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Motivation - Cost of lattice QCD simulations
Simulation cost ∝ V zV︸︷︷︸

HMC

m−zπ
π︸ ︷︷ ︸

Solver

a−za︸︷︷︸
Autocorrelations

• zV ≳ 1, depends on integrator, hard to imagine an algorithm where zV < 1

— HMC + second order integrator: zV = 1 + 1/4
— HMC + fourth order integrator: zV = 1 + 1/8

• zπ ∼ 1–2 after many algorithmic improvements, almost constant down to very small
(below physical) quark masses
— Hasenbusch mass preconditioning, domain decomposition, multiple pseudofermions
— Multiple timescale integration
— Multigrid solvers
— Deflation

• za ∼ 2 according to “naive” expectations
za ∼ 5–6 in the presence of topological sectors
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Autocorrelations

• zV ≳ 1, depends on integrator, hard to imagine an algorithm where zV < 1

— HMC + second order integrator: zV = 1 + 1/4
— HMC + fourth order integrator: zV = 1 + 1/8

• zπ ∼ 1–2 after many algorithmic improvements, almost constant down to very small
(below physical) quark masses
— Hasenbusch mass preconditioning, domain decomposition, multiple pseudofermions
— Multiple timescale integration
— Multigrid solvers
— Deflation

• za ∼ 2 according to “naive” expectations
za ∼ 5–6 in the presence of topological sectors⇒ from now on z refers to za
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Topological freezing - ŵD U(Ŵ)
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Topological freezing - ŷD SU(Ŷ) with Wilson action
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Topological freezing - ŷD SU(Ŷ) with different actions

Similar scaling for different actions/“surprisingly universal” behaviour
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Possible approaches to the problem

• Fixed topology simulations
• Master field simulations
• Modified boundary conditions

— Open boundaries, P-periodic
— Parallel tempering in boundary conditions

• Nested sampling
• Trivializing maps
• Machine learning (normalizing flows, diffusion models...)
• Multiscale thermalization
• Instanton updates
• Metadynamics
• ...
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Metadynamics: Remove barriers between sectors

General idea

Original action landscape

S(Q)

Q

Stuck in sector (here Q = −1)

Modified action landscape

S(Q)

Q

Able to move between sectors



Metadynamics

• Well established method for molecular dynamics
simulations [cond-mat/ųŵųŻŶŸŵ]

• In context of lattice gauge theory first proposed for
CPN−1 models in [ŴŸųŻ.ųźŵźų]

• Add (time-dependent) bias potential Vt(s) to action,
depending on set of collective variables (CVs) s

• Converges towards negative free energy± const.
⇒Marginal distribution of CVs becomes flat

• Reweighting necessary

Construct from Gaussians

Vt(s) =
∑
t′≤t

N∏
i

g(si − si(t′))

g(s) = w exp
(
−s2/(2δs2)

)
V(s)

s
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Metadynamics

• Single collective variable Qmeta

— Clover-based topological charge
— n = 4–10 stout smearing steps with ρ = 0.12
— Trade-off between

◦ Staying in relevant regions of phase space (less
smearing)

◦ Having sufficient resolution (more smearing)

• Resulting modified action SMt = S+Vt(Q)

⇒ Staple becomes less local, so use HMC
⇒ Stout force recursion (as with smeared fermions)

Fmeta =
∂V

∂Qmeta

∂Qmeta

∂U(n)

∂U(n)

∂U

Construct from Gaussians

Vt(Q) =
∑
t′≤t

g(Q− Q(t′))

g(Q) = w exp
(
−Q2/(2δQ2)

)
S(Q)

Q
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Metadynamics: ŷD SU(Ŷ) with DBWŵ action

V = 164, β = 1.25
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Metadynamics: ŷD SU(Ŷ) with DBWŵ action

• Improvement of autocorrelation times by at least two orders of magnitude:
— HMC or ŴHB+ŷOR: τQ2 > 400 000
— MetaD: τQ2 ∼ 2000–3000

