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CONCEPT STUDY OF A STORAGE RING-BASED
GRAVITATIONAL WAVE OBSERVATORY

Storage Rings & Gravitational Waves — mini-brainstorm

THORBEN SCHMIRANDER
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* Variation of circulation time encodes GW
signature

* Need: Particle on fixed circular trajectory
in longitudinal free fall

* can circulate for minutes up to hours:
mHz GW

a VERY precise clock

THORBEN SCHMIRANDER
10.02.2025 2
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Frame of reference

metric for ring with fixed radius (cyl. coords):
d82 — —Czdtz + (1 + h@mb (t, Oz)) R2dOz2

Effective GW strain includes Earth’s rotation:

hoow(t,a) = h (t)(fEsin?a+ ffcos’a+...) 4+ hy(t)(...)

b
2 Euler angles enter via e.g.: A
fr= (COS2 0 cos® ¢ — sin? @) cos 29 0 Y
)
— (cos # sin 2¢) sin 2 -y

THORBEN SCHMIRANDER
10.02.2025 3 See: Rao et al., PRD 102, 122006 (2020)
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Particle in a Storage Ring

- ions: 4ol — 1 dhogy(t)
From geodesic equations: {7z = — gy — g 00

longitudinal acceleration

For fixed radius:

Main idea:
e GW strain as classical force
* Find transformation between ring

)| (t) & —hggy (t)0o

fixed Alﬁxed . ; .
AT = with fixed radius and storage ring
. vo simulation
— _/ (hogy (t’) — hooy(0)) At * Find reference to make noise terms
0 comparable

~ relativistic result

THORBEN SCHMIRANDER
10.02.2025 4 See: Rao et al., PRD 102, 122006 (2020)
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, Particle in a Storage Ring
For storage ring:

11 2 . 2
ATtxed — =~ ( ”—0) ATRInG _ (1 — ”—0> hogy (to)t

ny2 " 22 2c?
“slip factor”
Inspiral @ z=0.2 1
6 -
§)
m1/2 = 10 M@ 5 A
o
T4
S 3
on order of 0.1 fs!!! -
S
Q L & - ATRing
0 PY ATfimed i
-1

THORBEN SCHMIRANDER 0 day 0.025day  0.05day  0.075 day 0.1 day

10.02.2025 t( S )
See: Schmirander et al. PRD 110, 082002 (2024
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radial EOM:
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Particle tracking |

Include longitudinal force

+«— F

i =W (po +2) = — 2B,
_ (F)
vs = (po + m)w+m*y3ﬁc S
1 — 0 22(F
g lom, 8 2
P0 po  powmy”pe
Green'’s function approach:

2(s) = wocs(8) + 252 (8) + 0dpr (8)+duo(s)

First-order EOM particle tracking:  Tout = Mavifs - Tin + Ax

THORBEN SCHMIRANDER
10.02.2025
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See: e.g. Wiedemann: Part. Acc. Physics, Springer (2015)
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Particle tracking Il
( radial ) ositions
: g ition . : :
x = function of ¢ longitudinal } P relative to a design particle
: momenta
| azimuthal

-
D

focusing quadrupole defocusing quadrupole focusing quadrupole

drift/ bending drift/ bending

Xout — Mdrift * Lin T A331
Xout =— Msector * Lin + A372

T

THORBEN SCHMIRANDER GW force

10.02.2025 7
See: e.g. Wiedemann: Part. Acc. Physics, Springer (2015)
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Particle tracking Il

radial )

x = function of ¢ longitudinal { positions
. momenta
azimuthal

\ / “FODQ” cell

drift sector drift drift sector drift
- — (] [ [ [T I [ (e
QF QD QF

P \ Qout
ﬂl fin
Po
|

Vs

} relative to a design particle

<—§>><< —

-
D

focusing quadrupole defocusing quadrupole focusing quadrupole

drift/ bending drift/ bending I

Xout — Mdrift * Lin T A371

Xout = Msector * Tin + ACU2 e.g. for U2+ Lropo = 133.5 m
: ¢ @8 = 0.32 200 - Lropo
THORBEN SCHMIRANDER GW force 150 GeV = 26.7 km
10.02.2025 g — Linc

See: e.g. Wiedemann: Part. Acc. Physics, Springer (2015)
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Synchrotron Radiation >

k1
k
35,"'.\ 0% %
Qa3 _— - —-—=-== i ap
xO(D — Msector(a) ' 33(0) '

21(1) = Macetor (@ = 1) ( Macetor(en) - 2(0) + A, (1))

Ao, ... Fay ) = Motor(a — a3) ( - AW(Eg)) — o)

THORBEN SCHMIRANDER
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Synchrotron Radiation >

k1
ks % %
E’l.\Oég -—= —?42 ap

Az~
20() = Maector(@) - 2(0) ' ~—

21(1) = Macetor (@ = 1) ( Macetor(en) - 2(0) + A, (1))

Ao, ... Fay ) = Motor(a — a3) ( - AW(Eg)) — o) —

« Is given by a “simple” shift: (1) = Msector - (0) + Az

* Heavy ions!

