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The current correlator in the time-momentum representation

m The j, =) 1@ s yuthy correlator is composed of two Wick contractions
G (wo,y) = Zva® Yy > QF tr {Ss (@, y)wSs (v )W}
z f

G (w0, y) = —Z%a’ Y > Qrtr {Ss(m, @)y} D Qg tr {Sy(y, y) 1},
z f g

Wl

defined in terms of the quark propagators Sy(z,y) and Qus = %, Qa =—

3Bernecker and Meyer 2011.
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The current correlator in the time-momentum representation

m The j, =) 1@ s yuthy correlator is composed of two Wick contractions
G (wo,y) = Zva® Yy > QF tr {Ss (@, y)wSs (v )W}
z f

G (w0, y) = —Z%a’ Y > Qrtr {Ss(m, @)y} D Qg tr {Sy(y, y) 1},
z f g

Wl

defined in terms of the quark propagators Sy(z,y) and Qus = %, Qa =—
m For Nt = 2 + 1 flavours, use the practitioners’ decomposition
G = Gy + G+ G,

dominated by the light connected part, proportional to the I = 1 contribution.

3Bernecker and Meyer 2011.
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The current correlator in the time-momentum representation

m The j, =) 1@ s yuthy correlator is composed of two Wick contractions
G (wo,y) = Zva® Yy > QF tr {Ss (@, y)wSs (v )W}
z f

G (w0, y) = —Z%a’ Y > Qrtr {Ss(m, @)y} D Qg tr {Sy(y, y) 1},
z f g

Wl

defined in terms of the quark propagators Sy(z,y) and Qus = %, Qa =—

m For Nt = 2 + 1 flavours, use the practitioners’ decomposition
conn conn diSC
G= Gu,d + Gs + Gu,d,s7

dominated by the light connected part, proportional to the I = 1 contribution.

m Integrals of G(zo) determine the HVP functions.

3Bernecker and Meyer 2011.
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Variance of HVP contribution to the muon anomaly
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The variance on the K(zo) X

conn
u,d

vy (fim)

(z0) is dominated by large separationst.

The variance on the disconnected contribution diverges.

4Parisi 1984; Lepage 1989.

3/14



Variance reduction by translation averaging

Averaging a localized observable over ¢

gvol(mmyo L3 Zg Zo, IJ

suppresses the variance

6
vol (0, y0) = ZG Z{ (w0, 9)G(w0,y)) — (g(ﬂhy><g(-’1707y/)>}5y0,y5
7.y

CL3

I3 [02 (zo,y0) + Const.}

as second term is also finite as L — co due to the mass gap.

5Meyer 2017; Liischer 2018.
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Variance reduction by translation averaging

Averaging a localized observable over ¢

gvol(mmyo L3 Zg Zo, IJ

suppresses the variance
& Z{ (20,9)G(@0,4")) — (G(w0, )G (w0,4) } 84,1,

7y’

oZo(z0,y0) =

CLS 2
=73 [a (zo,y0) + const.}
as second term is also finite as L — co due to the mass gap
Very costly to implement exactly for quark propagators! ~ see Gruber

5Meyer 2017; Liischer 2018.
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Approximate translation averaging for single-propagator traces I.
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Approximations, e.g. using random sources®, tend to introduce large fluctuations

Sztr{’}/ksf ma)} o Z Zn )1 (2, 9)1i (Y) 0,0

SHutchinson 1990.
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Approximate translation averaging for single propagator traces Il.

An efficient estimator for Sy (z,x) can be constructed via a decomposition
Spo=(Sr —Sp) 4+ (Sgs —Sps) + ...+ Spws my <mg <...<mn.
using the identity
(S5 = 8g) = {mg —ms}5¢S,

and the hopping representation for the largest mass

-

e
Sty = (Dee + Doo)™ Y H* 4+ S5 H™,  H=—(DeoDys' + Doe D).
k=0

"Boucaud et al. 2008; Giusti, Harris, Nada, and Schaefer 2019.
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Approximate translation averaging for single propagator traces Il.

An efficient estimator for S¢(z,x) can be constructed via a decomposition
Spo=(Sr —Sp) 4+ (Sgs —Sps) + ...+ Spws my <mg <...<mn.
using the identity
(S5 = 8g) = {mg —ms}5¢S,

and the hopping representation for the largest mass

-

e
Sty = (Dee + Doo)™ Y H* 4+ S5 H™,  H=—(DeoDys' + Doe D).
k=0

The trace of the hopping term can be computed exactly using probing vectors

Z vi(x)vi(y) =0(z,y) where Hk(x, y)#0

"Boucaud et al. 2008; Giusti, Harris, Nada, and Schaefer 2019.
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Approximate translation averaging for single propagator traces IlI.
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For f =s—ud (left) and f = ud (right) see O(100) variance reduction

~ at equal cost for f =s —ud and about 6x for f = ud
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Approximate translation averaging for single propagator traces
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Results in a good signal for the correlator G,

..but with a constant error

V.
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Two-level integration (pure gauge)
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8Liischer and Weisz 2001; Meyer 2003; Garcia Vera and Schaefer 2016.
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Two-level integration (QCD)

Use the decomposition of Ce, Giusti & Schaefer

Perform ng = 25 cycles with n; = 10 sub-updates

~ non1 = 250 gauge field updates

2.5 fm

0.5 fm

2.5fm

9Ce, Giusti, and Schaefer 2016; Ce, Giusti, and Schaefer 2017.
9Dalla Brida, Giusti, Harris, and Pepe 2021.
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Two-level integration (QCD)

Use the decomposition of Ce, Giusti & Schaefer

Perform ng = 25 cycles with n; = 10 sub-updates ~ s::iii:cc- .0.5fm

~ noni = 250 gauge field updates 2.5 fm

Study the variance on G(zo) without factorizing it -0.5fm
(; (;zkl

( nonl ; k; 2.5 fm

~» perform noni = 2500 measurements

9Ce, Giusti, and Schaefer 2016; Ce, Giusti, and Schaefer 2017.
9Dalla Brida, Giusti, Harris, and Pepe 2021.
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Variance reduction on the current correlator
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For the connected correlator, fix yo such that thna — yo = 0.5fm

For the disconnected, fix z¢ and yo symmetrically
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Variance reduction on the integrand
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The variance on Zo) stops increasing after zo ~ 1.5fm
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Final estimate for integrand
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Summary

m Translation averaging 3

~~ typically expensive for propagators .

~ good estimators exist for S(z,z) 'F E

05 F -
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