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Transfer-matrix eigenvalues

Discrete time translation symmetry enables definition of transfer matrix 𝑇

Lattice theories do not have continuous time translation symmetry defining Hamiltonian

Energy spectrum = - ln ( spectrum of eigenvalues of  )𝑇

Correlation functions are matrix elements of powers of 𝑇
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Transfer-matrix eigenstates
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Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

• The transfer matrix acts simply in this basis
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Even for a single gauge-link 
(~collection of rigid rotors)
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• Repeatedly acting on any vector with a matrix filters out the component proportional 
to the eigenvector with the largest eigenvalue (= the ground state)

Backbone of the power-iteration algorithm for finding largest eigenvalue of a matrix:
von Mises and Pollaczek-Geiringer (1929) 

Arbitrary LQCD states can be expressed in transfer matrix (energy) eigenstate basis:

• The transfer matrix acts simply in this basis
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Even for a single gauge-link 
(~collection of rigid rotors)

Transfer-matrix eigenstates



The power-iteration algorithm
Start with an arbitrary normalized initial state:
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Convergence:
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The power-iteration algorithm
Start with an arbitrary normalized initial state:
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Energies from power-iteration eigenvalues:

Standard effective mass = “apply power-iteration algorithm to the transfer matrix” 3

Convergence:
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Lanczos = Krylov + Rayleigh-Ritz
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Iteration step:

Start with an arbitrary normalized initial state:

• Lanczos vectors form orthonormal basis for Krylov space
<latexit sha1_base64="uBGu3nm6ZQOnu1xNJN8VC798QZs="></latexit>

K(m) = span{
��v1

↵
,
��v2

↵
, . . . ,

��vm
↵
}

<latexit sha1_base64="uSKCMWakhhKdR1LQSyKjtGXLj2Y=">AAACDnicbVC7TsMwFHV4lvIKMLJYVJWYqgShwgCogoWxSPQhNVHkOG7r1nEi26lUhX4BC7/CwgBCrMxs/A1OmwFajnSvjs65V/Y9fsyoVJb1bSwtr6yurRc2iptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8CbzWyMiJI34vRrHxA1Rj9MuxUhpyTPLjk977AKOPAofdB/ATBBX8BI6AWEKeSkdTDyzZFWsKeAisXNSAjnqnvnlBBFOQsIVZkjKjm3Fyk2RUBQzMik6iSQxwkPUIx1NOQqJdNPpORNY1koAu5HQxRWcqr83UhRKOQ59PRki1ZfzXib+53US1T13U8rjRBGOZw91EwZVBLNsYEAFwYqNNUFYUP1XiPtIIKx0gkUdgj1/8iJpnlTsaqV6d1qqXedxFMAhOALHwAZnoAZuQR00AAaP4Bm8gjfjyXgx3o2P2eiSke8cgD8wPn8AcfubIg==</latexit>⌦
vi|vj

↵
= �ij

• Krylov-space approximation to       directly computable
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Novel features 
not present in 
power iteration 

Krylov space ~ span of data ~ computationally accessible part of Hilbert space
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Optimal estimators given fixed data
Krylov-space approximation to  directly computed in Lanczos algorithmT

Diagonalize the Krylov-space transfer matrix:
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“Ritz values” = optimal Krylov-space 
approximation to  eigenvaluesT

“Ritz vectors” = corresponding 
approximate eigenstates
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• It’s eigenvalues provide “best” Krylov-space approximations to  eigenvaluesT



Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Lanczos without Lanczos vectors
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Ritz values reproduce spectrum 
of 12-state toy model exactly 
after 12 steps:

Problem: In LQCD, we don’t have direct 
access to infinite-dimensional Hilbert 
space vectors

Solution: Compute the matrix elements 
 directly from correlation 

functions via recursion relations:
T(m)

ij
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⌦
vj |T k|vj

↵ <latexit sha1_base64="puP/od26z8YejxBsTrg1/5M2/qg=">AAACFXicbVDLSgMxFM3UV62vUZdugkVwoWVGpLpQKXXjskJf0I5DJk3btJkHSaZQpvMTbvwVNy4UcSu4829Mp7PQ1gMXTs65l9x7nIBRIQ3jW8ssLa+srmXXcxubW9s7+u5eXfghx6SGfebzpoMEYdQjNUklI82AE+Q6jDSc4e3Ub4wIF9T3qnIcEMtFPY92KUZSSbZ+UrYHD0N4DdsO7bErOLKjwakZwwmsKnmSvOPE5DfQ1vNGwUgAF4mZkjxIUbH1r3bHx6FLPIkZEqJlGoG0IsQlxYzEuXYoSIDwEPVIS1EPuURYUXJVDI+U0oFdn6vyJEzU3xMRcoUYu47qdJHsi3lvKv7ntULZvbQi6gWhJB6efdQNGZQ+nEYEO5QTLNlYEYQ5VbtC3EccYamCzKkQzPmTF0n9rGAWC8X783ypnMaRBQfgEBwDE1yAErgDFVADGDyCZ/AK3rQn7UV71z5mrRktndkHf6B9/gAhspz0</latexit>