THORBEN SCHMIRANDER
10.02.2025 * Need distributiaf for angles and momenta
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Sampling of Synchrotron Photons
(1 — Bcosh)” — (1 — B?)sin? 0 cos? ¢
(1 — Bcosh)’

F(Haqb) —

propagation
direction

1.{0;,¢0;} € |0, 7| x |0,27] 2. stratification
THORBEN SCHMIRANDER “rejection sampling”
10.02.2025 3. fz S [OaF@aO)] See: Arvo et al. SIGGRAPH (2004)
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Sampling of Synchrotron Photons
(1 — Bcosh)” — (1 — B?)sin? 0 cos? ¢

F(Haqb) —

(1 — Bcosh)’

propagation
direction

1.{0;,¢0;} € |0, 7| x |0,27] 2. stratification
THORBEN SCHMIRANDER “rejection sampling”
10.02.2025 3. fz S [O,Fi@,())] See: Arvo et al. SIGGRAPH (2004)



.ll
* * )
Universitat Hamburg FAKULTAT

FUR MATHEMATIK, INFORMATIK
DER FORSCHUNG | DER LEHRE | DER BILDUNG UND NATURWISSENSCHAFTEN

Concept Experiment Setup

1: operate under stable conditions b lople-—-0 b
for many rounds different arrival times
t
2: synchrotron radiation emitted in Dasuromen
sector magnets
. . . h d
3: measure timing relative to synchrotron radiation
external ticking (from e.g. atomic
C | ocC k) operatlon
—————0000------- 00
chain of n particles in free fall

* all particle subject to same GW force + INDIVIDUAL SR emission
« expected positions (dashed lines) incl. AVERAGE SR emission

THORBEN SCHMIRANDER
10.02.2025 13
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Results

input signal ¢ accumulated signal

1.5

}  signal slices (error x5)

* chain of 100 U,*ions
* dumped after t=10°s
. 3 =0.32

« [, =26.7 ki

AT (107 1% s)

—1.0
0 2000 4000 6000 8000

t(s)

error of mean arrival time oNLy due to synch. rad. emission power fluctuations

THORBEN SCHMIRANDER

10.02.2025 14 See: Schmirander et al. PRD 110, 082002 (2024)
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Characteristic Noise Strain

SMBBH —— U,/ ,3=032 —— U,/ ,3=0.95
EMRI — U ,3=032 —— U",3=0095
10*16
10—17
1078 /
10—19

—20

10

—21

10

—22

10

Characteristic Strain

f (Hz)

onLy due to synch. rad. emission power fluctuations, no other noise (read-out, etc.)

THORBEN SCHMIRANDER

10.02.2025 15 See: Schmirander et al. PRD 110, 082002 (2024)
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Characteristic Noise Strain

SMBBH —— U,/ ,3=032 —— U,/ ,3=0095

EMRI — U*/~,3=032 —— U*/~,3=0.95
< L, 16
e /A <At
N 3/2
o / VISulf) ~ [
§ 10—21 - f3/2 f > At
5 10 1/2
6 o \/fsn(f) ~ f

f (Hz)

onLy due to synch. rad. emission power fluctuations, no other noise (read-out, etc.)

THORBEN SCHMIRANDER

10.02.2025 16 See: Schmirander et al. PRD 110, 082002 (2024)
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Still open design specifics:

______________________________

@ o R T R T 3
j minimally-invasive read-out on

(sub-) fs level (e.g. streaking)

particle generation

® op o=@ P

B T T different arrival times

i extremely o© |

i hlgh ene.rgy acceleration E gestemen
i resolution !

magnetic field i
fluctuations |

F i s P D i e a
' known time injection

[}

[}

|

of entry | N R Gperdion -

.........................

chain of n particles in free fall

- residual gas collisions &+  _________________
+ temperature S .

. stray fields ~ + S€ismic Terrestrial

« deformation Vibrations!

THORBEN SCHMIRANDER
10.02.2025 17 Mmoo
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Conclusion

* Particle in a storage ring: time delay encodes GW signature

* Include GW force & Synchrotron radiation (numerics)
* Concept of experimental setup
e Characteristic noise strain of radiation fluctuation

* open experiment setup questions/ noise sources

Thorben.Schmirander@uni-hamburg.de
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Terrestrial Gravity Noise

THORBEN SCHMIRANDER
10.02.2025 21
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Signal Modeling

Chirp mass (red-shift corrected)

L A mmy)

i (ml _|_m2)1/5

: Frequency f = ! \/G(m1+m2)

/ 142 /2

Luminosity distance

h(0, a(1))(10718)

5000 10000 15000 20000 25000 d
inclination angle
T ( l) L g

/

5/3 2/3 .
b — 4 (g/\/l) <7rf> 1+C;SQ(Z)COS(27Tft—|-5Q)

