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Lattice QCD & Signal/Noise problem

Estimator for  C() = (O(®)O(0))  affected by statistical error.

Signal Noise/Statistical uncertainty
_ 2 _
C() = (OMOO)') o) =1/ {(0WO) ) = OO /N
¢ o~ Et
~ e ~ \/N ’ \/N IR N Monte Carlo (MC) samples

Need sufficiently large distances ¢ in many cases to extract effective masses reliably.

However, Signal in most cases decays faster than Noise,

which in some cases remains constant.
Spectroscopy, Hadron structure, ...

Signal/Noise ratio (S/N) is a ubiquitous problem in Lattice QCD




Multilevel sampling: The 1dea

[f action and observables are local, the two-point correlation function

(O(1)O(1y)) = é J[dU]e_S[U] O(U,t,) O(U, t,)

can be factorised into a product of integrals
1 _
(O)O(tg) = — [ [dUple ™Y |OP(Up, 1,)| |OW(Up, 1))

CM(1,, 1) = (|O0@)] O]y = C(1y, 1)

. ON(Up, 1)| = [[dU(’”)] e~ SIS (U™, 1)
with [ B ] GgM(tl, fy) < Uétd(tp o)

! Numerically, this s like doing [N] X [N] sub-measurements with N MC samples.
For5-pts [N] X [N] X |[N], etc...



Multilevel sampling: Pure Gauge Theory

Both pure gauge action and observables are local and multilevel can be adopted straightforwardly

(O(t)O(ty) = é [[dUB]e‘SB[UB] OB(Ug, 1)| [OW(Up, 1)

S[U| = g Z Z Re {TI‘ ll — UIM(X) U/ (x+ p) U;(x + 1) U;(x)] } e.2. Wilson plaquette action

XEN u<v

O@) = W(r) = Z Tr Uﬂ(x) U, (x + ,u)U/j(x + 1) Uj(x) I:I e.g. Wilson plaquette observable




Two-level sampling: Algorithm

' Global updates

I of gauge fields  §

Thermalisation U1 p S U2

— (level-0)

In the same way as with the standard algorithm

we generate N, gauge configurations (e.g. HMC)



Two-level sampling: Algorithm

' Global updates

t of gauge fields

Start ‘orthogonal’ 1007 '
trajectories U1 ) " U2 T UNO

¥ G t level-0)

Local updates

{ of gauqge fields
Ul N @ U2N 1 _—

, , gauge fields
MC t (level-1) . boundaries (fixed)

Suppose N, = 24a : |:| dynamical (updated)

offefsfe]s]er]efofe

Ny X N; measurements
of O(U;;, 1)

(pure gauge glueball operators)



Two-level sampling: Algorithm

if t, and £, belong to the same region, the two-level analysis cannot be adopted

At = 3a

|
o [ T T TR

Instead, correlate over N, X N; samples

1
C(t) — 1p) = (OUy;, 1) Oy, 1)) = NN 2 Z O(Uy;, 1)O(Uj;, 1)
0O“v1l .

1

Variance scaling 02(t1 — to) X + ... Standard
NolVi




Two-level sampling: Algorithm

if t, and £, belong to different regions

At = 12a

o [T TR T T R

I
Take average over level-] O, )| = I Z O(U;;, 1)
R
Correlate onlevel-0  C(t; — 1y) = {|O(U,, 1,)| [O(U,, 1p)|) 2 O(U,, 1) [O(U,, 1)
Variance scaling 02(1‘1 — Iy) X + ... Two-level

NoN:



Numerlcal SlmU'lathnS Phys.Rev.D 110 (2024) 5, 054515

LB, F. Knechtli, S. Martins, M. Peardon, S. Schaefer, J.A. Urrea-Nino

In the following:

4D SUQ3) theory, f =62, V=24"x48 No =101, N, = 1....,1000

Sub-lattice decomposition on level-i:

NOERNEREEER

C(t, —t) = (O(U., t;) O(U;, 1))



