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Abstract

This is the first in a series of two papers, in which we compute the third-order
QCD corrections to top-antitop production near threshold in e

+
e
� collisions. The

present paper provides a detailed outline of the strategy of computation in the
framework of non-relativistic e↵ective theory and the threshold expansion, appli-
cable more generally to heavy-quark pair production near threshold. It summarizes
matching coe�cients and potentials relevant to the next-to-next-to-next-to-leading
order and ends with the master formula for the computation of the third-order
Green function. The master formula is evaluated in part II of the series.
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Abstract

We provide a detailed account of the methods and calculations for the third-order
corrections to the S-wave Green function from heavy-quark potentials other than
the Coulomb potential. The results of this paper are relevant to the top-antitop
threshold production process in next-to-next-to-next-to-leading (NNNLO) order
and to the determination of the bottom-quark mass from high-moment sum rules,
and have been employed in corresponding previous publications. Further to the
third-order calculation, we discuss in detail three refinements necessary to ob-
tain reliable third-order results for the top threshold: finite-width e↵ects, pole
resummation, and the implementation of the potential-subtracted mass scheme.
A detailed numerical analysis of residual scale dependence and the size of various
contributions to the top production cross section is provided. The S-wave energy
levels and wave functions at the origin for heavy quarkonium states of arbitrary
principal quantum number n are collected in an appendix.
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Abstract

We describe the QQbar threshold library for computing the production cross section of
heavy quark-antiquark pairs near threshold at electron-positron colliders. The prediction
includes all presently known QCD, electroweak, Higgs, and nonresonant corrections in
the combined nonrelativistic and weak-coupling expansion.
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C++ QQbar_threshold(2016),  
Can be downloaded at 

hepforge.org  

We expect to update soon 
based on Part II.

We described detailed NNNLO QCD 
computation of threshold top quark 
production in Part I and Part II 
papers.

http://hepforge.org
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Mcri
t 171.44 0.23 0.20 0.001 �0.36 0.17 �0.02 171.55�0.47

+1.04 171.43�0.36
+0.17 171.24�0.38

+0.19

log10 µ
cri
t 17.752 �0.051 0.083 0.007 0.007 �0.006 �0.002 17.783+0.062

�0.008 17.754+0.007
�0.006 17.751+0.007

�0.007

Mcri
H 129.30 �0.49 1.79 0.002 0.72 �0.33 0.04 129.06+0.95

�2.14 129.32+0.73
�0.33 129.72+0.76

�0.38

log10 µ
cri
H 18.512 �0.158 0.381 0.008 0.173 �0.082 0.008 18.495+0.226

�0.531 18.518+0.174
�0.082 18.602+0.184

�0.094
fMcri

t 171.64 0.23 0.20 0.001 �0.36 0.17 �0.02 171.74�0.46
+1.04 171.63�0.36

+0.17 171.43�0.37
+0.19

log10 µ̃
cri
t 21.442 �0.059 0.094 0.005 �0.083 0.022 0.002 21.485�0.085

+0.343 21.445�0.083
+0.022 21.441�0.072

+0.014
fMcri

H 128.90 �0.49 1.79 0.003 0.73 �0.34 0.04 128.67+0.95
�2.15 128.92+0.73

�0.34 129.32+0.76
�0.38

log10 µ̃
cri
H 22.209 �0.181 0.436 0.007 0.092 �0.062 0.013 22.201+0.146

�0.171 22.217+0.094
�0.062 22.312+0.113

�0.082

TABLE II: Coe�cients in Eq. (7) and central values with scale dependencies obtained upon switching o↵ the O(↵2) terms in
�i(µ) with i = W,Z,H, q, the O(↵↵s) and O(↵4

s) terms in �↵s
(µ), and the O(↵4

s) terms in �q(µ) one at a time. The unit of
mass is taken to be GeV.