Bk
j =

⌦
vj�1|T k|vj

↵

<latexit sha1_base64="3ygHWcWEwL4rFVG8z6ClzXFG8GY="></latexit>

Bk
j+1 =

1

�j+1
[Ak+1

j � ↵jA
k
j � �jB

k
j ]

<latexit sha1_base64="CCvGIpTlag3BmVbv+f6ASrL5sDQ=">AAACHXicbVDLSgMxFM34rPU16tJNsAiCWGZEqhuh6sZlBVuFTh3upKlNm3mY3BHK0B9x46+4caGICzfi35g+BF8HAifnnEtyT5BIodFxPqyJyanpmdncXH5+YXFp2V5Zrek4VYxXWSxjdRmA5lJEvIoCJb9MFIcwkPwi6J4M/ItbrrSIo3PsJbwRwnUkWoIBGsm397yAI/hZZ9vt00Pq6RuFGT3yO1e7dId6IJM2fF2GScP7vl1wis4Q9C9xx6RAxqj49pvXjFka8giZBK3rrpNgIwOFgknez3up5gmwLlzzuqERhFw3suF2fbpplCZtxcqcCOlQ/T6RQah1LwxMMgRs69/eQPzPq6fYOmhkIkpS5BEbPdRKJcWYDqqiTaE4Q9kzBJgS5q+UtUEBQ1No3pTg/l75L6ntFt1SsXS2Vygfj+vIkXWyQbaIS/ZJmZySCqkSRu7IA3kiz9a99Wi9WK+j6IQ1nlkjP2C9fwIQGKAO</latexit>

�j+1 =
q

A2
j � ↵2

j � �2
j

…

<latexit sha1_base64="yhRe+l+MdIA6bsDNNwlSu18NsD8=">AAACJHicbVDLTgIxFO3gC/E16tJNIzGBDZkxBk18hMjGJSa8EiDkTulAQ+eRtkNCRj7Gjb/ixoWPuHDjt9gBFgqe5Kan59yb9h4n5Ewqy/oyUiura+sb6c3M1vbO7p65f1CXQSQIrZGAB6LpgKSc+bSmmOK0GQoKnsNpwxmWE78xokKywK+qcUg7HvR95jICSktd87INPBxA18bXuO2wPr/CI315wFVdCUtEcZO4rgASl3M25Cf6sPKTrpm1CtYUeJnYc5JFc1S65nu7F5DIo74iHKRs2VaoOjEIxQink0 w7kjQEMoQ+bWnqg0dlJ54uOcEnWulhNxC6fIWn6u+JGDwpx56jOz1QA7noJeJ/XitS7kUnZn4YKeqT2UNuxLEKcJIY7jFBieJjTYAIpv+KyQB0GErnmtEh2IsrL5P6acEuFor3Z9nS7TyONDpCxyiHbHSOSugOVVANEfSIntErejOejBfjw/ictaaM+cwh+gPj+wfui6FO</latexit>

↵1 =
⌦
v1|T |v1

↵
=

C(1a)

C(0)

<latexit sha1_base64="3qt3En6nT7AWyxv58KXCQkXKRVQ=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjBfsBaSib7aZdusmG3YlQSn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb6ewtr6xuVXcLu3s7u0flA+PWkZlmvEmU1LpTkgNlyLhTRQoeSfVnMah5O1wdDfz209cG6GSRxynPIjpIBGRYBSt5HdDjrTnkRvi9soVt+rOQVaJl5MK5Gj0yl/dvmJZzBNkkhrje26KwYRqFEzyaambGZ5SNqID7lua0JibYDI/eUrOrNInkdK2EiRz9ffEhMbGjOPQdsYUh2bZm4n/eX6G0XUwEUmaIU/YYlGUSYKKzP4nfaE5Qzm2hDIt7K2EDammDG1KJRuCt/zyKmldVL1atfZwWanf5nEU4QRO4Rw8uII63EMDmsBAwTO8wpuDzovz7nwsWgtOPnMMf+B8/gCVGJAo</latexit>

�1 = 0

Recursive Lanczos iteration:

Lanczos without Lanczos vectors

6

Lanczos equals power iteration after  
step, converges faster for 

m = 1
m > 1

<latexit sha1_base64="NBwDNXzxkaZcIc8blWffHU2+3qw=">AAACH3icbZDNSgMxFIUz/lv/qi7dBItQF5ZJkeqmIHbjsoJthbaWTJppQzOZIbkjlDBv4sZXceNCEXHn25jWLrR6IPBx7r3c3BMkUhjw/U9vYXFpeWV1bT23sbm1vZPf3WuaONWMN1gsY30bUMOlULwBAiS/TTSnUSB5KxjVJvXWPddGxOoGxgnvRnSgRCgYBWf18pVaEY5xFXdMGvWsqpLszpJyhjuhpsySzJaLfolgdZxhfmdPpowh6+ULfsmfCv8FMoMCmqney390+jFLI66ASWpMm/gJdC3VIJjkWa6TGp5QNqID3naoaMRN107vy/CRc/o4jLV7CvDU/TlhaWTMOApcZ0RhaOZrE/O/WjuF8LxrhUpS4Ip9LwpTiSHGk7BwX2jOQI4dUKaF+ytmQ+qSARdpzoVA5k/+C81yiVRKlevTwsXlLI41dIAOURERdIYu0BWqowZi6AE9oRf06j16z96b9/7duuDNZvbRL3mfX3Nhn4Y=</latexit>