Two-level error reduction

4D SU(3) theory, f=6.2, Via*=24>x48

10—8 +N1=1 +N1=10 +N1=100 +N1=1000 _Nl—)OOJ
-y -y w IIIIIIIIIIIIIII TxsrExEE g E " T

> 1079 Earw=Ferria ._../
.25 -- i—-r-;‘-l-]f--"-r-!-;-t lz\\\.; M

sﬁ 10—10 4.1.*.1_1_;_}..1_..1

LO ]

“ | | ‘ \L‘_// ;\ // \j_)//

_ Fit

01 |

S0 \/va,r(C'(tl,to)) .l : L
\6 ] NoNq il T

S |

10~12: é Data

1 3 5 7 9O 11 13 15 17 19 21 23 25 27 290 31 33 35 37 39 41 43 45 47
/] a

boundaries tgla = 11, 23, 35, 47.



Two-level error reduction

4D SU(3) theory, f=6.2, Via*=24>x48

108 N =1 -® N=10 - N, =100 —&— N;=1000 —N1—>ooJ
- I"-‘TTI‘;‘“‘i‘*‘f'IIIIIltt"‘!II::IIIIIIIIII"IIIIIIIIII]‘EII
ZH 1079- R e SEPORPEETE
S 5 x T
Z . e e --12--1--!-;-1:
“O | Fit
-
~ 10711
S \/var(C(tl,to))
5 NoNy
10—12- @ Data HE | | . L] | , | L1 | | | HE
—11 13 15 17 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47

/] a

Error scales like 1/4/NyN, tyla = 11, 23, 35, 47.

boundaries

when operators in same region



Two-level error reduction

4D SU(3) theory, =62, V/ia*=243x 48

108 —— N, =1 —@®— N; =10 —0— N; = 100 —&— N; = 1000 _Nl—)OOJ
| I-t-rTI_;;_;-i--!-f-IIIIII‘:‘:III:-::IIIIIIIIIIII!III:I:I;.:III::II

Z'_' 1079 t'!“r'i'*“l“l"‘.r‘r‘i“

'S | .I_;!;_.,i.:.:. ____rx X

= | TFET Rl x> % = %

S —10 :—f-‘I-I-T-I-I-r-m-H-I—

S

I Fit

L1071

~ 1 \/V&I‘(C(tl ,to))
5 3 NoN,

N .

10-12/ ¢ Data H

Errorscales like 1/4/NyN,

/] a

Error scales exponentially with distance from boundaries tg/la =11, 23, 35, 47.

when operators in same region when operators in different regions

[e_mAl + e_mAO] + —ze_mAle_mAO A=t g— t3]



Two-level error reduction at fixed At N, =101 V/a* = 48 x 24°
f =62, RFC = E™F

-= ¢y / \/NONl -‘- le]_ "' le]_OO "' N1:1000
—— e N, ® N=10 @ N=500

Errors for C(At = 2a)

Distance from boundaries

9 Is limiting the 2-Ivl error reduction.
1077

Multilevel is not efficient

At=2a

at short distance!

Doing NV; > 10 is just

10—10_
| a wast of resources with

the multilevel analysis
lh+ At/2 = 1la:

T T B T R




Noise/Signal towards continuum limait

10*
Y ——“O—r——g,o ¥ exp(m' At)
S % ,8262 P -
~~ -
&~ 102 E 182608 ........
a ¢ [(3=58 T »
O 10t ' - o
iy s, g x e
100 el p e
s o
S ey
1071 o e
Q,./
» ]PC — 2++
1072 : : . : : : :
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
At / To
2 2m' At
o=(At) e
4 Short distance scaling: < ~ d'(z)
C2(Ar) NoN,;
2 ~2 ~2 ~2
6_(At) C r 2¢ r &
4 Long distance scaling: S N — o _2m A L g2m A2 4 2
C2(Ar)  NyN7? NyN; Ny

Weighted average

2, Wt C(AL = 1) — 1)
Zto w(to)

C(Ar) =

w(ty) = 1 / (1)

Coloured band highlights transition

between different scalings



Noise/Signal towards continuum limait

oc(At) / C(At) T/a oc(At) / C(At) T/a

oc(At) / C(At) T/a

102.