FIG. 1: RG evolution of �(µ) from µthr to µcri and beyond
in the (�,��) plane for default input values and matching
scale (red solid line), e↵ects of 1� (brown solid lines) and 3�
(blue solid lines) variation in MMC

t , theoretical uncertainty
due to the variation of ⇠ from 1/2 to 2 (upper and lower
black dashed lines with asterisks in the insets), and results
for Mcri

t (green dashed line) and Mcri
H (purple dashed line).

The 1� (brown ellipses) and 3� (blue ellipses) contours due to
the errors in MMC

t and MH are indicated for selected values
of µ. The insets in the upper right and lower left corners refer
to µ = MMC

t and µ = 1.55 ⇥ 1010 GeV, respectively.

over to Mt, which is actually the real part of the complex
pole position upon mass renormalization in the on-shell
scheme [25]. In view of the resonance property, a shift of
order �t = 2.00 GeV [2] would be plausible, which should
serve as a useful error estimate for the time being.

In conclusion, we performed a high-precision analy-
sis of the vacuum stability in the SM incorporating full
two-loop threshold corrections [5, 12–14], three-loop beta
functions [6], and O(↵4

s
) corrections to the matching and

running of gs [7, 17] and yq [8, 18], and adopting two
gauge-independent approaches, one based on the criti-
cality criterion (2) for �(µ) [5] and one on a reorgani-
zation of Ve↵(H) so that its minimum is gauge inde-
pendent order by order [20]. For the Mt upper bound
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FIG. 2: Phase diagram of vacuum stability (light-green
shaded area), metastability, and instability (pink shaded area)
in the (MH ,Mt) plane, contours of �(µ0) = 0 for selected val-
ues of µ0 (purple dotted lines), contours of ��(µ0) = 0 for se-
lected values of µ0 (solid parabolalike lines) with uncertainties

due to 1� error in ↵(5)
s (MZ) (dashed and dot-dashed lines),

critical line of Eq. (2) (solid green line) with uncertainty due

to 1� error in ↵(5)
s (MZ) (orange shaded band), and critical

points with Mcri
t (lower red bullet) and Mcri

H (right red bul-
let). The present world average of (MMC

t ,MH) (upper left
red bullet) and its 1� (purple ellipse), 2� (brown ellipse), and
3� (blue ellipse) contours are marked for reference.

we thus obtained M cri
t

= (171.44 ± 0.30+0.17

�0.36
) GeV and

fM cri
t

= (171.64±0.30+0.17

�0.36
) GeV, respectively, where the

first errors are experimental, due the 1� variations in the
input parameters [2], and the second ones are theoretical,
due to the scale and truncation uncertainties. In want of
more specific information, we assume the individual error
sources to be independent and combine them quadrati-
cally to be on the conservative side. The 0.20 GeV dif-
ference between the central values of M cri

t
and fM cri

t
in-

dicates the scheme dependence, which arguably comes
as a third independent source of theoretical uncertainty.

Top in the SM 

• Top quark mass is an important SM parameter. Its precise 
determination will give a hint for new physics
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Fig. 7 Background-subtracted simulated cross section measurements
with the ILC luminosity spectrum for 10 fb�1 per data point, together
with the cross section for the generator mass of 174 GeV as well as for
a shift in mass of ±200 MeV.

1S top mass and as combined 2D fit
mt stat. error 27 MeV
mt theory syst. (1%/3%) 5 MeV / 9 MeV
as stat. error 0.0008
as theory syst. (1%/3%) 0.0007 / 0.0022

Table 4 Summary of the 2D simultaneous top mass and as determina-
tion with a threshold scan at ILC for 10 points with a total integrated
luminosity of 100 fb�1. Event selection and background rejection from
CLIC_ILD is used.

section rises faster due to the sharper main luminosity peak
at the ILC. This faster rise of the cross section is expected to
lead to somewhat reduced statistical uncertainties on the top
mass for a given integrated luminosity due to increased dif-
ferences between different mass hypotheses in the threshold
region.

For the generation of data points with the ILC luminosity
spectrum, the signal selection efficiencies and the residual
background contribution are determined with the CLIC_ILD
detector concept. While there are some differences between
this detector concept and the ones developed for the ILC, it
is not expected that this will have a sizeable impact on the
efficiencies in the present study.