• Caveat: Large computational overhead (Caveat2: much smaller for full QCD)
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Metadynamics - Reweighting efficiency

Efficiency of reweighting?
• Effective sample size

ESS =

(∑
iwi

)2∑
iw

2
i

• Reweighting significantly reduces ESS
down toO(10%)

• Two causes:
— Oversampling of sectors with large |Q|

⇒Modify bias potential
— Oversampling of configurations

between sectors
⇒ Combine with parallel tempering
(PT-MetaD)

Scaling plot for ŵD U(Ŵ)

1/32 1/28 1/24 1/20 1/16

a = (NxNt)
−1/2

100

101

102

103

104

105

106

107

E
S

S
/
τ i

n
t
(Q

2
)

Total number of measurements

Metropolis

MetaD

MetaD mod.

PT-MetaD

PT-MetaD mod.

ŴŴ/ŵź



Metadynamics - bias potential modification

Oversampling of large |Q|
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Scaling plot for ŵD U(Ŵ)

1/32 1/28 1/24 1/20 1/16

a = (NxNt)
−1/2

100

101

102

103

104

105

106

107

E
S

S
/
τ i

n
t
(Q

2
)

Total number of measurements

Metropolis

MetaD

MetaD mod.

PT-MetaD

PT-MetaD mod.

Ŵŵ/ŵź



Parallel Tempered Metadynamics (PT-MetaD)

Address oversampling of configurations between sectors
• Two streams (inspired by [ŴźųŹ.ųŷŷŷŶ]):

— Stream Ŵ with bias potential⇒ tunneling
— Stream ŵ without bias potential⇒measurements (no

reweighting)

• Propose swaps like in standard parallel tempering
• Swaps only depend on bias potential!

∆SMt =
[
SMt (U1) + S(U2)

]
−
[
SMt (U2) + S(U1)

]
= Vt(Qmeta,1)− Vt(Qmeta,2)

⇒ Fermions pose no additional difficulty
• Monitor τint of observables defined on product space

with
bias potential

without
bias potential

Qmeta Qmeta

update

update

update

accepted
swap

accepted
swap

Q = 5
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Q = 0
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... ...ŴŶ/ŵź
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Scaling of PT-MetaD in ŵD U(Ŵ)
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Putting everything together
• Further improvement compared to
standard MetaD

• Best results when combined with
modification of bias potential

⇒ Almost Ÿ orders of magnitude
improvement for finest lattice spacing
compared to conventional algorithm

• Scaling of all (PT-)MetaD variations
much milder compared to
conventional algorithms
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Scaling of PT-MetaD in ŵD U(Ŵ)
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• Topological sampling as good as MetaD
• Non-topological sampling improved
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PT-MetaD - ŷD SU(Ŷ)
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PT-MetaD - ŷD SU(Ŷ)
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Extension to QCD

• No conceptual difficulties
• In some ways better suited to QCD simulations than pure gauge

— HMC already required
— (Stout) smearing often used for fermions
⇒ Potentially no overhead from (stout) force recursion

• Buildup of potential may take too long (timescales ofO(104) unfeasible)
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Accelerating the bias potential thermalization

Ŵ. Use prior knowledge/symmetries
• Charge conjugation symmetry of action (Q ↔ −Q)
In practice: Whenever we update the bias potential at some Qmeta we also update it
at−Qmeta
⇒ Approximately 2× speed-up

• Expect a (near) Gaussian distribution of Q with variance ⟨Q2⟩ ∼ V
⇒ Extrapolate from smaller volumes?

• Barrier shapes seem to be periodic
⇒ Extrapolate from inner sectors?