101.

100.

10—1.

1072 =
104

103.

102.

101.

100.

10—1.

10721
104

do

VNoN1

exp(m'At)

GLEVP effective masses
1.4
B =62 | ® A
1.2 ¢ T
) ++
Consistency across N R ® E
2. *° == b Ii 11 11 ¢ At
OE - +
all glueball channels S s + |
067 w3 t 1
0.4 -
1.0
p=608 ¢
0.9 | L
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5 . ] ii EL I ;Iu i_i ? _-0
=
S
S 0.6 ;
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Results agree with state-of-the-art calculations that use ©(10°) configs
|A. Athenodorous, M. Teper, 2020]



Multilevel algorithm: Quenched QCD

Action is still pure gauge, thus local, but observables can be traces of fermionic propagators (non-local)

_ ] _
(0()0) = — J[dU]e-S[U] 0(t,) O(t,)

p
S[U| = g Z Z Re { Ir ll — U/,,(x) U, (x+ p) U;(x + ) Uj(x)] } e.g2. Wilson plaquette action
XEN u<v
O( tl)(_)( tO) — Ty [ D1 ( t, tO) D1 ( fo, tl)] e.g. scalar meson two-point functions
D~!(z,, 1)) depends on the values of Need factorisation of D~!(#,, #,) into local regions.

the gauge fields over the full lattice Phys.Rev.D 93 (2016) 9, 094507 [M. Ce’, S. Schaefer, L. Giusti]



Fermionic observables investigated

Combine multilevel + distillation to compute correlations of

O(t) S {O};-O(t)a O{":O — QFQ} with " = V55 YaVs5s Vis V5Vio yz}/]al

The 2-pts of these observables have severe signal/noise

Ultimate Physics goal (Full QCD)
Study £,(1500), £,(1760) — 7z, ...

and decay of other glueball candidates

e.g. X(2570) announced by BESII @ CERN

See J. Urrea-Nino’s talk @Lattice2024

due to the variance being constant for disconnected contributions.

(0,.(n) O, (1)) = = (Tr vsD7 (1, 1)ys D7 (1, 1)T|) + (Tr|ysD~'(5,0)| Tr [ysD~' (1, 1)])

Connected Disconnected

We want to apply a two-level integration to the disconnected piece:

<Or(t )(_)F(t()» disc.

—

Z

= % J[dU]e_S[U] Tr |D™'(t, T Tr [D™'(to, to)I'|

[[dUB]e—S[UB1 Tr [D!(, 0] [ Tr [D~"(tg, t)T]]



Factorisation of Fermion Propagator for quark loops

Challenge: Propagators depend on gauge fields over all space-time A A
Yo
Tr [D_ L, t)F] non-local <>
Solution:
o Factorise propagators in different regions M. Ce', L. Giusti, S. Schaefer  [PRD.95.094507] [PRD.95.034503]

When solving Dirac equations, consider only ~ half temporal extent and approximate propagators:

D~ (x, x) = Dg_zll(x, X))+ ...

- A2 - Periodic boundary
conditions

€2

Domain decomposition used also for vector 2-pts in HPV [Phys.Lett.B816 (2021)]
T. Harris, L. Giusti, et al.



Two-level sampling for disconnected diagrams

This approximation allows to factorise the disconnected diagram

_ 1
<O}/5(t)o}/5(t0)>disc. :Zo J[dU]e_S[U] TI‘ [}/SD (t t) TI‘ }/5D (tO, to) + C()l‘l‘eCti()n

which now allows 2-level integration:

| _ S
= — J[dUB]e_SB[UB] It [}/SDSE L, t)] YsDg L1, to)] + correction
Z - 1 1o, L 0 Q,

[Tr ysD5\(1, 1) ] — [[dUO’)] e =S Usl Ty D5 (r, 1)

r



Multilevel estimators and correction

* Use full propagators to compute estimator in the standard way: O t,1)= Tr ;/SD_l(Uij, t, t)
1 ¢ | |
td _ 0
C3(1, 1) = NN D 0,(t.1) Oty 1) 62,4t 1) e

l,]