Figure 7 and Table 4 summarize the results of the com-
bined extraction of the 1S top mass and the strong coupling
constant at ILC. As expected, the statistical uncertainties are
reduced compared to a threshold scan at CLIC, with a 20%
reduction of the uncertainty of the mass and a 10% reduc-
tion of the uncertainty of as. The theory systematics as well
as other systematic uncertainties studied here are unchanged
compared to those at CLIC. Thus, the difference in statisti-
cal precision provided by the two different collider concepts

top mass [GeV]
173.95 174 174.05

s
α

0.116

0.118

0.12

σ1 

σ2 

[174.01 GeV; 0.1180]

ILC
CLIC detector

Fig. 8 Expected statistical errors from a simultaneous fit of the top
mass and the strong coupling constant using the ILC luminosity spec-
trum, showing the correlation of the two variables and the achieved
precision.

does not result in a significant difference of the overall pre-
cision of the top mass measurement in a threshold scan.

7 Conclusions

A linear e+e� collider based on CLIC technology provides
the capabilities for a precise measurement of the mass of
the top quark both at and above threshold. We have stud-
ied the expected precision obtainable in top pair production
events with a scan around the threshold and with the direct
reconstruction of the invariant mass of the top decay prod-
ucts at an energy of 500 GeV, each assuming a total inte-
grated luminosity of 100 fb�1. The studies have been per-
formed with realistic GEANT4-based detector simulations
including physics and machine-related backgrounds using
full particle flow event reconstruction.

Above threshold, the mass of the top quark, here de-
fined as the invariant mass of the decay products, can be
measured with a statistical precision of 80 MeV combining
fully-hadronic and semi-leptonic top pair decays. System-
atic uncertainties originating from the jet energy scale can be
controlled to a similar level using the direct reconstruction of
the W bosons in the top pair decays and Z decays to bb̄ from
other sources. Since the measurement of the invariant mass
is interpreted in the context of the top mass definition pro-
vided by the event generator PYTHIA, there are additional,
potentially sizeable theoretical uncertainties when translat-
ing the result into theoretically well-defined mass schemes,
which are not included in the quoted uncertainty.

In a threshold scan, the top mass can be determined in a
theoretically well defined way, here using the 1S mass, with

Seidel-Simon-Tesar-Poss(13)



Impact of Theory Uncertainties on Top Mass Measurements at Future e
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Colliders Frank Simon

prior to the re-evaluation in Fall 2015 and half of the present uncertainty of the world average [11],
is assumed.

3. The top mass at threshold accounting for scale uncertainties

Following the procedures developed in [12] to combine signal efficiencies and background
levels obtained from detailed detector simulations with state-of-the-art higher order calculations
and the first study of the impact of theory uncertainties on the mass determination via a template
fit to the cross section measured in a threshold scan [13], the effect of the scale uncertainties on
the precision of the top quark mass at ILC, CLIC and FCC-ee are investigated. In the template fit,
the c2 of the simulated data points to a given top mass template is calculated by considering the
distance of the data point to the nearest edge of the template band given by the scale variations.
Data points that lie within the band for a given mass thus do not contribute to the overall c2 for that
particular mass value.
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Figure 3: Illustration of a threshold scan at ILC with a template fit accounting for scale uncertainties (left)
and the dependence of the extracted mass depending on the input scale for the three considered collider
options, with the statistical uncertainties of ILC illustrated by the dashed horizontal lines (right).

Figure 3 left shows a simulated threshold scan for the case of ILC, together with fit templates
accounting for the cross section uncertainty due to scale variations. The best fit template shows
a (trivial) offset of 50 MeV, introduced by the choice of the standard scale which results in the
highest cross-section within the range of considered scale values. For an integrated luminosity of
100 fb�1 (10 ⇥ 10 fb�1), the purely statistical uncertainties of the top quark mass in the PS scheme
are 18 MeV, 21 MeV and 15.5 MeV for ILC, CLIC and FCC-ee, respectively. The differences
in precision originate from the differences in absolute cross section due to the different level of
beamstrahlung-effects as well as from differences in the shape of the threshold curve. As discussed
in more detail in [13], the use of cross-section bands accounting for the scale uncertainties in the
template fit results in larger fit uncertainties for single threshold scans, with a mean fit uncertainty
of 28 MeV, 32 MeV and 27 MeV for ILC, CLIC and FCC-ee, respectively.