C(t) =
12X

n=1

1

2(0.1n)
e�0.1nt

MW, arXiv:2406.20009



Correlator matrices

7

State-of-the-art LQCD studies often 
use multiple interpolators

Correlator matrices — 
time series of matrix-
valued correlator data

<latexit sha1_base64="B/crC9g+0Fnn3nMd0wXGZVlYC34=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED7UkItVj0YsnqWA/oAlls922SzebsDsRSih48a948aCIV/+EN/+N2zYHbX0w8Hhvhpl5QSy4Bsf5tnJLyyura/n1wsbm1vaOvbvX0FGiKKvTSESqFRDNBJesDhwEa8WKkTAQrBkMryd+84EpzSN5D6OY+SHpS97jlICROvYBYI9L7KXYKXmiG4Eu3Xbg1MXeuGMXnbIzBV4kbkaKKEOtY3953YgmIZNABdG67Tox+ClRwKlg44KXaBYTOiR91jZUkpBpP53+MMbHRuniXqRMScBT9fdESkKtR2FgOkMCAz3vTcT/vHYCvUs/5TJOgEk6W9RLBIYITwLBXa4YBTEyhFDFza2YDogiFExsBROCO//yImmcld1KuXJ3XqxeZXHk0SE6QifIRReoim5QDdURRY/oGb2iN+vJerHerY9Za87KZvbRH1ifP2TRlho=</latexit>

t 2 {0, . . . , Nt � 1}
<latexit sha1_base64="nnmHquLXwGGvU8UG9vlTZ6rn7BE=">AAACC3icbVA9SwNBEN3zM8avqKXNkiBYhTuRaCMEbawkgvmAJIS9zVyyZG/v2J0Tw5Hexr9iY6GIrX/Azn/j5qPQxAcDj/dmmJnnx1IYdN1vZ2l5ZXVtPbOR3dza3tnN7e3XTJRoDlUeyUg3fGZACgVVFCihEWtgoS+h7g+uxn79HrQRkbrDYQztkPWUCARnaKVOLn/TQXpBWwgPmEpQPezTKKAoQqAGtAAz6uQKbtGdgC4Sb0YKZIZKJ/fV6kY8CUEhl8yYpufG2E6ZRsEljLKtxEDM+ID1oGmpYiGYdjr5ZUSPrNKlQaRtKaQT9fdEykJjhqFvO0OGfTPvjcX/vGaCwXk7FSpOEBSfLgoSSTGi42BoV2jgKIeWMK6FvZXyPtOMo40va0Pw5l9eJLWTolcqlm5PC+XLWRwZckjy5Jh45IyUyTWpkCrh5JE8k1fy5jw5L8678zFtXXJmMwfkD5zPH2wcmrI=</latexit>

Nt = length of time series

<latexit sha1_base64="n0n6aJs7CU67DhTGmcdZrHBr+D0=">AAACA3icbVBNS8NAEJ34WetX1JteFovgoZZEpHosevFYwX5AE8pmu2mXbjZhdyOUUPDiX/HiQRGv/glv/hu3bQ7a+mDg8d4MM/OChDOlHefbWlpeWV1bL2wUN7e2d3btvf2milNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVCpWCzu9SihfoT7goWMYG2krn2IywHymEBehpyyx3uxVmV55iJv3LVLTsWZAi0SNyclyFHv2l9eLyZpRIUmHCvVcZ1E+xmWmhFOx0UvVTTBZIj7tGOowBFVfjb9YYxOjNJDYSxNCY2m6u+JDEdKjaLAdEZYD9S8NxH/8zqpDq/8jIkk1VSQ2aIw5UjHaBII6jFJieYjQzCRzNyKyABLTLSJrWhCcOdfXiTN84pbrVTvLkq16zyOAhzBMZyCC5dQg1uoQwMIPMIzvMKb9WS9WO/Wx6x1ycpnDuAPrM8fEcaV5g==</latexit>