Multilevel estimators and correction

* Use full propagators to compute estimator in the standard way: O t,1)= Tr ySD 1(U1J,t t)
C
C(t, 1)) = O.(t,1) O.(ty, 1)) 2 (1 1) A —2
’ ] i\ 02 "0 Ocsulls Lg) =~
N()N 1 ; ¢ NON 1

* Use block propagators to compute estimator in the standard way and w/ two-level: @f;’"(t 1) = "Ir VsD 1(UIJ, t, t)

€0
capproxIM(y 4y — 0,1, DO 1y, 1p) 62 (t, 1)) ~
’ ’ Capprox,1IvI\*s ()
NONI ; NONI
Il % o I @ o Co
CappI'OX,lel(t’ to) — @ l(t t) T @“O(th tO) Gza rox,2lv (ta ! ) ~ |
A 2 N, Z N, Z ij Capprox.2VILE> 5() N, le

l j=1 j=1




Multilevel estimators and correction

* Use full propagators to compute estimator in the standard way:

CStd(t, fy) = Z @U(t r) @lj(t()a o) Uéstd(t’ ) R~

NON1 =

* Use block propagators to compute estimator in the standard way and w/ two-level:

Capprox,llvl(t, tO) _ Z @Ql(t f) @Q o £, tO)
NONI y
I @1 I &
Capprox,2lvl(t’ tO) _ Z Z @Ql(t ) _ 2 @?o(to, tO)
NO l Nl j=1 Nl j=1 ]
Compute correction: e(t, 1) = C(t, 1) — CaPProxIVlz 4y

Compute corrected 2-level:

C21V1(t, to) — CapprOX,ZIVl(t, to) _I_ €(t, l.O)

O t,1) = Tr

Co

NoN;

02
(Capprox, 11vl

62
(Capprox,21vl

7’5D 1(U

(ta t()) ~

(ta t()) ~

1]’ t t)

@f]?r(t, )= Tr ySD (U

Co
NoN,

Co
NyN 12

1j°

Lo




Comparison of Final results: Pseudoscalar quark loops (# — ' channel)

1071+

1072+

1073+

<O’Y5 (t) O% (O) > disconn

10°-

¢ std

¢ mlvl corrected

'

12

15

18

21

24

27

30

Numerical Simulations
f=06.0; (a=0.0876 fm); m_ =760 MeV
Via* = 16> x 64

N, = 101; N, = 200

Signal reached for much longer distances

Substantial improvement of two-level

sampling over standard method.



Comparison of Final results: Pseudoscalar quark loops (# — ' channel)

- Numerical Simulations
<OV4% (t) O%% (O) > disconn
0.351 _—
N S B A p=6.0; (a=0.0876 tm); m_ =760 MeV
0.30- | t1g
107 i T =
[1  rzgggees Via* = 16° x 64
0.25- 0-1] I t it a’ = X
0.20- " § std Ny = 101; Ny =200
0151 10‘6@ ¢ mlvl corrected
& 10—7-%
010 e S Substantial improvement of two-level
t/a
0.05 1 " :
sampling over standard method.
0.00 1 - PP b i dh i A A g g g g
- PO T ©
~0.05{ . cess | | | | | | | 2-level enables to reconstruct signal for
0 3 § 9 12 15 18 21 24 27 30

t/a the full temporal extent.



