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Toponium production - a tale of scales…
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Three important scales at play
• No hadronisation, no top mesons 
➙ Top decay before hadronisation ⬌ 

• QCD interactions of a  bar before it decays 
➙ As a two-particle state 
➙ Gluon exchanges

• Comparison with the top Bohr radius   

• Possible gluon exchanges before the top decay 
➙ Toponium bound-state effects
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Top-antitop production near threshold
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A position-space picture

• A  pair created at  ➙ two-particle state 
≃ wave packet propagating until the QCD potential barrier 
      ➙ Typical scale: the Bohr radius a0

• Oscillations within the potential barrier until the system decays 
      ➙ Top [ ] or antitop [ ] decay 

      ➙ Typical scale ≃ 

• Probe of the QCD potential 
     ➙ toponium effects

tt̄ x = (t0, ⃗x)

y = (t1, ⃗y) z = (t2, ⃗z)
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t

t̄t
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[ Sumino, Fujii, Hagiwara, Murayama & Ng (PRD`93) ]

[ Fadin & Khoze (JETP Lett`87) ]
[ Fadin, Khoze & Sjöstrand (Z.Phys.C`90) ]

Three-point correlation function in the non-relativistic limit

Kabcd(x, y, z) = ⟨0 T{tc(y)t̄d(z) : t̄a(x)tb(x) :} 0⟩

=
(1 + γ0)ca

2
(1 − γ0)bd

2 ∫ d3r[K1(y; (z0, ⃗r )) K2(z0, ⃗r, ⃗z; x0, ⃗x, ⃗x) + K1(z; (y0, ⃗r )) K2(y0, ⃗y, ⃗r; x0, ⃗x, ⃗x)]
Non-relativistic spin projection operators

Top-decay firstAntitop-decay first

https://doi.org/10.1103/PhysRevD.47.56
https://link.springer.com/article/10.1007/BF01614696
http://jetpletters.ru/ps/1234/article_18631.shtml
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Momentum space Green’s functions (1)
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The three-point correlation function in momentum space 

 K̃ abcd(pt, pt̄) =
(1 − γ0)bd

2
(1 + γ0)ca

2
G̃ (E; p*) [D(pt) + D(pt̄)]

Spin structure
Toponium 
Green’s 
function

Top & antitop 
propagators

• :  non-relativistic propagator

• : toponium Green’s function 
   ➙ dependance on the binding energy E  
   ➙ dependance on the top recoil momentum p*

D(p) t/ t̄

G̃ (E; p*)

[ Jezabek, Kuhn & Teubner (Z.Phys.C`92) ]

The toponium Green’s function

• Solution to the Lippmann-Schwinger equation 
   ➙ Fourier transform of the QCD potential 

        

• To be solved numerically 
➙ choice: Coulomb potential

G̃ (E; p) = G̃ 0(E; p) + ∫
d3q

(2π)3
Ṽ QCD( ⃗p − ⃗q) G̃ (E; q)

Free Green’s function

G̃ (E; p)

G̃0 (E; p)

https://inspirehep.net/literature/336708
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Momentum space Green’s functions (2)
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G̃ (E; p)

G̃0 (E; p)

Strong impact on the (E,p) distribution

• ≠ normalisation (factor of a few)

• ≠ shapes above and below threshold!

• Breit-Wigner behaviour 

➙  ≡ , peak at  

➙  ≡  GeV (different normalisation persists at low ) 

• Significant toponium effects between −4 GeV and 0 GeV

G̃ 0 ∀E ppeak ≃
2mt + E

2
1 −

4m2
t

(2mt + E)2

G̃ ∀E ≥ 2 E

iM(c) → iM(c) ×
G̃ (E; p*)

G̃ 0(E; p*)

Green’s function ratio as a seed for toponium modelling
• Valid near threshold 
➙ Non-relativistic matrix element (relativistic effects negligible) 
➙ Start from standard matrix element