Ŵż/ŵź



Accelerating the bias potential thermalization

ŵ. Well-tempered Metadynamics [Barducci’ ųŻ]
• Standard Metadynamics

Vt+1(Q) = Vt(Q) + w exp
(
−(Qt − Q)2

2σ2

)
• Well-tempered Metadynamics

Vt+1(Q) = Vt(Q) + exp
(
−Vt(Q)

∆T

)
w exp

(
−(Qt − Q)2

2σ2

)
Tunable parameter∆T:
— ∆T → 0: No Metadynamics
— ∆T → ∞: Standard Metadynamics
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Accelerating the bias potential thermalization

ŵ. Well-tempered Metadynamics [Barducci’ ųŻ]
• Able to choose larger w while maintaining
smoothness in the end

• Quirk: Bias does not converge to−S(Q) but
− ∆T

1+∆TS(Q)
⇒ Small∆Tmay reintroduce ergodicity
problems, as the barriers are not entirely
canceled out
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Accelerating the bias potential thermalization

Ŷ. Multiple walkers [Raiteri’ ųŹ]
• Run Nwalkers simulation streams in
parallel, all working on the same
potential

• Minimal communication between
processes required (e.g., a single
MPI.Allgather call per iteration)
⇒ speed-up of factor∼ Nwalkers

• Possible variation: Start each
walker in a different topological
sector to eliminate time before
falling into unexplored sector

-7 0 7
Qmeta

Serial buildup
1 stream

-7 0 7
Qmeta

Parallel buildup
15 streams

1950k
1650k
1350k
1050k
750k
450k
150k

Total updates
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QCD results

• Simulated action
— Fermion Action:

Nf = 2, am = 0.02
4× 0.125 Stout-smeared Staggered

— Gauge Action:
DBWŵ β = 1.05
⇒ a−1 ≈ 0.05 fm

— Bias potential:
Clover charge with 6× 0.12 stout smearing

• Lattice Volume: (16a)4 ≈ (0.8 fm)4

• Bias parameters: δQ = w = 0.02, γ = ∞, [Qmin,Qmax] = [−3, 3] and Ź walkers
• Relative overhead of only∼ 20% compared to conventional RHMC
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QCD results - MetaD timeseries (potential buildup)

Parallel buildup with Ź streams/walkers
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QCD results - PT-MetaD timeseries (static potential)

Better tunneling than conventional RHMC, but suboptimal potential?

HMC Trajectories
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QCD results - PT-MetaD timeseries (static potential)

Better tunneling than conventional RHMC, but suboptimal potential?
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Summary

• PT-MetaD + modified bias potential
— At least as efficient in reducing autocorrelation times as standard MetaD
— No reweighting required⇒ No reduction of effective sample size
— Improved scaling

◦ With lattice spacing
◦ With volume (compared to standard parallel tempering in β)

• Open questions:
— Scaling behavior in dynamical simulations
— Can the buildup of the potential be accelerated or entirely avoided?
— Synergy with other approaches (only targets topological freezing, not critical slowing

down in general)

• Pure gauge code: [Lettuce] (currently undergoing rewrite)
• Dynamical code: [MetaQCD.jl]

ŵź/ŵź
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Scale setting

Gradient flow and clover-based energy density (with rational fits)
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Scale setting - Fit parameters

• Rational fit ansatz with Ŷ and four parameters

ln
(
∗/a2

)
=

8π2

33
β
1 + d1/β + d2/β2

1 + d3/β

ln
(
∗/a2

)
=

8π2

33
β
1 + d1/β + d2/β2

1 + d3/β + d4/β2

where ∗ is either t0 or w2
0

• Setup same as in [ŵŶųź.ųŷźŷŵ], only difference between runs:
— DBWŵ action: Use RKŶ integrator (from [ŴųųŹ.ŷŸŴŻ])
— Other actions: Use RKŶWź integrator (from [ŵŴųŴ.ųŸŶŵų])