Comparison of Final results: Vector quark loops (w channel)

<O’Yk (t) O’Vk (O) > disconn

te T std Numerical Simulations
1071 = . ¢ mlvl corrected

: . p=06.0; (a=0.0876 tm); m_= 760 MeV
1072+ N - -

f . Via* = 16° x 64
1073 3z 3 % Ny = 101; Ny =200

] ¥ I ® o ¢ ®
107+ T - | - ‘

’ T1TT1eT+1 I ~ 1] Signal reached for longer distances.
10—5_E 1 | ® o 1l « _

0 3 6 9 19 15 18 21 24 27 30

t/a



10_1;

Comparison of Final results: Tensor quark loops (f, channel)

<O%‘%‘ <t> O%%’ (O) > disconn

10_2;

10_43

10_53

[)
[}

std

mlvl corrected

t/a

12

15

18

Numerical Simulations
B =6.0; (a=0.0876 fm); m, =760 MeV
Via* = 16> x 64

N, = 101; N, = 200

Signal reached for longer distances.



Comparison of Final results: Axial-Vector quark loops (a; channel)

<O’Y5’Yk (t) 6’75%.: (O) > disconn

Numerical Simulations

10_1'§-o- ., I <td

| Y . ¢ mlvl corrected
10-2- - p=06.0; (a=0.0876 tm); m_= 760 MeV
1073 T . . Via* = 16° x 64

? 1 3
o ; i . N, = 101; N, = 200
107° O ? ¢ d

3 BERE [ Signal reached for slightly longer distances.
1079 o
.
0 3 6 9 12 15 18 21 24 27 30

t/a



Comparison of Final results: Scalar quark loops (f,/o channel)

<Ol(t)OI(O>>disconn

r C Numerical Simulations

Z T e, St
o To. P i conected B=60; (a= 00876 fm); m_ =760 MeV
- i Via* = 16> x 64
10-5- t o

; T 1 _

| | X Ny = 101; N, = 200
10—4-§ 1
195, Signal improves a bit (decays quite fast)
106

0 3 6 9 12 15



Comparison of Final results: Scalar quark loops (f,/o channel)

TN eff of <OI (t) OI (O) > disconn

3000 | . Numerical Simulations
———-— 77 non-interacting
5500 ==== m""" Athenodorou-Teper B _ . _ . _
T st | p=06.0; (a=0.0876 tm); m_= 760 MeV
2000 - ¢ mlvl corrected T
‘ ¢ Via* = 16° x 64

a f“_i"" ___________________ ! Ny = 101; Ny =200

I T |
1000 - .

. * Need to further reduce error for reliable estimate
50 e 1
+ | * Needtoinclude connected piece
00 2 4 6 8 10 12 14




Comparison of Final results: 7z quark loops (I = O channel)

<O7T7T (t) O7T7r (O> > disconn

O boe T std Numerical Simulations
10 R ¢ mlvl corrected

- - p=6.0; (a=0.0876 fm); m,= 760 MeV
? *

1072 T Via* = 16° x 64

103? 1 1 - | ¢ NO — 92; Nl — 198

10-1- |

. Many exceptional configs (©(50) /20,000)
0 3 6 9 12 15




2-level ErrorReduction ¢ ©

o(t,1y;N;) = 2lvlError of ([O_(1)] [O, ()] 6-(t,ty; N;) Error of corrected observable

Error of Cy(t, to) = ([0,n(D)][04x(te = 26a)]) with N,

10_2§

10_3§

e.g. 6-(t—ty=15a;N; = 200) ~ 2* 107>

Error increases by a factor 2 — 4 after correction 6t — 1 = 15a: N, = 200) ~ 7% 103



Multlevel Error Reduction at fixed distance

o-(t,t;;N;) = Errorof ([O_ (0] [O. (t)]) 61,1y, N;) Error of corrected observable
Error of Crr(t — to = 10a)= {[Oxz(t)][Oxr(to)]) with N,
10°- oc(Ny = 1)
""" O'(j(Nl — )/10
""" Oc(Nl — )/200
O'(j(Nl — )
1071 - = ARy WY ~ )
] - = \\‘p’ / “.’ ) = = S O'(j(Nl = )
E il V .V , —F— oc(Ny = 10)
_ —- - = PR S - -z = o JR Y S SRS T, SR, oy COGEE T <~ e Sy — _+_5'C(N1 — :-O)
| Y“ N "’ w i —¥— oc(N; = 200)
1072 —— G0( Ny = 200)
103 e

This motivates us to compute the first correction with 2-level integration.



o(t,ty; N;) = Errorof ([O,_ (7)] [(_)M(to)])

100?