a, b 2 {0, . . . , r � 1}
<latexit sha1_base64="+qirtNm4ykEzlo3VMBt+s44UzGg=">AAAB/3icbVC7SgNBFJ31GeMrKtjYDAbBKuyKRBshaGMZwTwgCWF2cpMMmZ1dZu5KwprCX7GxUMTW37Dzb5wkW2jigYHDOfdyzxw/ksKg6347S8srq2vrmY3s5tb2zm5ub79qwlhzqPBQhrruMwNSKKigQAn1SAMLfAk1f3Az8WsPoI0I1T2OImgFrKdEV3CGVmrnDjW9ok2EISYBQy2GVDM1GLdzebfgTkEXiZeSPElRbue+mp2QxwEo5JIZ0/DcCFsJ0yi4hHG2GRuIGB+wHjQsVSwA00qm+cf0xCod2g21fQrpVP29kbDAmFHg20kbsm/mvYn4n9eIsXvZSoSKYgTFZ4e6saQY0kkZtCM0cJQjSxjXwmalvM8042gry9oSvPkvL5LqWcErFop35/nSdVpHhhyRY3JKPHJBSuSWlEmFcPJInskreXOenBfn3fmYjS456c4B+QPn8wfHo5X7</latexit>

r = matrix rank

<latexit sha1_base64="nTUEojSx+zrTNOWn20dGexk0T7Y=">AAACInicbZDLSgMxFIYz9VbrbdSlm2AR6qbMiFQFlWI3LivYC3TKkEkzbWjmQnJGKEOfxY2v4saFoq4EH8ZM24W2Hgj8fP85Sc7vxYIrsKwvI7e0vLK6ll8vbGxube+Yu3tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbxhLfNbD0wqHoX3MIpZNyD9kPucEtDINS9qbkq8cQmO8RV2BPPhEjux4i7JkBPp2ezqNGNj1ytZGkreH8C1axatsjUpvCjsmSiiWdVd88PpRTQJWAhUEKU6thVDNyUSOBVsXHASxWJCh6TPOlqGJGCqm05WHOMjTXrYj6Q+IeAJ/T2RkkCpUeDpzoDAQM17GfzP6yTgn3dTHsYJsJBOH/ITgSHCWV64xyWjIEZaECq5/iumAyIJBZ1qQYdgz6+8KJonZbtSrtydFqs3szjy6AAdohKy0RmqoltURw1E0SN6Rq/ozXgyXox343PamjNmM/voTxnfP+2Pork=</latexit>

Cab(t) =
⌦
 a(t) b(0)

↵
Higher-dimensional dataset:

Useful when different interpolators have 
significant overlaps with multiple states

Standard analysis framework involves 
generalized eigenvalue problem (GEVP)

See e.g. Blossier et al, JHEP 04 094 (2009)



Block Lanczos

8

“Block Lanczos” algorithm developed for matrices with small spectral gaps

Generalized three-term recursion:
<latexit sha1_base64="kdIvRf8oxIdvCJi+RyAlZhqj6Aw="></latexit>

T
��vja

↵
=

X

b

��v(j+1)b

↵
�(j+1)ba �

��vjb
↵
↵jba +

��v(j�1)b

↵
�jba

Ritz values:  eigenvalues of block-diagonal rm
<latexit sha1_base64="8pnLtjzIFK7E5BTRKyosG3nftes=">AAACG3icbVDLSsNAFJ34rPUVdelmsBTqpiRFqguVohuXFfqCNobJdNKOnTyYmRRKzH+48VfcuFDEleDCv3HSZqGtBy6cOWcu997jhIwKaRjf2tLyyuraem4jv7m1vbOr7+23RBBxTJo4YAHvOEgQRn3SlFQy0gk5QZ7DSNsZXad+e0y4oIHfkJOQWB4a+NSlGEkl2XqlcReXvOPEjim6dxJ4AXsOHbBzOE6VBD7Ahir1SM3U4pe2XjDKxhRwkZgZKYAMdVv/7PUDHHnEl5ghIbqmEUorRlxSzEiS70WChAiP0IB0FfWRR4QVT29LYFEpfegGXJUv4VT93REjT4iJp7YrekgOxbyXiv953Ui6Z1ZM/TCSxMezQW7EoAxgGhTsU06wZBNFEOZU7QrxEHGEpYozr0Iw509eJK1K2ayWq7cnhdpVFkcOHIIjUAImOAU1cAPqoAkweATP4BW8aU/ai/aufcy+LmlZzwH4A+3rB//joCw=</latexit>

T (m)
iajb =

⌦
via|T |vjb

↵

• -dimensional block Krylov space gives strictly faster convergence for rm r > 1

Cullum and Donath, (1974)Golub, (1973) Golub and Underwoord, (1977)

Hackett, MW, arXiv:2412.04444



Lanczos = Krylov + RR = Prony

9

■■

■

■

■

■

■

■

■

■

■

■■■

■

■

■

■■■

■

■

■■

■■■

■

■

■
■■■
■■
■

■

■

■
■■■
■■■

■

■■

■
■■■
■■
■

■

■■■

■
■■■
■■
■

■

■■■■■■■
■■■

■

■

◇◇

◇

◇

◇

◇

◇

◇

◇

◇

◇

◇◇◇

◇

◇

◇

◇◇◇

◇

◇

◇◇

◇◇◇

◇

◇

◇
◇◇◇
◇◇
◇

◇

◇

◇
◇◇◇
◇◇◇

◇

◇◇

◇
◇◇◇
◇◇
◇

◇

◇◇◇

◇
◇◇◇
◇◇
◇

◇

◇◇◇◇◇◇◇
◇◇◇

◇

◇

■ ◇

0 5 10 15 20 25

-1

0

1

2

3

4

Algebraic methods for decomposing time series into sum of exponentials 
known since 1795