Figure 3 right shows the offset of the fitted mass from the input value as a function of the input
scale for the simulations for all three collider options. This variation is taken as the mass uncertainty

4

Top threshold in e+e-
• Experimentally clean 
threshold scan

Precision  determination with short distance masses! mt

•Theoretically clean  
(1) smallαs→ perturbation   
(2) Short life time : mt >> Γt >> ΛQCD  

         → cut off hadronization effect 
(3) color singlet observable (tt-bound state) → renormalon free 

Decoupling of QCD infrared effect  ↔  theoretically well defined short 
distance masses 

Seidel-Simon-Tesar-Poss(13)



Top mass is already known quite well:

  (ATLAS+CMS)


Measurement of a toponium resonance at LHC is still 
interesting (color singlet, theoretically clear mass def. ) 

Hagiwara-Sumino-Yokoya(2008), YK-Kuehn-Moch-Steinhauser-Uwer(2009)

mt = 172.52 ± 0.14(stat.) ± 0.33(syst.)

Eur. Phys. J. C (2009) 60: 375–386 383

indication of the intrinsic uncertainties of the Green’s func-
tion, which is roughly 10%.

The expansion of G up to O(αs) is obtained from the gLO

in (5.3) as

1

m2
t

ImGc = Im
[

v

4π

(
i + αsC

[1,8]

v

[
iπ
2

− lnv

])]

+ O
(
α2

s
)
. (5.5)

In the zero-width limit (iΓt → +i0), the color-singlet curve
for the expansion exhibits a step of height αsCF /8 (for
M → 2mt ), and the color-octet curve formally becomes
negative for v ≤ −αsC

[8]π/2 which corresponds to M −
2mt < 0.23 GeV. Both for the singlet and octet case, the
fixed-order result without Γt , the imaginary part of the
Green’s function vanishes below 2mt . The qualitative dif-
ference between the solid and the short-dashed curves will
be reflected in the comparison of our final results for the
invariant-mass distribution with the prediction based on a
fixed-order calculation: for the color-singlet curve we ob-
serve a sizable excess in the region below the nominal
threshold up to roughly 5 GeV above. In the color-octet case,
as a consequence of the relative smallness of C[8], the pre-
diction follows roughly the Born approximation. Although
the color-octet Green’s function is significantly smaller than
the singlet one, the relatively large hard scattering factor
L ⊗ F for 1S

[8]
0 plus 3S

[8]
1 , which exceeds the one for the

singlet case by roughly a factor 4, quickly over-compensates
the effect of the Green’s functions.

In the present paper we use the analytical result of the
Green’s function, which includes the αs correction (i.e. the
second term in the square brackets of (5.1)) by means of
the Rayleigh–Schrödinger perturbation approach. In [20] a
numerical solution to (5.2) has been employed, which re-
sums the αs corrections to all order. The numerical solution
is more stable against scale variation and is applicable over a
wide range of µr. However, the difference between the two
approaches is below 2% and formally of higher order. Ex-
tensive studies on higher-order effects to the color-singlet
Green’s function exist in the literature (see, e.g., [8, 43]), in-
cluding different implementations of the Green’s function.
From the experience collected in the linear collider studies
on t t̄ production, we expect rather large corrections from
the variation of µr for the color-singlet Green’s function of
about 20% which is significantly bigger than the estimate
from the NNLO Green’s function mentioned above. In con-
trast to the color-singlet case the higher-order corrections to
the color-octet Green’s function are expected to be unimpor-
tant, since there is no resonance enhancement and the color
coefficient C[8] is small.

