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The current correlator in the time-momentum representation

� The jµ =
∑

f Qf ψ̄fγµψf correlator is composed of two Wick contractions

Gconn(x0, y) = Z2
Va

3
∑
~x

∑
f

Q2
f tr {Sf (x, y)γkSf (y, x)γk} ,

Gdisc(x0, y) = −Z2
Va

3
∑
~x

∑
f

Qf tr {Sf (x, x)γk}
∑
g

Qg tr {Sg(y, y)γk} ,

defined in terms of the quark propagators Sf (x, y) and Qu,s =
2
3
, Qd = − 1

3
.

� For Nf = 2 + 1 flavours, use the practitioners’ decomposition

G = Gconn
u,d +Gconn

s +Gdisc
u,d,s,

dominated by the light connected part, proportional to the I = 1 contribution.

� Integrals of G(x0) determine the HVP function3.

3Bernecker and Meyer 2011.

2 / 14
�



The current correlator in the time-momentum representation

� The jµ =
∑

f Qf ψ̄fγµψf correlator is composed of two Wick contractions

Gconn(x0, y) = Z2
Va

3
∑
~x

∑
f

Q2
f tr {Sf (x, y)γkSf (y, x)γk} ,

Gdisc(x0, y) = −Z2
Va

3
∑
~x

∑
f

Qf tr {Sf (x, x)γk}
∑
g

Qg tr {Sg(y, y)γk} ,

defined in terms of the quark propagators Sf (x, y) and Qu,s =
2
3
, Qd = − 1

3
.

� For Nf = 2 + 1 flavours, use the practitioners’ decomposition

G = Gconn
u,d +Gconn

s +Gdisc
u,d,s,

dominated by the light connected part, proportional to the I = 1 contribution.

� Integrals of G(x0) determine the HVP function3.

3Bernecker and Meyer 2011.

2 / 14
�



The current correlator in the time-momentum representation

� The jµ =
∑

f Qf ψ̄fγµψf correlator is composed of two Wick contractions

Gconn(x0, y) = Z2
Va

3
∑
~x

∑
f

Q2
f tr {Sf (x, y)γkSf (y, x)γk} ,

Gdisc(x0, y) = −Z2
Va

3
∑
~x

∑
f

Qf tr {Sf (x, x)γk}
∑
g

Qg tr {Sg(y, y)γk} ,

defined in terms of the quark propagators Sf (x, y) and Qu,s =
2
3
, Qd = − 1

3
.

� For Nf = 2 + 1 flavours, use the practitioners’ decomposition

G = Gconn
u,d +Gconn

s +Gdisc
u,d,s,

dominated by the light connected part, proportional to the I = 1 contribution.

� Integrals of G(x0) determine the HVP function3.

3Bernecker and Meyer 2011.

2 / 14
�



Variance of HVP contribution to the muon anomaly
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The variance on the K(x0)×Gconn
u,d (x0) is dominated by large separations4.

The variance on the disconnected contribution diverges.

4Parisi 1984; Lepage 1989.
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Variance reduction by translation averaging

Averaging a localized observable over ~y

Gvol(x0, y0) =
a3

L3

∑
~y

G(x0, y)

suppresses the variance

σ2
vol(x0, y0) =

a6

L6

∑
~y,y′

{
〈G(x0, y)G(x0, y′)〉 − 〈G(x0, y〉〈G(x0, y′)〉

}
δy0,y′

0

=
a3

L3

[
σ2(x0, y0) + const.

]
as second term is also finite as L→ ∞ due to the mass gap.

Very costly to implement exactly for quark propagators!  see Gruber

5Meyer 2017; Lüscher 2018.

4 / 14
�



Variance reduction by translation averaging

Averaging a localized observable over ~y

Gvol(x0, y0) =
a3

L3

∑
~y

G(x0, y)

suppresses the variance

σ2
vol(x0, y0) =

a6

L6

∑
~y,y′

{
〈G(x0, y)G(x0, y′)〉 − 〈G(x0, y〉〈G(x0, y′)〉

}
δy0,y′

0

=
a3

L3

[
σ2(x0, y0) + const.