Prony and Gaspard  (1795)

Applications of Prony’s method 
to LQCD first proposed by 
Fleming in 2004

Fleming arXiv:hep-lat/0403023 (2004)

Other equivalent implementations 
possible, e.g. Prony generalized 
eigenvalue method (PGEVM)

Fischer et al, Eur. Phys. J. A 56, 206 (2020)

Lanczos and Prony produce identical energy estimators for noisy data

MW, arXiv:2406.20009v2 (August) Ostmeyer et al, arXiv:2411.14981 Chakraborty et al, arXiv:2412.01900 

Hackett, MW, arXiv:2412.04444



Block Lanczos, GEVP, block Prony, …
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One step of block Lanczos = GEVP

Block Lanczos = Block Prony

Block Lanczos  GEVM/PGEVM≠
Fischer et al, Eur. Phys. 
J. A 56, 206 (2020)

Lüscher and Wolff, Nucl. 
Phys. B 339, 222 (1990)

Fleming, LATTICE2023

Block Lanczos is a strict 
generalization of GEVP

In contrast to conjecture of 
Ostmeyer et al, arXiv:2411.14981 

Hackett, MW, arXiv:2412.04444

Hackett, MW, arXiv:2412.04444



What’s new?
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1. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

What’s new?



11

1. Fast convergence, guaranteed 

2. Residual bounds

Part 1: Signal

What’s new?



KPS convergence theory

Paige, PhD thesis 1971

Lanczos converges exponentially faster than power iteration 
for transfer matrices with small gaps (e.g. for small )a

Saad, SIAM 17 (1980)

Kaniel, Mathematics of 
Computation 20, 369 (1966) 

12

• Convergence benefits largest near continuum limit where 1 ≫ δ ≫ δ

Block Lanczos converges exponentially faster than GEVP for 
transfer matrices with small gaps (e.g. for small )a

<latexit sha1_base64="Z1n6pHKHf27LNYR9LfQvJ+zZwsA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBeWRKS6EYpScFnBPqAN4WYyaYdOHsxMhBK68VfcuFDErZ/hzr9x2mah1QOXezjnXmbu8RLOpLKsL6OwtLyyulZcL21sbm3vmLt7bRmngtAWiXksuh5IyllEW4opTruJoBB6nHa80c3U7zxQIVkc3atxQp0QBhELGAGlJdc86PuUK3AFvsJQaeh+ihuudeKaZatqzYD/EjsnZZSj6ZqffT8maUgjRThI2bOtRDkZCMUIp5NSP5U0ATKCAe1pGkFIpZPNDpjgY634OIiFrkjhmfpzI4NQynHo6ckQ1FAuelPxP6+XquDSyViUpIpGZP5QkHKsYjxNA/tMUKL4WBMggum/YjIEAUTpzEo6BHvx5L+kfVa1a9Xa3Xm5fp3HUUSH6AhVkI0uUB3doiZqIYIm6Am9oFfj0Xg23oz3+WjByHf20S8YH99k9JRZ</latexit>

�r = a(Er � E0)

<latexit sha1_base64="btG7M5LqxWrdYihswat1+dxMtf8="></latexit>���E0 � E(m)
0

��� / e�2t
p
�

<latexit sha1_base64="yzVOqsRrPK4kdCmmNLjb52+PNTI="></latexit>���E0 � E(m)
0

��� / e�2t
p
�r

<latexit sha1_base64="RrtxDHIxsafIYXcv63ADQtRqSQo="></latexit>��E0 � EGEVP
0 (t)

�� / e�t�r

<latexit sha1_base64="dtc+DVJUYZ06g0iKUjWGGPZS3MY="></latexit>��E0 � Ee↵
0 (t)

�� / e�t�

Lanczos Power iteration

Block Lanczos GEVP

Saad, SIAM 17 (1980)

• Prony (= Lanczos) has identical convergence, but we didn’t know the rate before



Residual bounds
• Lanczos approximation error after finite number of iterations directly computable:

• Lanczos converges 
exponentially faster than 
power iteration / effective mass

See Parlett, The Symmetric 
Eigenvalue Problem (1980)

Eigenvectors of 𝑇 (𝑚)

Matrix element 𝑇 (𝑚)
𝑚(𝑚+1)

Rigorous quantification of excited-state effects!

• Residual bound provides valid 
two-sided bound on errors from 
excited-state effects

Mock data tests demonstrate

MW, arXiv:2406.20009

5 10 15 20 25 30 35

10-12

10-7

0.01

<latexit sha1_base64="YvcLQ/EYcLghAEo4t6QGTRU+LIY="></latexit>

min
�2{�n}

|�(m)
0 � �|  |�m+1!

