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Gravitational waves for a weak field

For the case of a weak field in Einstein’s linearized theory of gravity,
gravitational waves are considered as small perturbations of the Minkowski
space-time metric

Guv :nuu+huup |h;w| <1,

where ngo =1, 7911 = N2 =133 = —1 and p,v =0,1,2, 3.

Conservation laws and harmonic gauge

1 0
0T, =0, o" <h/w — 577Whpp> =0, where O = pyn " = Mt

Gravitational field equations

1 0? 9? 02 1 6? 8nG
DhHV:2K<THV_§T]}LDTpP>7 DE@_Fa_yzd'—@_c_Q@’ /QEC—4.
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Types of gravitational waves

When a gravitational wave propagates along the direction ! = x, the nonzero
components of the h,, tensor determine three types of gravitational waves

@ hos, hog, haz: transverse-transverse (T7),
@ hia, his, hoo, hso: longitudinal-transverse (LT),

@ hi1, h1o, hoo: longitudinal-longitudinal (LL).

Possible types of polarization of TT-waves:

hos,  hos — has,  hag + has,

in empty space
hogz # 0,  hay —h3z3 #0, has + h3z =0, LT=0, LL=0.
Transverse-traceless (TT) gauge h®* =0, hi; =0, 9h; =0.

A. S. Eddington, The propagation of gravitational waves, Proc. Roy. Soc. Lond. A 102 (1922), 268-282.

do0i:10.1098 /rspa.1922.0085.
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TT-gravitational waves

Solutions of the equations of the gravitational field in the case of TT-gauge

4G r x'-n
TT _ 4
hij (tvm) = mAz],kl(n)/d l'/Tkl (t — E —+ p 7;1:’) ,

where r = | — x|,

1 1
Aijki(n) = PPy — 5P Pa = 6ik0j1 — 50ij0k1 — mjmudik — ninkdji
1 1 1
+ 5Nk 05 + 5MN;0k + 5NN NEN,

ij(n) = 5jk — ning,
ny — unit vector in the direction of propagation of the gravitational wave.
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TT-gravitational wa

In the framework of the multipole expansion h’”, the first nonzero moment is

ij
a quadrupole one

12G )
(b (t, )] quad I;CTAijykl(n)le(t —r/c),

y 1 R
QY = MY — gé”Mkk = /d%p(m’xﬂ — §r25’7),

MY = /dgxp(t, x)xizl.
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Perturbations of a medium as the source of gravitational

waves (shock waves model)

Irradiation of matter with the high-power laser radiation is considered as a
possible mechanism for generating high-frequency gravitational waves.
The amplitude of flat gravitational waves induced by the shock waves was

estimated as follows
TGPrT [pe
ho = = — 1
07 9 et \/ 00’ (1)

where Py, is the laser power, 7 is the laser pulse duration, pg is the density of
the medium and

eomem; (2mc)?
iy = T (ETEF, 2)
¢ Ze2 A2

v

The amplitude of gravitational waves for realistic parameters of experiment is
estimated at the distance r = 10 m as hg ~ 10740.
H. Kadlecova, O. Klimo, S. Weber and G. Korn, Gravitational wave generation by interaction of high

power lasers with matter using shock waves, Eur. Phys. J. D 71 (2017) no.4, 89.
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Perturbations of a medium as the source of gravitational

waves (crystal interacting with an electromagnetic wave)

The other approach to generation of the high-frequency gravitational waves
by the perturbations of the medium based on a model of an crystal
interacting with an electromagnetic wave. The amplitude of flat gravitational
waves induced by this method

G 9 9 €0 — €0
ho = @%l wrm; N, v, = 0 (3)

V.

The amplitude of gravitational waves for realistic parameters of experiment is
estimated at the distance r = 10 m as hg ~ 10~%°, which is coincide with
result in previous approach.

I. V. Fomin, V. O. Gladyshev, V. S. Gorelik, V. L. Kauts, A. V. Kaytenko and E. A. Sharandin,
Laboratory sources of gravitational waves, J. Phys. Conf. Ser. 1705 (2020) no.1, 012004.
doi:10.1088/1742-6596/1705/1/012004.
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ct Gertsenshtein effect

Conversion of an electromagnetic wave into a gravitational wave in the
external magnetic field.