6 Invariant-mass distribution

We are now in the position to combine the results of the
preceding sections and discuss the cross section for the in-
variant top-quark distribution.

In Fig. 6.1 the invariant-mass distributions for LHC
(
√

S = 14 TeV) is shown for the three dominant processes.
The bands reflect the scale variation of the convolution
L ⊗ F, which for the color-singlet case amounts to roughly
±1%. The reduction as compared to Table 3.2 and Fig. 6.1
is due to a compensation of the µ dependence after includ-
ing the sub-leading NLO processes. Note, however, that the
corresponding Green’s function shows an uncertainty due
to the renormalization-scale variation of about 20% which
is well known from top-quark production studies in e+e−

collisions, consistent with the difference between solid and
dash-dotted curves in Fig. 5.1 and thus not discussed in
Fig. 6.1. This pattern is also evident from Fig. 6.2, where all
production channels as listed in Table 3.2 are included. The
width of the bands is obtained from varying renormaliza-
tion and factorization scales in the hard cross section as de-
scribed above. The additional uncertainty from the Green’s
function, which we estimate 20% for the singlet and below
5% for the octet case, is not included.

As expected, for M < 2mt the production of t t̄ pairs is
dominated by the singlet contribution. However, for M >

2mt one observes a strong increase of the octet contribu-
tions, in particular of the gluon-induced subprocess which
for M ! 2mt + 5 GeV becomes even larger than the cor-
responding singlet contribution. For the color-octet case the
scale dependence of the hard scattering amounts to ±7%.
Considering the threshold behavior as shown in Figs. 6.1

Fig. 6.1 (Color online) Invariant-mass distributions for leading sub-
processes: gg → 1S

[1,8]
0 (blue and light green, respectively) and

qq̄ → 3S
[8]
1 (green). For each process the bands take into account scale

variation of the hard cross sections

384 Eur. Phys. J. C (2009) 60: 375–386

and 6.2 it is clear, that the location of the threshold is en-
tirely governed by the behavior of the color-singlet (S-wave)
contribution. Thus, as a matter of principle, determining the
location of this step experimentally would allow for a top-
quark mass measurement, which is conceptually very differ-
ent from the one based on the reconstruction of a (colored)
single quark in the decay chain t → Wb. In fact, much of
the detailed investigations of t t̄ threshold production at a
linear collider were performed for this particular relations
between the location of the color-singlet quasi-bound-state
pole of t t̄ and the top-quark MS-mass. The absolute normal-
ization of the cross section is also sensitive to electroweak
corrections [45–49], which are of the order of 5% close to
threshold. For example, the difference between corrections
from a light (Mh = 120 GeV) and a heavy (Mh = 1000 GeV)
Higgs boson amounts to roughly 6% [48].

In Fig. 6.3 the prediction for dσ/dM based on NRQCD
is compared with the one obtained from a fixed-order NLO
calculation for stable top quarks which is obtained using the
program HVQMNR [50]. As expected from the compari-
son of solid and dotted curves in Fig. 5.1, the two predic-
tions overlap for invariant masses around 355 GeV. Above
355 GeV relativistic corrections start to become important.
From this comparison we find an additional contribution to
the total cross section for t t̄ production of roughly 10 pb,
which could become of relevance for precision measure-
ments. Note that the band of the NRQCD-based prediction
only contains the uncertainty from the scale variation of
L ⊗ F, whereas the one of the Green’s function (which can
reach up to 20%; see Sect. 5) is not shown.

The analysis of this work has concentrated on the thresh-
old region and is applicable for M up 360 GeV at most.

Fig. 6.2 Invariant-mass distribution including all production channels
shown in Table 3.2. The width of the bands reflect the scale dependence
of the hard scattering parts

However, it is obvious that the overall shape of dσ/dM will
be distorted and the mean 〈M〉 shifted to smaller values,
which might affect the global fit of dσ/dM . In Fig. 6.4
we present for comparison the NLO prediction for dσ/dM

in the wide range up to 700 GeV. The distribution reaches
quickly its maximum of 3.3 pb/GeV at around 390 GeV
and then falls off slowly. It is remarkable that its value at
370 GeV is already not too far from the maximum of the
curve, and the threshold modifications thus affect a sizeable
part of the distribution.