(m)
m0 |

𝐸0 − 𝐸(𝑚)
0 ∝ 𝑒−4𝑚 𝛿     ≪    𝐸0 − 𝐸eff(2𝑚) ∝ 𝑒−2𝑚𝛿

13

<latexit sha1_base64="nqFAzeLc+tslEw0WLGy3qflZ5tE=">AAACEHicbVC7SgNBFJ2Nrxhfq5Y2g0GMhWE3SLQJBNNYRjAPyIvZySQZMju7zNwVwrKfYOOv2FgoYmtp5984eRQaPXDhcM693HuPFwquwXG+rNTK6tr6Rnozs7W9s7tn7x/UdRApymo0EIFqekQzwSWrAQfBmqFixPcEa3jjytRv3DOleSDvYBKyjk+Gkg84JWCknn1aycEZLuG2jvxeLEtu0o0LToJlt4BZNz538i6WGJKenXXyzgz4L3EXJIsWqPbsz3Y/oJHPJFBBtG65TgidmCjgVLAk0440CwkdkyFrGSqJz3Qnnj2U4BOj9PEgUKYk4Jn6cyImvtYT3zOdPoGRXvam4n9eK4LBVSfmMoyASTpfNIgEhgBP08F9rhgFMTGEUMXNrZiOiCIUTIYZE4K7/PJfUi/k3WK+eHuRLV8v4kijI3SMcshFl6iMblAV1RBFD+gJvaBX69F6tt6s93lrylrMHKJfsD6+ATbKmjQ=</latexit>

C(t) =
20X

n=1

n2e�0.1nt

Note: residual bound is on 
distance to closest eigenvalue, 
not e.g. “true ground state”
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1. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

What’s new?
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1. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

Part 2: Noise

What’s new?



Spurious eigenvalues
Decades of research on how roundoff affects Lanczos has led to an understanding of 

the “Lanczos phenomenon”

• Roundoff leads to O(1) errors in some “spurious” Ritz values that do not converge

MW, arXiv:2406.20009

15

• Remaining “non-spurious” Ritz values still accurate, converge to eigenvalues

Statistical noise leads to 
unphysical Ritz values:

• Most Ritz values complex 
even though transfer matrix 
eigenvalues real + positive
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• Taking real parts at face 
value would give ground-
state energy violating QCD 
inequality MN > mπ

Unphysical!
Does removing “spurious 

eigenvalues” fix this?



Cullum-Willoughby
• Jane Cullum and Ralph Willoughby developed a useful criterion for identifying 

spurious eigenvalues in 1981

2

Cullum and Willoughby, Journal of Computational Physics 44, 329 (1981)
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Think positive
Since transfer matrix is positive-definite by assumption, any eigenvalues with non-zero 

imaginary parts can be discarded as spurious on physical grounds

17Unphysical!
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Non-positive eigenvalues have 
much smaller Cullum-
Willoughby “knockout 
distances” than positive ones

• Oblique Lanczos formalism provides rigorous framework for analyzing 
complex Ritz values
Saad, SIAM 19 (1982)

Not all unphysical Ritz values 
are complex, positive ones 
can still violate MN > mπ

• At least some unphysical 
eigenvalues are spurious 
by CW definition



Bootstrapping Cullum-Willoughby
• Defining “pathologically close” is easy for finite matrices with floating-point roundoff 

error, harder for Monte Carlo simulations of infinite-dimensional matrices

• Distances between  and  are consistently smaller for spurious than 
nonspurious eigenvalues — spurious ones also less stable vs iteration

𝑇 (𝑚) 𝑇 (𝑚)
2

• Use bootstrap histograms to define cutoff
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Non-spurious energies are accurate

𝐸0 = − ln𝜆(𝑚)
0
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All obviously unphysical 
proton eigenvalues 
removed by filtering on 
“spuriously small” CW 
knockout distance defined 
via bootstrap histogram
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Defining  as the largest “non-
spurious” Ritz value leads to 
accurate ground-state energy 
determinations in solvable 
models (e.g. free scalar field)

λ(m)
0



Who ordered that?

20

• Cullum-Willoughby test is essential 
for stabilizing SNR but not physically 
motivated, appears ad hoc

Unappealing features remain:

• CW test does not immediately 
generalize to block Lanczos

von Mises and Pollaczek-Geiringer,  Zeitschrift Angewandte Mathematik und Mechanik 9, 58 (1929) 



Who ordered that?