The gravitational waves induced by this method are

hoo = —hgs = %x sin (w <t — E)) . (4)

Cc

The maximal amplitude of gravitational waves for realistic parameters of
experiment is hg ~ 10730 — 10732,

N. I. Kolosnitsyn and V. N. Rudenko, Gravitational Hertz experiment with electromagnetic radiation in a
strong magnetic field, Phys. Scripta 90 (2015) no.7, 074059. doi:10.1088/0031-8949/90/7/074059.
[arXiv:1504.06548 [gr-qc]].
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Gravitational waves from high-frequency laser pulses

Light pulse model: cylinder moving at speed c.
Optical frequency of GWs: fg,, ~ 10715
Maximal amplitude of GWs: hy ~ 10737

P. Lageyre, E. D’Humieres and X. Ribeyre, Gravitational influence of high power laser pulses, Phys. Rev.

D 105 (2022) no.10, 104052. doi:10.1103/PhysRevD.105.104052. [arXiv:2108.00896 [gr-qc]].

Bessel pulses as sources of gravitational waves

—1
B~ 10757 (L ! (5)
1PW 1.36um

Optical frequency of GWs: fg,, ~ 10710
Maximal amplitude of GWs: hg ~ 10734

E. Atonga, K. Martineau, R. Aboushelbaya, A. Barrau, M. von der Leyen, S. Howard, A. James, J. Lee,
C. Lin and H. Martin, et al. Gravitational waves from high-power twisted light, Phys. Rev. D 110 (2024)

no.4, 044023. doi:10.1103/PhysRevD.110.044023. [arXiv:2309.04191 [gr-qc]].
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Method for detection of the high-frequency GWs

Inverse Gertsenshtein effect: Conversion of an gravitational wave into
an electromagnetic wave in the external magnetic field. Sensitivity
h ~ 10731,

H. Zheng and L. F. Wei, Phys. Rev. D 106 (2022) no.10, 104003. doi:10.1103/PhysRevD.106.104003.

Detector Sensitivity band R min
ALPS (3—7.5) x 10'% Hz Bmin (fgw = 3 X 101%) ~3.64 x 10-2°
OSQAR 1 (3 —7.5) x 101% Hz Rmin (fgw = 3 x 101%) ~ 4.92 x 10-2°
OSQAR 11 (3—7.5) x 107% Hz Bmin (fgw = 3 x 1017) ~ 1.04 x 10720
CAST (5 — 15) x 101® Hz Pmin (fgw = 101%) ~ 5.25 x 10~ 28
ALPS Ilc ~ 4 x 1017 Hz Rmin (fgw = 4 x 101%) ~ 2.84 x 10-30
JURA ~ 4 x 1017 Hz Bin (fgw = 4 x 1017) ~ 3.97 x 10732
IAXO ~ (2.4 — 24) x 1017 Hz Pmin (fgw = 1018) ~9.78 x 10~ 50

Table 1: Sensitivities of the WISP detectors as GWs detectors.

A. Ejlli, D. Ejlli, A. M. Cruise, G. Pisano and H. Grote, Bur. Phys. J. C 79 (2019) no.12, 1032.
d0i:10.1140/epjc/s10052-019-7542-5. [arXiv:1908.00232 [gr-qc]].
Manucharyan G. D., Fomin I. V. Analysis of the possibility of detecting high-frequency gravitational

waves radiation on the basis of photon-graviton conversion. Space, Time and Fundamental Interactions,
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ational waves

Astrophysical sources (Neutron stars and black holes mergers)
Amplitude is hg ~ 10721, frequency is fg, ~ 10* — 10% Hz.
Propagation speed: |c, —c| <5 x 107!6 (GR ¢, = ¢)

Detected based on interference registration methods [LIGO,VIRGO]

B.P. Abbott et al. Multi-messenger Observations of a Binary Neutron Star Merger. Astrophys. J. Lett.

848, L12 (2017)

Laboratory sources
Amplitude: hém”) ~ 10732, frequency fg,, ~ 10'° Hz.
Not registered.

GW Hertz experiment: controlled characteristics of the GW source and

detector J
Electromagnetic source of gravitational waves with controlled frequency. )
Laboratory electromagnetic source of low-frequency gravitational waves. J
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Free and bound gravitational waves

Choice of coordinate system =- gauge artifacts in the form of LT and
L L-gravitational waves in vacuum =- gauge-invariant equations of the
gravitational field.
Representation of the gravitational wave tensor components

hoo = 2¢,

hoi = Bi+ 0y,

1 1

hij = hiTjT aF gH(Sij T 8,»5j = 8]@- aF <8Z-8j = géijv2> A,

with conditions 81674 = 0, Biai = O, (9ZhET = O, (SijhszT = 0.

