision of the phase estimate.

length of cord

diameter

4c?

7R
S R
2R

/2
2



Machine Learning?



What 1s Machine Learning?

 Typically problems in physics can be formulated in terms of a search for some
function f : X — Y, from the space of the observed X to a low dimensional
space of a desired target space/label Y, which optimizes some metric (of our
choice). The metric is often called a loss function and written as L(y, f(X)).

- A learning algorithm would find the function that optimizes L over all possible
values of (X, V).

« But this is intractable owning to the
curse of dimensionality and an infinite
number of functions to choose from. Artificial Infelligence

Instead one has labeled training data
1x; yi}ﬁil sampled from p(x, y).

Furthermore the function space is |
restricted to a model - a highly flexible Deep Leaming

family of functions f,,(X) parameterized

by ¢ .

 Sounds familiar?

Machine Learning

Neural networks




Universal Approximation Theorem

« Afeed-forward network with a single hidden layer containing a finite
number of neurons can approximate continuous functions on compact
subsets of R under mild assumptions on the activation function.

Let ¢ : R — R be a nonconstant, bounded, and continuous function (called the activation function). Let
I,,, denote the m-dimensional unit hypercube [0, 1]™. The space of real-valued continuous functions on I,
is denoted by C(I,,,). Then, given any £ > 0 and any function f € C(I[,,), there exist an integer IV, real

constants v;,b; € R and real vectors w; € R™ for ¢ =1,..., N, such that we may define:

= Z V; P (wfx + b,;) as an approximate realization of the function f; that is,
i=1

|[F(z) — f(z)| <€ for all € I,,,. In other words, functions of the form F'(z) are dense in C(I;;).

1-
A. N. Kolmogorov, 1957 S(z) = 1 € ﬁ
G. Cybenko, 1989 with sigmoid activation l1+e® e +1 |

0.5
K. Hornik, 1991, importance of the multilayer architecture
Z. Lu et al, 2017, with deep neural network and RelLu activation | r




Let p > 0 be a fixed number and f(x) be a periodic function
with period 2p, defined on (—p, p). The Fourier series of f(x) is
a way of expanding the function f(x) into an infinite series
involving sines and cosines:

o
— 50 Z n cOs( mmc —I—;bnsm n;aj) (2.1)

where ag, a,, and b, are called the Fourier coefficients of f(z),
and are given by the formulas

1 [P 1 [P nmweT
— p/p f(x) dx, Ay = p/p f(x) COS(T) de, (2.2)
= | t@sin(2) da.
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Neural network is a function-approximator.

Rectified Linear Unit
flx)=x3+x2-x-1 RelLU

2 . - - . 2 ' 4

2 ‘\o > 2 o[ p

ReLu = max(0, x)
Example by Joe Klein



flx)=x3+x2-x-1

ny(x) = Relu(—5x — 7.7)
na(x) = Relu(—1.2x — 1.3)
n3(x) = Relu(1.2z + 1)
ng(x) = Relu(1.2z — .2)
ns(x) = Relu(2x —1.1)
ne(x) = Relu(bx — 5)

F(z) = —ni(x) — na(x) — na(x)
+ na(z) + ns(z) + ne(x)






(a) X W

n
f [Zx,-w,-] S—
=1
(b) Input 1st hidden 2nd hidden Output
layer layer layer layer

yj=f(2x,~w,-) y.=r (Zx,-w,] Y ,=f(2x,,wk]



Physical Qubits

* Photon polarization

* Trapped ions

* Cold atoms

* Nuclear magnetic resonances: spin of nuclei
« Quantum dots

» Defect qubits

« Superconductors



Quantum versions of simple classical gates

Let by, b, € {0,1} (binary variables)

NOT

XOR

AND

already reversible

b, b, b, XOR b,

0O O 0
0 1
1 0 1
1 1 0

b, b, b, AND b,

0 O 0
0 0
1 0 0
1 1 1

X =[0)(1]+[1)0]

| D)) ———@—— |Dy)

b)) —P— 161 @ 1)
00) — 100@0)=00)
01) — 10 1@0)=]01)
110) — [11@0)=]|11)
111) — [11@1)=]10)

Impossible to perform a reversible
AND operation with two bits.



Quantum versions of simple classical gates
« Toffoligate =T = CCX = CCNOT = Controlled-controlled NOT gate

|000) ——|000) (1 0 0 0i0 0 0 O)

1001) 0100i0000

1010) 0010i0000 |

011) 70001000 0f_ (10

1100y 0000{1 00O 0i CNOT
00000100

Jon 0000000 I

|110) — [111) 0 00 0i0 01 0,

|111) | 110)

T'|byby0) = by byby A by)
T|byby1) = 1[b1 byl @ by A by)

A = classical AND ~ = NOT

+ Toffoli gate T can be used to construct a « Alternative: Fredkin gate
complete set of Boolean connectives —
(NOT, AND. XOR. NAND) F=controlled SWAP
T|I11x)=]11 ~x) F|x01)=|xx ~Xx)
Tlxy0)=|xyxAy) Flxyl) =[xy Vx)yV(~x)
Tllxy)=|lxx@®y) Flx0y)=|x(yAx)yA(~x)

Tlxyl)=|xy ~xAYy)