20

• Cullum-Willoughby test is essential 
for stabilizing SNR but not physically 
motivated, appears ad hoc

• CW test does not immediately 
generalize to block Lanczos

Introducing the ZCW test:

NEW
NEW

 overlap with 
all initial states 
(interpolating 
operators)

≈ 0
Spurious 

state

Physical motivation 
generalizes 
straightforwardly to 
block ZCW

Unappealing features remain:

Hackett, MW, arXiv:2412.04444



The ZCW test

21

Roundoff (and noise) leads to errors in orthogonalization, artificially extend Krylov 
space in spurious directions

• Motivation for CW test is that these spurious directions should only 
depend on numerical artifacts and be independent of initial vector

Parlett and Scott (1979)Paige (1971)

Physically: independence of initial vector ~ zero overlap with source 
~ wrong quantum numbers



The ZCW test

21

• Motivation for CW test is that these spurious directions should only 
depend on numerical artifacts and be independent of initial vector

Physically: independence of initial vector ~ zero overlap with source 
~ wrong quantum numbers

ZCW test for spuriously small overlaps

<latexit sha1_base64="lOn3d5UpyHRUeQrC9kaMvv3U9jg="></latexit>

�ZCW(m)
k =

�����
ZR(m)⇤
k ZL(m)

k

C(0)

����� < "ZCW

Eigenvalue-eigenvector identity* can be 
used to prove equivalence of CW and 
ZCW tests for small

Size of overlaps on last iteration where all 
Ritz values obey all physical constraints 
sets natural scale for 

<latexit sha1_base64="bj/45osLkHOhGt/sNTHrgO4DS6E=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiQi1WWxG5cV7AObWCbTSTt0HmFmUiih4K+4caGIW7/DnX/jtM1CWw9cOJxzL/feEyWMauN5387K6tr6xmZhq7i9s7u37x4cNrVMFSYNLJlU7QhpwqggDUMNI+1EEcQjRlrRsDb1WyOiNJXi3owTEnLUFzSmGBkrdd3jYIQUSTRlUjxmgeLwodaadN2SV/ZmgMvEz0kJ5Kh33a+gJ3HKiTCYIa07vpeYMEPKUMzIpBikmiQID1GfdCwViBMdZrPzJ/DMKj0YS2VLGDhTf09kiGs95pHt5MgM9KI3Ff/zOqmJr8OMiiQ1ROD5ojhl0Eg4zQL2qCLYsLElCCtqb4V4gBTCxiZWtCH4iy8vk+ZF2a+UK3eXpepNHkcBnIBTcA58cAWq4BbUQQNgkIFn8ArenCfnxXl3PuatK04+cwT+wPn8AW1+lcw=</latexit>

"ZCW

Hackett, MW, arXiv:2412.04444

Always vanish 
together 

* See Denton, Parke, Tao, and Zhang, 
Bull. Am. Math Soc. 59, 31 (2022) 

<latexit sha1_base64="G+P34RnmSsm+6AuI+mzGwFLSrXA=">AAACGHicbVC7SgNBFJ2Nrxhfq5Y2g0Gwirsi0TKYxjKCeWB2DbOT2WTIPJaZ2UBY8hk2/oqNhSK26fwbJ49CEw9cOJxzL/feEyWMauN5305ubX1jcyu/XdjZ3ds/cA+PGlqmCpM6lkyqVoQ0YVSQuqGGkVaiCOIRI81oUJ36zSFRmkrxYEYJCTnqCRpTjIyVOu5FMESKJJoyKZ6yQHH4WG2OYaAphyuWdTpu0St5M8BV4i9IESxQ67iToCtxyokwmCGt276XmDBDylDMyLgQpJokCA9Qj7QtFYgTHWazx8bwzCpdGEtlSxg4U39PZIhrPeKR7eTI9PWyNxX/89qpiW/CjIokNUTg+aI4ZdBIOE0Jdqki2LCRJQgram+FuI8UwsZmWbAh+Msvr5LGZckvl8r3V8XK7SKOPDgBp+Ac+OAaVMAdqIE6wOAZvIJ38OG8OG/Op/M1b805i5lj8AfO5AdkuaCf</latexit>

"ZCW ⇠ "CW

Roundoff (and noise) leads to errors in orthogonalization, artificially extend Krylov 
space in spurious directions Parlett and Scott (1979)Paige (1971)



The physics of noise
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Real Ritz values Hermitian 

subspace
Non-spurious 

subspace

Hackett, MW, arXiv:2412.04444

Krylov space can be decomposed into sectors based off Ritz properties
<latexit sha1_base64="Jlr8+dcnm+XDhUqxeDvk8pF/DfQ="></latexit>

T (m) =
X

k2S

�(m)
k

��y(m)
k

↵⌦
y(m)
k

��+
X

k2S
�(m)
k

��yL(m)
k

↵⌦
yR(m)
k

��

Non-spurious Spurious

• Non-spurious  Hermitian subspace  Real Ritz values⊂ ⊂

Further classification of spurious states possible:

Unphysical states (e.g. with 
complex norms) needed to 
describe data that is non-convex 
in the presence of noise

States with non-zero initial-state 
overlap (“correct quantum 
numbers”) are unaffected by 
spurious state filtering, can be 
interpreted physically



The block ZCW test
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Physical picture provides immediate generalization to “block ZCW test”

Hackett, MW, arXiv:2412.04444

<latexit sha1_base64="fTm8UFtbS7QiLiYd/mjxuktv3DY="></latexit>

�ZCW(m)
k =

X

a,b

���ZR(m)⇤
ka [C(0)�1]abZ

L(m)
kb

��� < "ZCW

“Spurious" iff sum of overlaps with all 
interpolating operators ≈ 0

Eigenvalue-eigenvector identity can be 
used again to define an equivalent 
“block CW test” involving a sum over 
knockout distances 

• Block ZCW is simpler to implement and 
(much) computationally cheaper, 
preferred in practice 



14

1. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

What’s new?
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1.61. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

What’s new?