Bardeen J. M. Gauge-invariant cosmological perturbations. Phys. Rev. D 22 1882 (1980)
E. E. Flanagan and S. A. Hughes, The Basics of gravitational wave theory, New J. Phys. 7 (2005), 204.

doi:10.1088/1367-2630/7/1/204. [arXiv:gr-qc/0501041 [gr-qc]].
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Free and bound gravitational waves

Gravitational field equations G, = k1), in gauge-invariant form:

V20 = —kp, V2oV =,

Ve = g(p—|—3P—35> : V2pvac — (|
VPE;, = -2S;, V2 = 0
Or" = —2k0i;, ORI — 0

E. E. Flanagan and S. A. Hughes, The Basics of gravitational wave theory, New J. Phys. 7 (2005), 204.
do0i:10.1088/1367-2630/7/1/204. [arXiv:gr-qc/0501041 [gr-qc]].

TT,vac

In vacuum only Uh,; = 0 has wave solutions (free gravitational waves). J

For specific source: p ~ W@ (p + 3P — 35) atz(b S; ~ at2 =; = wave
equation (coupled gravitational waves).
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Method for analyzing the gravitational field of

electromagnetic waves

Gravitational field equations for the case of an electromagnetic wave
propagating along the direction 2! = x:

—h11,00 + 2ho1,01 — hoo,11 + h22,00 + h33,00 = 26100,
hi1,00 — 2ho1,01 + hoo,11 + ho2,11 + h3z 11 = 261714,
ha2,01 + h3s01 = 26701,

hao 11 — ha2 00 = 2K,

haz. 11 — h33 00 = 2kT33.

On the right side of the equations, the material source of the gravitational
field: the energy-momentum tensor of the electromagnetic field 75

Construction of exact solutions (internal solutions) of gravitational field
(c)
fuv -

equations for coupled gravitational waves h
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Method for analyzing the gravitational field of

electromagnetic waves

Calculation of the energy flux density of gravitational waves along the
direction z! = z based on the obtained solutions

gt = (Bohapdrh®P) .

c
4Kk
The continuity condition for the energy flux density ct' determines the

boundary conditions.
Gravitational field equations in empty space (external solutions):

—h11,00 + 2ho1,01 — hoo,11 + ha2,00 + 33,00 =0,

h11,00 — 2ho1,01 + hoo,11 + ho2 11 + h33 11 = 0,

ha201 + k3301 =0, hao 11 —ha2oo =0, hs3 11— hszoeo =0.
Reconstruction of the characteristics of external solutions of the equations of

the gravitational field A} (plane gravitational waves) based on the continuity
of the energy flux density at the boundaries of the resonator.

v
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Electromagnetic waves as a source of gravitational waves

The energy-momentum tensor of an electromagnetic field in vacuum

1
T 8w

1 ..
Tor = Tro = —EEIWEZ-HJ-,

M (E? + H?),

1 1
Tij = =4 | B:Ej + HiH; — §5ij (E* + H?)|,

where 4, j, k = 1,2,3, €8 is the Levi-Civita symbol and §;; is the Kronecker
symbol.
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Coupled gravitational-electromagnetic waves in vacuum

Consider a plane electromagnetic wave

E, = Ej cos (w (t— %)),

H, = Hj cos (w (t— f))

c
where EQ = Ho.
Solutions of gravitational field equations (coupled gravitational waves)
E2
hoo = h11 = —ﬂxsin (2w (t - z)) 3
2c3w c
E2
ho1 = hig = G 9 zsin (2w (t — E)) ,
2c3w c
GE? x
h22:h33:—ﬁ008 (2&) (t—z)), h22+h337é0.
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Reconstruction of characteristics of free T'T-gravitational

waves

Gravitational wave energy flux density along the axis z! = a:

Ct(n = —i (60ha581haﬂ) 5

For a coupled gravitational wave

GE} a8
01 _ 0 . oz
o= 647 cw? St (2w (t c)) '

With complete absorption of an electromagnetic wave by the wall located at a
distance z = L, based on the continuity of the energy flux of the gravitational
wave ct(()i <w) = ct(();> L) We obtain the characteristics of free TT—gravity waves

2

GE; x
h,QQ — —h33 — ZEW COS (2&) <t — E)) o
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Coupled gravitational waves in dielectric media

Plane electromagnetic wave in a dielectric medium

E, = Ejycos (w (t— n_cx))’

H, = Hjcos (w (t— %)),

where n = /e and Hy = \/eEy = nEp.