• Matrix-element re-weighting 
➙ Ratios of non-relativistic Green’s functions 
➙ For GeV and  GeV 
➙ Use within custom event generators 

E < 4 p* < 50
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 production near threshold with MG5aMCtt̄
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Process: 
• Six-body final state: spin correlations included

• Projection on the colour singlet

• Matrix-elements with and without re-weighting

• No matching with parton showers

gg → tt̄ → bℓ+νℓ b̄ℓ′￼−ν̄′￼ℓ No re-weightingWith re-weighting

d2σ
(p*)2

Without re-weighting
• Rates ≡ phase space x Breit-Wigner 

• Similar heat map as for G̃0

With re-weighting
• Normalisation and shape affected

• Access to the QCD Green’s function 
➙ ratio of the re-weighted/non-re-weighted predictions

[ Hagiwara, BF, Ma & Zhang (2411.NNNNN) ]

Typical top momentum in the toponium rest frame

    ⬌ for  GeV: 20 GeV  (the Bohr radius!)⟨p(E)⟩ =
∫ p3 dp dσ

p2dpdE

∫ p2 dp dσ
p2dpdE

E ≃ − 2
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Invariant masses: tops, toponium

7

 invariant mass distribution
• Peak at  GeV ⊕ extended bound state effects
• Shape in agreement with pNRQCD

• Normalisation 20% lower (cf. octet contributions) 
⚠ Comparison (relativistic pieces, octet, , PDFs, etc.) 

mtt̄
E ≃ − 2

αs

[ Hagiwara, BF, Ma & Zhang (2411.NNNNN) ]

[ Sumino & Yokoya (JHEP`10) ]

Top mass distributions
• Heavy top ⬌ Breit-Wigner 
➙ Effectively stable until tL decays 
➙ No QCD potential form the other top when it decays

• Light top ⬌ invariant mass shifted to lower values 
➙ Governed by the QCD Green’s function 
➙ Bound state within the Coulomb potential generated by tH

http://doi.org/10.1007/JHEP09(2010)034
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Validity of pseudo-scalar toy models?
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Disclaimer: the toy model should not be used anymore!

• Fitting a non-Breit-Wigner contribution by a Breit-Wigner

• Used in ATLAS/CMS searches & varied pheno works 
➙ With or without Green’s functions re-weighting 
➙ Including ours 

• Differences with pNRQCD predictions 
➙ Octet/singlet contributions, non-relativistic, matched,…

[ Hagiwara, BF, Ma & Zhang (PRD`21) ]

Sumino & Yokoya

Fit

[ Sumino & Yokoya (JHEP`10) ]

<latexit sha1_base64="naca+BzJn7yhIA3GWROtGpjzxR0=">AAACB3icbVDLSsNAFJ3UV62vaMGNm8EiuLEkBR/LUhe6bME+oC1hMpm0Q2eSMDMRQqh7v8KtLsSduBX8CRf6LU7abtp6YeBwzhnuuceNGJXKsr6N3Mrq2vpGfrOwtb2zu2fuH7RkGAtMmjhkoei4SBJGA9JUVDHSiQRB3GWk7Y6uM719T4SkYXCnkoj0ORoE1KcYKU05ZrHCHXVWeehxpIaCpzekNXbMklW2JgOXgT0Dpeph45e+1r7qjvnT80IccxIozJCUXduKVD9FQlHMyLjQiyWJEB6hAUknkcfwRFMe9EOhX6DghJ3zIS5lwl3tzJLJRS0j/9WkDjAk3tzSbqz8q35KgyhWJMDT7X7MoAphVgr0qCBYsUQDhAXVsSEeIoGw0tUVdB/24vXLoFUp2xfl84YupgamkwdH4BicAhtcgiq4BXXQBBgk4Ak8gxfj0Xgz3o2PqTVnzP4UwdwYn389HZzC</latexit>