10_1?

10_2?

10_3?

Multlevel Error Reduction at fixed distance

Error of Cur(t — to = 14a)= ([0, (£)][Os(to)]) with N

O{j(pfliz ;)
""" Oc(pﬁ_ZZL)/lo
""" Uc(pﬁ_::;)/QOO
“‘!.I.L . CHj(]VH — ;)
=% o T - +* " oc(N1 = 1)
\Vad Y f \ | —k— oc(V; = 10)
o . UG W G G AW £ i SRR U ‘ ' s A= [ —%— 6¢o(Ny = 10)
¥ =X — TP LR
Vi3 N G ~3.7 —k— oo ( Ny = 200)
——— (N, = 200)

61, ty; Ny) Error of corrected observable




Multlevel Error Reduction at fixed distance

o(t,ty; N;) = Errorof ([O,_ (7)] [(_)M(to)])

Error of Cyp(t — to = 18a)= ([0, (1)][0,4(to)]) with N,

61, ty; Ny) Error of corrected observable

100?

10_1?

SER AR 2R S

N DO
-
-
N—

10_3?

Similarities with systematic study in pure gauge.




How good is the approximation? 1-pts

Approximated vS Full (O (%))

Op(0 = ) a(%, 1) 1 @& 1)

59

32.4- r3
= )
32.2 -
Ao Ay Ao Az
32.0 1
o
31.8- = )
31.6 - X X * L 3
X - S o —
31.4 - - -
t*tt:(i(((iixxxxxrf*t jjj i £ PUPNPAPAPAP PP PPN . § -
31.2 - { -{
®  (Of())tact : No =98 x Ny =200
31.0 1
<Of0(t)>fu11 ; N() = 08 X N1 = 200

308 I I T T T T T | | | | | | i T T T T T T T

6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63

t/a
, o [.onger the distance from the other region, better the approximation
current sub-lattice decomposition
- 2 9110J111112|13|14|15]|16|17]18]|19|20]|21|22|123124|25]26|27 28-34 35|36|37138]|39|40]|41142|43|44|45]46]|47148l49|50(51|52|53|54|55|56]|57]|58

[




Factorisation of Fermion Propagator for quark loops

Open boundary
conditions
DKl(y, y) D(O)()’, y) = DK:U/\I(Y’ ),
A i i
Yo | |
<) - = >
A A A
Yo i ! ” : ; —
— | D + — — — ‘.
Ao i Ay i Az Ag i Aq i Ao

Ce -Giusti-Schaefer

D(y, y) D@y o [IDy, 0] e™™ NI Lepage-Paris



Factorisation of Fermion Propagator for quark loops

Open boundary
conditions

Ce -Giusti-Schaefer

DD 0] o [|DyA 0[] e ™M Lepage-Parisi
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Conclusions

' M Two-level sampling for pure gauge glueballs very effective and well understood \:
M Fit ansatz describes short and long distance scalings, as well as transition point ’

{ [ GEVP effective masses agree with literature [LB et al. Phys.Rev.D 110 (2024) 5, 054515] |

€ Two-level sampling for glueballs in quenched QCD + distillation
v« Approximating Dirac inversions to local domains enables multilevel measurements

™ Results show multilevel error reduction for different observables O,_, Ofo ] O},S, Oms’ ..

< Significant improvement for correlators whose signal dropsw/ £ < 1.2 GeV

However, not significant improvement for heavier states O,,, Oy

[ Compute first corrections with 2-level, which will improve the error

[ Expected preprint on arXiv in the next months]

&€ Full QCD is work in progress...
Lorenzo Barca | DESY. | NGT Algorithm Workshop, CERN 09-11/12/2024
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Multilevel sampling: Background

Based on an old idea by Nobel laureate G. Parisietal.  [Phys.Lett.B 128 (1983) 418-420]

Further developed by M. Liischer, P. Weisz ~20 years later:  [JHEP 09 (2001) 010]