]
as second term is also finite as L→ ∞ due to the mass gap.

Very costly to implement exactly for quark propagators!  see Gruber

5Meyer 2017; Lüscher 2018.

4 / 14
�



Approximate translation averaging for single-propagator traces I.
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Approximations, e.g. using random sources6, tend to introduce large fluctuations

a3
∑
~x

tr {γkSf (x, x)} ≈ 1

Ns

Ns∑
i=1

a3
∑
~x,y

η†(x)γkS(x, y)ηi(y)δx0,y0

6Hutchinson 1990.
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Approximate translation averaging for single propagator traces II.

An efficient estimator for Sf (x, x) can be constructed via a decomposition

Sf1 = (Sf1 − Sf2) + (Sf2 − Sf3) + . . .+ SfN , m1 < m2 < . . . < mN .

using the identity

(Sf − Sg) = {mg −mf}SfSg

and the hopping representation for the largest mass

SfN = (Dee +Doo)
−1

m−1∑
k=0

Hk + SfNH
m, H = −(DeoD

−1
oo +DoeD

−1
ee ).

The trace of the hopping term can be computed exactly using probing vectors

K∑
i=1

vi(x)vi(y) = δ(x, y) where Hk(x, y) 6= 0

7Boucaud et al. 2008; Giusti, Harris, Nada, and Schaefer 2019.
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Approximate translation averaging for single propagator traces III.
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For f = s − ud (left) and f = ud (right) see O(100) variance reduction

 at equal cost for f = s − ud and about 6× for f = ud
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Approximate translation averaging for single propagator traces IV.
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Results in a good signal for the correlator Gdisc
u,d,s

…but with a constant error
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Two-level integration (pure gauge)

If density and observable can be factorized

〈O(x1)O(x2)〉 ≈
1

n0

n0∑
i=1

[
O(x1)

]
i

[
O(x2)

]
i

in terms of the sub-averages[
O(x)

]
i
=

1

n1

n1∑
k=1

Oik(x)

the variance should behave as

σ2
2lvl =

1

n0

[
c2

1

n2
1

+ c1
1

n1
e−2mOd + c0e−4mOd

]
in contrast to

σ2
1lvl =

1

n0
c′0.

dd

O(x1) O(x2)
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5

x3T

T ≈ 10Tc
n1 = 104

106

8Lüscher and Weisz 2001; Meyer 2003; García Vera and Schaefer 2016.
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Two-level integration (QCD)

Use the decomposition of Cè, Giusti & Schaefer

Perform n0 = 25 cycles with n1 = 10 sub-updates

 n0n1 = 250 gauge field updates

Study the variance on G(x0) without factorizing it

G(x0) ≈
1

n0n2
1

n0∑
i=1

n1∑
k,l=1

Gikl(x0)

 perform n0n
2
1 = 2500 measurements

2.5 fm

0.5 fm

2.5 fm

0.5 fm

9Cè, Giusti, and Schaefer 2016; Cè, Giusti, and Schaefer 2017.
10Dalla Brida, Giusti, Harris, and Pepe 2021.
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Variance reduction on the current correlator
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For the connected correlator, fix y0 such that tbnd − y0 = 0.5 fm

For the disconnected, fix x0 and y0 symmetrically
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Variance reduction on the integrand
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The variance on Gconn
u,d (x0) stops increasing after x0 ≈ 1.5 fm
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Final estimate for integrand
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Summary

� Translation averaging

 typically expensive for propagators

 good estimators exist for S(x, x)

 for large |x− y| need low modes (see Gruber)

� Updates using overlapping domain decomposition

 variance reduction works out in QCD

 did not account for factorization of observable…
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