Components of the energy-momentum tensor for the case e = 1 + kp

1 > o N2E? nw
TOOZS—W(EEy—i—HZ): py <1+cos <2w (t_7)>)’
1 E?
Ty = Ty = ——18, 5, = — 0 (1 + cos <2w (t _ E))) ,
47 8w c

1 1 Oe H?
Too = — | —€EyFEqy —HoHo+ = |le—p| — E24+—=2)|.
ao 47Tl ELq i o a+2 <5 p<ap>To> ( y T B >]
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Coupled gravitational waves in dielectric media

Solutions of the gravitational field equations

GE?
h22 = h33 = —402—02 COS (Qw (t — @>)7
w @
GE? GE?
oo = —gesin (20 (¢ = 7)) + gy eos (20 (- 7))
@

nGE2? . ne nGE? nw

hon = o = o5z basin (2 (1= 7)) = G cos (20 (6=

GE, GE?
hH:_n Oxsin(Zw(t—E))+—Ocos(2w(t—@>).
2¢3w c 4c2w? c

2))

Velocity of propagation of coupled gravitational waves c, = = # c.
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Coupled gravitational waves in a magnetic field and

dielectric media

In a constant magnetic field Hyg (along the 23 = 2 axis) and a dielectric

medium
E, = Ejcos (w (t = E)) )
c

H, = Hycos (w (t— %>) + Hog.

Cc

Solutions of the gravitational field equations

2GEOH00 q nx 2GEOH00 nx
hoo = ——3xsm (UJ (t — —)) ar TCOS (w (t — —)) s
ncw c ncew C
2GEOH00 o nx 2GEOH00 nx
h()l = hl() = 3—1‘811'1 (w (t— —)) — TCOS (w (t— —
c°w C cw C
21’LGEOH00 q nx 2GEOH00 nx
h11 = —3—xsm (w (t — —)) aF ﬁCOS (w (t — —)) .
cow c ncew C

)
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Coupled gravitational waves in a magnetic field and

dielectric media

AnGEoH,
hog = — V1) (cos

(n? — 1) 2w?

2GEOH()0 nr

—— 5 COS (w (t =
nciw?

)
= (R o o - 2)) e s - 2))) -
2GEgHyg cos (w (t _ nac)

nc2w?
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Coupled gravitational waves in a magnetic field and

dielectric media

Based on the continuity of the energy flux density ct!, we restore the

characteristics of TT—gravity waves in empty space (with a magnetic field,
n—1)

AnGEyHoo cos (w (t — ")) —cos (w (t — %))

hao = —has = C(n+1)w? n—1
n—1
2GEogHyy . i
B T sin (w (t — Z))

A.N. Morozov, V.I. Pustovoit, I.V. Fomin Bound gravitational waves in a dielectric medium and a

constant magnetic field. The European Physical Journal Plus. 135, 950 (2020).
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Standing electromagnetic wave in Fabry-Perot

interferometer

Standing electromagnetic wave

£y = B fen[o (1 5] oo (4 )]}
= o (- 2)] s 1+ )]}

between mirrors located at points © = —L/2 and = = L/2.
i i
uy(t,x) = cos [2w (t - z)} , us(t,z) = cos [2w (t + ZH ,
2
w1 (t, x) = cos <ﬂ> , Us(t, x) = cos (2wt),
c
. 7 . i

v1(t,x) = sin [2w (t - z)] , V2(t,x) =sin {Zw (t 4 z)} )

2wx

@1 (t, ) = sin (T) : Ga(t, ) = sin (2wt) .
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Standing electromagnetic wave in Fabry-Perot

interferometer

Internal solutions (coupled gravitational waves)

GE? (L GE? (L
hoo = h11 = —2035 <§ + 96) vi(t, z) — 2032 (5 - 90) v2(t, ),
2
GE; <£ - x) va(t, x),

GE? (L
ho = hio = 557 (5 * x) vut:2) = 55, 2

GE2? . i GE§

has = 22 [U1(t, z) — t2(t, )] — 1202 [u1(t, ) + ua(t, z)]
GE? . _ E§

h33 = —W [ul(t,l‘) = UQ(t,.’E)] = m [ul(t,a:) aF Ug(t,x)] .

External solutions (free TT - gravitational waves)

h22 = —h33 = hO [Ul (t, :17) = u2(t7 l')] .

11 February 2025
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Standing electromagnetic wave in Fabry-Perot

interferometer

Conditions for the continuity of the energy flux density of gravitational waves
[ct®], = [et'?] . at the borders 2 = £L/2:

in

v2(t, T)ua (t, 7) — vi(t, 2)ua(t, z) =0,

are satisfied when

Longitudinal optical modes in a Fabry-Perot resonator

e

w:q(f), q=1,2,3,...
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Standing electromagnetic wave in Fabry-Perot

interferometer

External solutions (free TT-gravity waves in empty space) are explicitly
defined as follows

hoo = —hs3 = hg cos [wg (t = %)] ,

where

GEZ | G (E.L\’
ho=+—29 — £ (0~
0 4w?c? ct < 27q >

_ 2mqc
L

Wy = 2w

A.N. Morozov, V.I. Pustovoit, I.V. Fomin. Generation of Gravitational Waves by a Standing

Electromagnetic Wave. Gravitation and Cosmology. 27, 24-29 (2021).
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Standing electromagnetic wave in Fabry-Perot

interferometer

Approximate solutions of the gravitational field equations

T.),
o 5 [ ey

ct r

where t' = ¢ — r/c is the delayed time, V is the volume occupied by the
electromagnetic field.