JHEP 07 (2002) 049, JHEP 01 (2003) 048,

Nucl.Phys.B 664 (2003) 213-232, Nucl.Phys.B 671 (2003) 103-132,
Nucl.Phys.B 677 (2004) 273-288, Nucl.Phys.B 692 (2004) 209-231,
JHEP 01 (2004) 030, ..., Phys.Rev.D 110 (2024) 5, 054515 [LB]

Many other applications in pure gauge theory:

One test application in quenched QCD: Phys.Rev.D 93 (2016) 9, 094507 [M. Ce’, S. Schaefer, L. Giusti]

and two in full QCD afaik: Phys.Rev.D 95 (2017) 3, 034503 [M. Ce’, S. Schaefer, L. Giusti]
Phys.Lett.B 816 (2021) 136191 [L. Giusti, T.Harris, et al.]



Multdilevel algorithm: Full QCD (e.g. N, = 2)

Both the action and the observables depend on fermionic propagators (non-local)

(O(1)O(ty)) = % J[dU]e‘S[U] det (D)* O(U, 1) O(U, t,)

Probability distribution depends

-local
det(D)ze_S U] ondet(D) (non-local)

1
O(1)O(1y) = Tr [D_l(tl, t())D_l(tl, tO)] D™'(¢,, ;) depends on the values of

the gauge fields on the full lattice

Need both factorisation of D‘l(tl, t,) and det(D) to use multi-level.



Multilevel error reduction at fixed At N,=101 V/a* =48 x 243
f=62,R'C=E*"
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—— e N, @ N=10 @ N=500
T K v — Errors for C(At = Oa)
% 10~
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Multilevel error reduction at fixed At

~= ¢ / \/NONl -‘- Ni=1 "' N;=100
—— e NN, @ N=10 @ N;=500

NO — 101

® N,=1000

1071 =\

At=1a

10-104 ==

fh+ At/2 =11a :

Via* = 48 x 243
f=62,R'C=E*"

Errors for C(At = 1a)



Multilevel error reduction at fixed At N,=101 V/a* =48 x 243
f=62,R'C=E*"

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
—— e N, ® N=10 @ N=500

Errors for C(At = 2a)

10—9_
i Multilevel is not efficient

at short distance!

At=2a

Doing N; > 100 is just

a wast of resources for

—10 .
10 : multilevel measurements

fh+ At/2 =11a :

T T B T R




Multilevel error reduction at fixed At

fh+ At/2 = 11a :

At=3a

1077~

e / \/N0N1
= ¢y e ™A /N © N,=10

‘

Ni=1

® N,=100
@ N,=500

‘

NO — 101

N;=1000

7 _._.K_._.
S % = SV A S N S U G N A — L
| 3 5 7 9 11 13 15 17 19 21 23
(to + At/2) /[ a

At = 3a

T LR TR

Via* = 48 x 243

f =62, RF¢ =

E++

Errors for C(At = 3a)



Multilevel error reduction at fixed At
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At=4a

10—10
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Errors for C(At = 4a)



Multilevel error reduction at fixed At N, = 101
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At=ba

10—10_

fh+ At/2 =11a :

ol fefe]afsle]rfe l" el rpeelof g

Via* = 48 x 243
,B 62 RPC E++

Errors for C(At = Sa)



Multilevel error reduction at fixed At N,=101 V/a* =48 x 243
f=62,R'C=E*"

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
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Errors for C(At = 6a)

At=6a

10—10-: Multilevel starts

to outperform

standard scaling

fh+ At/2 =11a :

o [zfe]as|e [ 8] fopbe ool rpelel-ofer]-2fg



Multilevel error reduction at fixed At N, = 101

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
—— e NN, @ N=10 @ N;=500

At=7a

107104

fh+ At/2 = 11a :

ol fefs]efsfe]r El" refrrfrelsfeol=ifelg

Via* = 48 x 243
,B 62 RPC E++

Errors for C(At = 7a)