2mt � 2 GeV

Toponium modelling
via a Breit-Wigner

Toponium: 
“green - red”

L⌘t =
1

2
@µ⌘t@

µ⌘t �
1

2
m⌘t⌘

2
t �

1

4
ggg⌘tG

a
µ⌫G̃

aµ⌫ � igtt⌘tt̄�5t

<latexit sha1_base64="FSjCDeMsjMd1z0RCfzybRyqM2YE="></latexit>

m⌘t = 344 GeV; �⌘t ⇡ 7 GeV

<latexit sha1_base64="yPOFCVJye8cx2kA9CUetgtDQ3Sc="></latexit>

�(13 TeV) ⇠ 6.5 pb

<latexit sha1_base64="+CXWGLvkH3nV9Pd6IEMuz1tyXQQ="></latexit>

m⌘t = 344 GeV; �⌘t ⇡ 7 GeV

<latexit sha1_base64="yPOFCVJye8cx2kA9CUetgtDQ3Sc="></latexit>

• No free parameters [m/𝛤/𝝈 known]
• Non-perfect Breit-Wigner fit ➙ impact relative to pNRQCD

A toponium toy Lagrangian with a pseudo-scalar state

https://doi.org/10.1103/PhysRevD.104.034023
http://doi.org/10.1007/JHEP09(2010)034
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The toy model versus pNRQCD
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Imperfections of the toy model visible in key distributions
• Small/large effects … easily avoidable 
➙ p* peak at 12-13 GeV 
➙ tL mass mis-modelled around the peak 
➙ etc.

• Potential of  in single-leptonic  decays 
➙ Up to b-tagging performance and MET resolution 
➙ Direct access to toponium effects!

mtL tt̄

Predictions with the toy model
• Without re-weighting (dashed orange)
• As used presently [except in Hagiwara, BF, Ma & Zhang (PRD`21)]

pNRQCD predictions
• With (solid green) and without (solid red) re-weighting 

https://doi.org/10.1103/PhysRevD.104.034023
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Seeking toponium at the LHC

10

Basic cuts targeting a di-leptonic final state:
• 2 leptons / 2 b-jets

Bulk of toponium events (cf. spin density matrices)
• Small 𝛥𝞿ll / mll

Insights from the toponium system (proxy for )
• The  system at low transverse mass

Kinematical reconstruction of the tL/tH system
• Assumption: 

• Identification of all final-state objects 
  ➙ l1 is the leading lepton,  l2 the sub-leading one 
  ➙ b-jet pairing: enforcing 

• Neutrino momenta ➙‘top’ reconstruction

mtt̄
ℓ+ℓ−bb̄ + Emiss

T

⃗pT(tH) = ⃗pT(tL)

m(ℓ1, b1) > m(ℓ2, b2)

13 TeV, 140/fb
<latexit sha1_base64="PDiv6KIE2AnsQgrmt6u62bygN5U="></latexit>

Cut tt̄ toponium
2`, 2 b-jets 1,330,000 8,400

�'``0 171,000 3,250
m``0 77,100 2,200

mT (``0bb; ~pmiss
T ) 42,800 1,970

tt̄ kinematical fit 20,800 1,130

All cuts 
but one All cuts 

but one
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Potential key observables: angles
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10% effect… 
Impossible to miss?

The 𝚫y or 𝚫R distributions

• Signal: peak at the origin
➙ small and similar tL/tH momentum 
     in the toponium rest frame

• Relatively insensitive to Green’s function 
re-weighting

• Toponium effects ≡ 10% enhancement
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A few last words
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Top-antitop production near the threshold
• Emergence of a toponium system at a time scale of 0.05 GeV-1

• Decay at a time scale of 1/𝛤t ~ 0.6 GeV-1

• Occurs well before hadronisation at 5 GeV-1

Possibility to experimentally probe the toponium wave function
• ‘The smallest hadron in the SM’  
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Γ −1
t

b̄ W−b W+

z
y