Fig. 6.3 Invariant-mass distribution dσ/dM from NRQCD and for a
fixed NLO for LHC with

√
s = 14 TeV. The bands are due to scale

variation from mt to 4mt . For the NRQCD prediction the additional
uncertainty due to the Green’s function estimated to 20% (5%) for the
color-singlet (-octet) contribution is not included

Fig. 6.4 Invariant-mass distribution dσ/dM from NLO calculation for
LHC with

√
s = 14 TeV
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order 30MeV for 80GeV < µ < 320GeV provided that mPS = 173GeV is an input value.
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N3LO Top Cross section 
• Coulomb singularity αs/v near threshold 
√s～350GeV 

• Resummation scheme(NRQCD) 
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Perturbative/exact

σtt̄ = Im ⟨ 1
p2

m − CFαs

r − (E + iΓt) + δV ⟩
= Im ⟨Gc⟩ − ⟨GcδVGc⟩ + ⟨GcδVGcδVGc⟩ + ⋯

Analytical calculations are only possible through the 
perturbative expansion (insertion): dimensional 
regularization is adopted, and UV-divergences are  
renormalized in MSbar scheme.  
(renormalizable order by order)

but this approach disrupts the single-pole structure of 
bound-state Green function → pole-resummation to 
recover single-pole structure
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Mass insertion scheme, and pole resummation
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The pole and continuum are treated coherently, a much improved  
approximation is obtained: Accuracy is few ‰ above threshold), 
and 1% below threshold

continuum and poles are resummedeither the continuum or the poles are resummed

PS-shift mass (our standard scheme) is  
a good scheme for the threshold cross section 



X section formula
Unstable top  and (bW) can not be distinguished. Include 
non-resonant (bW) productions!    Hoang-Reisser(04) 
    

   

  

σe+e−→W+W−bb̄ = σtt̄,resonant(s, μ, μw) + σnon−resonant(s, μ, μw)

σresonant = σ(e+e− → tt̄ )

σnon−resonant = σ(e+e− → (bW+)t̄ ) + ⋯

   (N4LO),     (N2LO)dσ(N3LO)
res (μ, μw)

d ln μ
= 𝒪(vα4

s )
dσ(N3LO)

res (μ, μw)
d ln μw

= 𝒪(αsΓ)

                                 Nonresonant N2LO Beneke-Jantzen-Femenia(2010)

 scale independence (cancelation) requires non-resonant contribution!μw



Resonant  productiontt̄
1 equations

σtt̄X = σres + σnonres

σres = Im

[
C(i)C(j) i

∫
d4x eiqx〈0|T[ψ†σiχ]†(x)[ψ†σiχ](0)|0〉

]
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+ · · ·
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Brambilla-Pineda-Soto-Vairo(99)

G = ⟨r
1

p2

m + V(r) − (E + iΓt)
r′ ⟩

Resonant part correponds to QM Green-function(Fadin-Khoze), 
 described by EFT (NRQCD/pNRQCD)



Top width, Resonant, non-resonant,
Resonant cross section is divergent:  

ImΠVV(q) = Im C 2
v × i∫ ddxeiEt⟨0 |TjV(x) j†

V(0) |0⟩ + ImΠVV,non−res

Im[δ2G]div
=

α2
s CF

6ϵ (CF +
3
2

CA) Im[G0(E)] +
mαsCFΓt

8πϵ

UV divergence

Cancelation of  
-dependentμ

Cancelation of  
-dependenceμw

In QCD,  is physical quantity and  independent 
＊non-resonant N3LO computation is not known 
＊ numerically -dependence is smaller than -dependence

ΠVV μ, μw

μw μ



X section at N3LO



X section order and uncertainty

•  ( ) 