4 5/3 2/3
THORBEN SCHMIRANDER hx (QM> (W_f) COS (Z) sin (27Tft + 50)

10.02.2025 dr.
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Sampling of Synchrotron Photons |

By parametrizing the surface of a sphere via ~ These functions are next inverted, such that
7(0, ¢), the function

e g(Sl):G_l(Sl)’
o0.9) =\ 35 % 15

— -1
h(sy,s2) = H™ (51, 52).
is computed, used in the definition of two cumulative
distribution functions

2[5 5(6, p)dOdgp
3 [5 o(0.4)dodgp’

G(s) =
While this procedure is more general, in the particular case
of a sphere it follows that H~!(s,,s,) = Id(s,). The

H(0,1) = fo (0.¢)dg inverted functions can be used to map a distributions of
“6(0,¢)dp angles {0,¢}€|0,7] x [0,27] onto itself by (g(s;),
h(sy,s5)):]0, 7] x [0,2x] = [0, z] x [0, 2z], which turns a
stratified sampling of cartesian space into a stratified

sampling of the surface of a sphere.

THORBEN SCHMIRANDER

10.02.2025 23 See: Schmirander et al. PRD 110, 082002 (2024)



. o FAKULTAT
Universitat Hamburg FUR MATHEMATIK, INFORMATIK

DER FORSCHUNG | DER LEHRE | DER BILDUNG UND NATURWISSENSCHAFTEN

Sampling of Synchrotron Photons Il

classically 44 2
2 3 he
emitted power: P’y — —rcmcgﬁ z Up = — i
3 0 2 p
: : .9
rate of photons: N = 15v/3 Py Nexp = P
8 U Be

Universal Synchrotron spectrum:

= #f/5 Ky /3(z)dx n(§) = %

Probability distribution: / ucﬂdﬁ — 1 £ € [10_14,20]
0

Nexp
THORBEN SCHMIRANDER
10.02.2025 24
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100
80"

® n(t)+Qef'f (t)
q(t)

60

40

20

5 10 15 20 25 30.°

9 N 1 kn
Alext;E;(t—(n—l)At—tj)x

Ot — (n — 1)AL — £;,)O(nAt — t)
~ gefi(t) + nr(t) effectively “quadratic”

1 N
Z_A—Z (t — (n — 1)At)* x

Ot — (n— 1)At)O(nAt —t)
25
~q(t)  “guadratic”

FAKULTAT
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i Analytical Noise Models

AT,-AT, (a.u.)

For many photons ( & ) the difference
becomes zero, if emitted at average ¢ ;!

lim (et (f) +nr(f)) ~ q(f)

k— 00
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Analytics vs. Numerics
5 =0.32 5 =0.95

SMBBH O approx mean noise amplitude SMBBH ©  approx —— mean noise amplitude
EMRI —— analytic =~ —— full noise amplitude EMRI —— analytic —— full noise amplitude

S0 g
< <
- 17 =
+ 10 1 =
A s 2
Q10 Q
== 3 - =
= 19 A +~
L2100 o A
D 20 3 =
2107 4 2
& a2t ] Q
o~ 107 ¥ <
—
S » =
: 10 mr LI | T m T g

U 10:1 10_4 10_3 10_2 10_1 100 101 U -.ﬁ'l T l[ll'll'_4l LBLERLLL _!'I T IIIIII'_“I T l'lllll'_lf LI RLLLY 0 T TTTIm 1

10 10 10~ 10~ 10 10 10

f (Hz) f (Hz)

(Pot) \?, o, [@rfAD2/4 < 1/At
1 f>1/At

\

THORBEN SCHMIRANDER
10.02.2025 26 See: Schmirander et al. PRD 110, 082002 (2024)
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Geodesic Equations

d*t  1dhgy, (t 2
dr> 2 dt dr

PL 1 dhgy, () (dr (dry _
dr* 14 hgy, (1) dt dt)\dz)

dr\ > di\? L
- (a) + (1 + hggp, (1)) (E) = g dxt dx

hoow (t, ) = hy () (fFsin® a + fF cos® a + £} sin 2a)
+ hy (t) (£ sin® a+ £ cos® a + fo sin2a)

£ = (cos?0cos’¢ — sin?¢h) cos 2y — (cosOsin2¢h) sin 2y,
f& = (cos?Osin’p — cos>¢p) cos 2y + (cos@sin2¢) sin 2y,

1
ft= (2(1 +cos?6) sin2¢> cos 2y + (cos@cos2¢) sin 2y,

% = (cos?cos?p — sin’¢p) sin 2y + (cos @sin 2¢h) cos 2y,
X = (cos?Bsin>¢p — cos>p) sin 2y — (cos Osin2¢h) cos 2y, 57

1
= (;(1 +cos?0) sin2q§) sin2y — (cosOcos2¢) cos 2.
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See: Rao et al., PRD 102, 122006 (2020)
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