Multilevel error reduction at fixed At N, = 101

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
—— e NN, @ N=10 @ N;=500

1074

At=8a

10719

fh+ At/2 =11a :

o [zfe]as|e [l e o foppepef el rpelel-ofer|-2f8

Via* = 48 x 243
p=62, RC=E*t

Errors for C(At = 8a)



Multilevel error reduction at fixed At N, = 101

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
—— e NN, @ N=10 @ N;=500

10775

At=9a3

10—10 _

fh+ At/2 = 11a :

ol fzfe]alsle EEIH L0 i R

Via* = 48 x 243
,B 62 RPC E++

Errors for C(At = 9a)



Multilevel error reduction at fixed At N,=101 V/a* =48 x 243
f=62,R'C=E*"
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Errors for C(At = 10a)

1077+

10a

| 107

At

Multilevel error is reduced

by 1000 with N; = 1000
forty + At/2 = 11a

10—11__

fh+ At/2 =11a :

o [zfe] s [o] e o popbepefe el rpeel-ofer]-2f8



Multilevel error reduction at fixed At

fh+ At/2 =11a :

10—12 _

o/ VNN @ N=l

= ¢y e ™A /N © N,=10

® N,=100
@ N,=500

NO — 101

® N,=1000

o [zfe]|s [o] e o popbepepe fepefiepe el-ofer]-2f8

Via* = 48 x 243
f=62,R'C=E*"

Errors for C(At = 11a)



Multilevel error reduction at fixed At N,=101 V/a* =48 x 243
f=62,R'C=E*"

-= g / \/NON1 -‘- le]_ "' N1:100 "' N1:1000
—— e NN, @ N=10 @ N;=500

199 Errors for C(At = 12a)
S 1071
|
4
10—11
Notice
10~
S I i it Al IS e IR A B A N width of of active regions

IS better

th+ At/2 =1la : to reduce error at At = o0t — a

o [zfe] 8o [7]e o poppepepe fepefielel-ofer|-2f8




How good is the approximation? 1-pts

56

57

58

59

Approximated vS Full  (0!=9(t))
e ¢ (Om(t)fact : No=90x Ny =200
34.8 - (Orm(t))full : NO =90 X Nl =200
34.7- [ ] }
*er XA T XX T TN ¥ [ A S Y
34.5- ¢l * ] + [ :
() [) ¢ () }

34.4 1 ¥ [ L) < s

[) ¢ {3 '
34.3- I3 II 3 $ |
34.2- No N1 AV YA

0 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63
t/a
, . [.onger the distance from the other region, better the approximation
current sub-lattice decomposition
3 71819 (LO|L1LL21L3(1LA|15|16(1 /|18 19202122232425262728-34353637383940414243444546474849505152535455

[




Disconnected diagrams with 2-level

COy=x0) = (Y, [Tr (0)] [Tr (0())])

Yx

00 = 0, ») — O ==

Ag Aq As

O@Q) =0,,(y)

g 7 -diagram

A, A, A,



Muldlevel Error Reduction

o(t,1y; N;) = Errorof <[Ofo (1)] [(_)fo (2)]) 61,1y, N;) Error of corrected observable
Error of C'y (¢, t0) = (|0 (1)][Of,(to = 26a)|) with N
"
_10)
1072 = 10)
— 200)
_ 200)




Promiscuous topics on multilevel

@Lattice 2024 (Liverpool)

* Study of glueball scattering with a 3-level integration in pure gauge theory M. Bruno, M. Hansen, A. Rago

D. Hackett, F. Romero-Lopez
D. Petkou, P. Shanahan

UseaS-level iNtegrari .
T ((G(0)] [T,,(0)] [GO)])

... [ILB, S.Martins]

* Compute glueball gravitational form factors with a standard integration

from glueball 3-pts (G(t) TW(T) G(O))

.
oc,,\t: T 1) NN

* Test multi-dimensional multilevel for pure gauge and quenched observables

1
C(x,y) = ([IO(Y, Y2, Y3 YOI [[LO(x;, X9, X3, X4)1111) ot 1) ~ NV !
O\ VY]