•  

•  

•  

•  

•  

•

μ = 80 GeV μ ∈ [50,350]GeV

μw = 350 GeV

mPS
t (μf = 20GeV) = 171.5 GeV

Γt = 1.36 GeV

αs(mZ) = 0.1180

mZ = 91.1876 GeV

sin2 θw = 0.222897
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X section order and uncertainty  
(Pole mass scheme)
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relative scale dependence of X section
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• Convergence and and reduction of μ dependence(～5% N3LO)
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scale dependence of peak 
location and magnitude
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previous order, as well as the scale dependence form varying µ within [50, 350]GeV at
the given order. At NNNLO, the scale dependence of the peak is more than a factor
of three smaller in the PS scheme than in the pole scheme (61 MeV vs. 228 MeV). We
remark that as a matter of principle the shift of the peak position in the pole scheme
should never become smaller than twice the intrinsic ambiguity of the top pole mass,
which amounts to a peak shift larger than about 140 MeV [41] when all other five quark
flavours are massless, as assumed here.

4.2.2 MS shift vs PS shift

In Figure 15 we compare the scale dependence of the threshold cross section in the MS
shift scheme, which employs the MS mass mt as input, to the reference PS shift scheme.
The scale dependence is almost exactly the same in both schemes far below and above
threshold. However, in the region most relevant to the top mass determination directly
below the peak at

p
s ⇡ 344 GeV, the MS shift scheme is much better behaved. This

demonstrates that the observation made in [46] for the would-be 1S toponium bound
state energy also applies to the cross section itself.

The technical origin of this di↵erent behaviour of the PS and MS scheme is as follows.
The scale variation band in the PS shift scheme exhibits two kinks at

p
s = 340 GeV

and 344 GeV (better visible in the lower panel of Figure 14) and develops a downward
“nose” with a maximal width of the band near 343 GeV. The kinks arise because in the
energy region below 340 GeV and above 344 GeV the scale variation is determined by the
maximal value of the cross section attained at some µ⇤ within the interval [50, 350] GeV
and the minimal value at the lower boundary µ = 50 GeV. On the other hand between
340 and 344 GeV, the minimal value is attained at the upper limit µ = 350 GeV of
the scale variation interval, that is �(

p
s, µ = 350GeV) < �(

p
s, µ = 50GeV). In other

words, in the most interesting energy region just below the peak, the uncertainty of the
PS scheme cross section is determined by a comparatively sizeable scale dependence for
large values of µ. The cross section in the MS shift scheme does not exhibit this scale
dependence at large µ, and therefore the “nose” is absent, as seen in Figure 15.

Table 2: Shift of the peak position with respect to the previous order / ± scale variation
of the peak position in the four mass schemes discussed in this section. All numbers in
units of MeV. At NNNLO, the peak is located at

p
s = 343.972 (PS shift) / 343.841

(pole) / 343.985 (MSshift) / 343.972 (PS shift, µf = 50 GeV) GeV in the four schemes.

Order PS shift Pole MS shift PS shift, µf = 50 GeV

NLO �367/± 145 �1167/± 385 +1008/± 482 +154/± 44

NNLO �149/± 107 �571/± 304 +46/± 103 +2/± 16

NNNLO �65/± 61 �333/± 228 �81/± 26 �9/± 13

75
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Finite-width( ) scale dependence of the cross section( ) 
Our QCD computation contains uncanceled  dependence at 
N3LO, but it is numerically smaller than -dependence.

μw μ = 80 GeV
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Contributions



Coulomb contributions

LO NLO NNLO NNNLO⏟ ⏟



NonC contributions



all contributions
LO,   NLO,   N2LO,   N3LO 



Summary
 cross section at N3LO is complete in framework of 

pNRQCD approach 

• scale( )-cancellation is checked order by order to  N3LO (partially 
numerically) 

• finite-width scale( )-dependence is computed 
   (for non-resonant counter term) 

C++ code for simulation study is available in public  

• QQbar_threshold(2016), placed at hepforge.org  

• Phenomenological analysis, update for newly computed corrections 
(ongoing)

e+e− → tt̄X

μ

μw

http://hepforge.org