• Results should not be interpreted as an attempt at precise scale setting due to
— Relatively small volumes (48× 323)
— Large autocorrelations for Iwasaki and DBWŵ actions (only few tunneling events for

finest lattice)
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Wilson

t0,plaq
ų.ŷųŷų -ż.ŴżŶŷ -ź.ŷżŻŸ -Ŵų.ŹżŷŶ ŵŻ.ŷŴźż -Ÿ.ŷŷźŵ -
ų.ŶżŶŷ -Ż.żųżŴ -Ź.ŹŷżŶ -Ŵų.źźżż ŵŻ.żųżŸ -Ÿ.ŹŷźŸ ų.żŴŸŷ

t0,clov
ų.ŶźųŴ -Ŵų.ŶŶŶż -Ż.ŹŶżų -Ŵų.ŸżŻŶ ŵź.żųŷŷ -Ÿ.ŶŸŶŵ -
ų.ŷųŶŶ -Ż.ŸŻŸŴ -Ź.ŶŵŸŶ -Ŵų.ŹŸųŷ ŵŻ.ŵųŴŷ -Ÿ.ŷŹųź ų.ŷŸųż

w0,plaq
ų.ŸŸŵŷ -Ÿ.ŴŵŸŸ -Ŷ.ŷŶųź -Ŵų.ŸŷźŴ ŵź.ŹųŹų -Ÿ.ŶŶŹź -
ų.ŸŻŸź -Ŷ.źŶŸŸ -Ŵ.ŷźŸź -Ŵų.ŹŻŴų ŵŻ.ŶźųŸ -Ÿ.ŹŴŷų Ŵ.ŴŻųų

w0,clov
ų.ŸŷŴź -Ÿ.ŶźżŹ -Ŷ.ŹŻŷŻ -Ŵų.ŸŷŻŶ ŵź.ŹŴŻŵ -Ÿ.ŶŶŷŴ -
ų.ŸŹŶŶ -ŷ.ŵŷŴź -Ŵ.żŻŴż -Ŵų.źųŵŶ ŵŻ.ŷżŸŻ -Ÿ.ŹŸųŸ Ŵ.ŶŶŹŶ
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Lüscher-Weisz

t0,plaq
Ŵ.ųŶŷŷ Ŷ.ŴŹųŴ Ÿ.ŵŻŷŵ -ź.ŹŷżŸ Ŵŷ.ŸŶŴŹ -Ŷ.Żŷŷż -
ų.żźŻż Ŷ.ųŵŻŵ Ÿ.ŻŹųŷ -ź.ŷŻųź ŴŶ.ŻŶźŷ -Ŷ.ŸŸŸŸ -ų.źŹŹŹ

t0,clov
ų.żŻŴŸ ŵ.ŶźŵŶ ŷ.ŷżŹŸ -ź.ŸźŴų Ŵŷ.ŵŷŶŻ -Ŷ.źŸźŴ -
ų.żŷŴŻ ŵ.ŷŷźŹ Ÿ.ŵźżŻ -ź.ŵŹųŴ Ŵŵ.żŻŶŻ -Ŷ.ŵżŷų -ų.żżŵų

w0,plaq
Ŵ.ŴźŻŹ Ÿ.ŴŴŻŴ ź.ŵŷŵŶ -ź.ŸŶŴŶ Ŵŷ.ųźŵŶ -Ŷ.źŷŻŴ -
Ŵ.ŵŴųŶ Ź.ŵŴųŸ ż.ųŷŵź -ź.ŵŵżŸ Ŵŵ.ŻŷŶŻ -Ŷ.ŵŻŶŹ -Ŵ.ųźŸų

w0,clov
Ŵ.ŴŷŻŸ ŷ.źŵżŹ Ź.ŻŸŶź -ź.ŸŶŷź Ŵŷ.ųżŴŴ -Ŷ.źŷźŸ -
Ŵ.ŴżŴŴ Ÿ.żźŴŷ Ż.ŻųŶŹ -ź.ŵŹŶŵ Ŵŵ.żŻŻŸ -Ŷ.ŶŶŷŹ -ų.żŶŶŸ
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