At the boundary of the wave zone A, ~ r, approximate solutions
hgpprox ~ 240-6)\5 (ﬁ) EO'E)\2 hgpp'f'ox _ ( ) hezact ~ hgzact,
c r

where 0. = E3/8mc? is the reduced energy density of the electromagnetic
field, the length of the gravitational wave Ay = mc/w.
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Standing electromagnetic wave in Fabry-Perot

interferometer

In the optical frequency range w ~ 10'* — 10'® Hz for an electromagnetic wave
with intensity Ey ~ 106 V/m in the Fabry-Perrot resonator, we obtain the
following amplitude estimate corresponding free gravitational waves

ho ~ 1074 — 10746« 10720,

The ratio of the amplitudes of longitudinal coupled gravitational waves to the
amplitude of transverse free gravitational waves

E)C) wL

~

>

L
Fgw = =m==Lx (10° — 107) [1/m] > 1.

g

E
S5
=

Cc

h) = L x (10738 — 107%%) [1/m)] .
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Generation of gravitational waves at the difference

frequency

Consider a system of two standing electromagnetic waves in a Fabry-Perot
interferometer with frequencies w; and wy (w1 > ws).

£y = 5 fom (o 1= ) pon e 14 2))
£afom o 1= ) ()]
= o o (- 2)) - oo ()]
oo - 2)) oo o )

where F; = H; and Ey = Ho.

Gladyshev V. O., Kauts V. L., Kayutenko A. V., Morozov A. N., Nikolaev P. P., Fomin I. V., Sharandin
E. A. The analysis of coupled gravitational and electromagnetic waves. Space, Time and Fundamental

Interactions, 2023, no. 3-4, pp. 99-107. https://stfi.ru/
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Generation of gravitational waves at the difference

frequency

Internal solutions (coupled gravitational waves, frequency @ = w; — ws)

hoo = hi1 = _AGE\E, <£ +x> sin (a; (t— f)) _

30 2 c

2 (5-2)m (e (+9)),

AGE{Ey (L .~ T
——— | = — x| sin w(t—i——)),
3o 2 &
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Generation of gravitational waves at the difference

frequency

External solutions (free TT - gravitational waves)

2GEE
haa = —h33 = i% cos ((ZJ (t = E)) .
C W Cc

In this case, the ratio of the amplitudes of coupled longitudinal and free
transverse gravity waves is equal to

Y ar
ow = prr = <L

for a small difference frequency @.

The main part of the gravitational field during the further propagation of the
gravitational wave after absorption of the electromagnetic one is outside the
source in the form of low-frequency transverse gravitational waves with a
frequency of wgy, = @.
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Relationship between the parameters of the GW source

and detector

Within the framework of the problem of generating and detecting
gravitational waves, the controlled parameters of the source are the electric
field strengths Fy = E5 = Ejy in the resonator and their difference frequency
@, and the controlled parameter of the detector hg is the amplitude of
registered gravitational waves (detector sensitivity).

Egz?ILxQ:%T(?>xQ.
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Relationship between the parameters of the GW source

and detector

For the quality factor of the electromagnetic resonator @ ~ 10° and the laser
radiation intensity I7, ~ 107 (W /m?) we obtain

2
ho ~ 3 x 10723 x <&> )
fow

For gravitational waves in the frequency range fg,, ~ 102 — 10% Hz, the
amplitude hy ~ 10727 — 10729,

The sensitivity of operating detectors (LIGO, KAGRA) in the frequency
range fg,, ~ 102 — 103 Hz is estimated as hg ~ 10723 — 10722,

Sensitivity of perspective detectors: Einstein Telescope for fg,, ~ 10% Hz is
estimated as hg ~ 10725 and NEMO for f,,, ~ 103 Hz evaluates to
ho ~ 10_26.
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Conclusion

@ Model of an electromagnetic source of gravitational waves with adjustable
frequency.

@ Consideration of the other configuration instead of plane standing electro-
magnetic waves inside resonator.

@ Analysis of the optimal method and optimal frequency range for detecting
gravitational waves induced by electromagnetic waves.
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Thank you for your attention!
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