No fitting needed
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Hackett, MW, arXiv:2412.04444

Spurious state filtering isn’t perfect — outlier robust 
estimators can be both more precise + accurate

• Use bootstrap median as estimator, compute 
uncertainties with nested bootstrap

• Large correlations appear for large  with 
bootstrap median, washed out in sample mean

m

• Energy distributions closer to Gaussian for 
bootstrap median



Asymptotically constant SNR
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1.Bootstrap median estimators 

provide comparable 
uncertainties to multi-state 
fits with 

<latexit sha1_base64="f0DMa7jLNbh3/UmbqyYLIlgqdTc=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYkmKVC9C0YvHCvYD2hA22027dDcJuxtpCf0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpBwprTjfFtr6xubW9uFneLu3v7BoX1Uaqk4lYQ2Scxj2QmwopxFtKmZ5rSTSIpFwGk7GN3N/PYTlYrF0aOeJNQTeBCxkBGsjeTbJe1nPSmQwOMpukFVceH6dtmpOHOgVeLmpAw5Gr791evHJBU00oRjpbquk2gvw1Izwum02EsVTTAZ4QHtGhphQZWXzW+fojOj9FEYS1ORRnP190SGhVITEZhOgfVQLXsz8T+vm+rw2stYlKSaRmSxKEw50jGaBYH6TFKi+cQQTCQztyIyxBITbeIqmhDc5ZdXSatacWuV2sNluX6bx1GAEziFc3DhCupwDw1oAoExPMMrvFlT68V6tz4WrWtWPnMMf2B9/gBKiJNQ</latexit>

tmax = 2m� 1

Given large correlations at 
large , sufficient to 
define energy estimator 
from final iteration

m

Variance saturates to 
constant value for large 

, comparable to 
saturation of multi-state 
fit results

m

Systematic bias due 
to O(1) phase 
fluctuations

Parisi-Lepage

• Contrasts with power-
iteration / effective mass, 
which exponentially 
approaches 0 SNR



Operator matrix elements

27

Lanczos eigenvectors provide change of basis allowing matrix elements to be 
extracted from 3pt functions with simple matrix multiplication

• Excited / transition matrix 
elements accessible

Hackett, MW, arXiv:2407.21777Nucleon strange scalar (bare) matrix element, non-nested



More excited states
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Hackett, MW, arXiv:2412.04444

Residual bounds provide rigorous two-sided systematics for excited states

• Block Lanczos can cleanly extract e.g. 4 states from a noisy 2x2 matrix

Excited-states also show asymptotically constant SNR, rapid convergence



Block Lanczos and GEVP: Es
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Residual bound 
(upper/lower edges 
have uncertainties)

Variational bound

Statistical 
uncertainties 

Faster convergence

Identical after 
first iteration



Block Lanczos and GEVP: Zs
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Block Lanczos provides unambiguous 
signals for ground- and excited-state 
overlap factors

• Consistent with GEVP when 
the latter achieves 
reliable plateaus 

• More robust signals for noisy 
excited-state observables

Deceptive pseudo-
plateau?



Towards higher excited states
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1.6Eigenvalue multiplicity is non-
trivial to determine with 
Lanczos

• Ritz values with overlapping 
residual bounds could be 
approximating the same 
eigenvalue

• Residual bounds key for 
ensuring an eigenvalue has 
been isolated, multiplicity 
ambiguous if they are 
statistically compatible 

Physical states with sufficiently 
small interpolator overlap 
(e.g.  states here) are not 
resolved by Lanczos. Large 
sets of multi-hadron operators 
still needed to compute phase 
shifts with block Lanczos 

Nπ
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1.61. Fast convergence, guaranteed 

2. Residual bounds 

3. Spurious state filtering 

4. No fitting needed 

5. Asymptotically constant SNR 

6. Simple matrix element extractions 

7. More excited states, cleanly

What’s new?



Thank you!
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Daniel Hackett
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Thank you!
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Daniel Hackett

Cornelius Lanczos Jane Cullum

Beresford Parlett



Backup - GEVP fits
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Fits performed for all , 
AIC used to pick , 
weighted average of all 
acceptable fit results:

tmin
Nstates

Beane, MW et al, PRD 103 (2020)

Many other fitting strategies 
possible, should give 
statistically consistent 
results. Individual fits 
tabulated so you can 
compare with your favorite