Iwasaki

t0,plaq
ŵ.ŸŻŷż ŴŸ.żŴżŴ Ŵź.ŻŶŹŶ -Ŷ.źżżų Ŷ.ŷŷŸż -Ŵ.ŻŸŴŵ -
ŵ.Ŷźŷŵ ŴŸ.ŶżŷŹ Ŵź.żŸųż -ŷ.ŵźŴŴ ŷ.ŸŵźŴ -ŵ.ŷŶŹŵ ų.ŹŸŶŸ

t0,clov
ŵ.ŹŸŵź ŴŹ.ŵŻŴŹ ŴŻ.ŴżŻŻ -Ŷ.ŸżŴŵ Ŷ.ųŵŸŴ -Ŵ.ŹŷŶŸ -
ŵ.ŷŻŶŶ ŴŹ.ųŵŶŹ ŴŻ.ŸźżŻ -ŷ.ŶŸŷŻ ŷ.źŶųų -ŵ.ŸŴŶŹ ų.źųŸŴ

w0,plaq
ŵ.ŶźŴŵ Ŵŷ.źŴŴŴ ŴŹ.ŹŵŻŶ -Ŷ.ŹŻųź Ŷ.ŵųŵų -Ŵ.źŸŸŶ -
ŵ.ŶżŷŸ ŴŸ.ŸŴŶź ŴŻ.ųŹżż -ŷ.ŵŹŴŹ ŷ.ŸŴŷŷ -ŵ.ŷŷŹŶ ų.ŹŻŹż

w0,clov
ŵ.ŷųŶŻ Ŵŷ.żųŵź ŴŹ.ŻŴżż -Ŷ.Źźŵż Ŷ.ŴżŴż -Ŵ.źŷŶŷ -
ŵ.ŶŶŵŶ ŴŸ.ŴŷŸŴ Ŵź.źųŴŶ -ŷ.ŶŶŵŸ ŷ.ŹźŹų -ŵ.ŸŵŵŸ ų.źŷźŹ
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Scale setting - Fit parameters

Action Definition χ2/d.o.f. AIC BIC d1 d2 d3 d4

DBWŵ

t0,plaq
Ŵ.ŵŷżŴ Ÿ.ŷŻųż ź.ŴźŸź ų.ŸżŸŶ -Ŵ.ŴųŻŶ ų.ŴųŸż -
Ŵ.ŶŻŷŴ ź.ŷŷŸų ż.źųŷŻ -ų.ŶŹųŹ -ų.ŶŶŸŵ -ų.ŹŴŹź ų.ŶųŹź

t0,clov
Ŵ.ŶųŸŻ Ź.ųŸŻŴ ź.źŸŶų Ŵ.ųŶŸŴ -Ŵ.ŶźŹŶ ų.ŷųŸŻ -
Ŵ.ŷŷŶų ź.żŻŹź Ŵų.ŵŷŹŸ -ų.ŸųŻų -ų.ŴźŸų -ų.źŷŵŹ ų.ŷŴŻŵ

w0,plaq
Ŵ.ŶŸŹż Ź.ŸŸŹŻ Ż.ŵŸŴŹ ų.ŻŸŹŹ -Ŵ.ŵŻŵŸ ų.ŵŷŻŻ -
Ŵ.ŸųźŹ Ż.ŸŸŹŸ Ŵų.ŻŴŹŶ ų.ŹŶżź -Ŵ.ŴųżŻ ų.ųŻŻŵ ų.ųŹŷŴ

w0,clov
Ŵ.ŶŹŴŸ Ź.ŹųųŹ Ż.ŵżŸŷ ų.żŵŵŶ -Ŵ.ŶŴżŻ ų.ŵżŸŴ -
Ŵ.ŸŴŵź Ż.Źųųų Ŵų.ŻŸżŻ Ŵ.ŶŴŹų -Ŵ.ŹŶŴų ų.ŸŻŹŵ -ų.ŴŴŶŸ
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Scale setting - Integrator accuracy and scaling
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Wilson β = 6.5
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Metadynamics: ŷD SU(Ŷ) with DBWŵ action
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Detailed timeseries of PT-MetaD in ŷD SU(Ŷ)
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QCD bias potential
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