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Motivations

• Heavy-flavored productions are recognized as excellent probe channels
of Quantum Chromodynamics

• This resulted in remarkable interest over the last decades on both
their formal and phenomenological aspects

• At modern colliders heavy-flavor production enters the two-scale
regime: S ≫M2 ≫ Λ2

QCD → large ln(S/M2)

↓
BFKL/saturation domain

• Quarkonium and small-x have an intriguing overlap
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High-energy inclusive reactions

• Proton-proton collision

H Xŝ
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• High-energy logaritms
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• ln (1/xi) → small-x evolution of the parton distribution fi(xi)

• ln
(
ŝ
Q2

)
→ logarithmically enanched contributions in coefficients functions
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The Reggeized gluon

Scattering process A+B −→ A′ +B′

• Gluon quantum numbers in the t-channel

• Regge limit: s ≃ −u→ ∞, t fixed (i.e not growing with s)

• All-order resummation:
leading logarithmic approximation (LLA): (αs ln s)n

next-to-leading logarithmic approximation (NLA): αs(αs ln s)n

(A)A
′B′

AB = ΓcA′A

[(
−s
−t

)j(t)
−
(
s

−t

)j(t)]
ΓcB′B

j(t) = 1 + ω(t), j(0) = 1

j(t)-Reggeized gluon trajectory

Γc
A′A = g ⟨A′|T c|A⟩ΓA′A

T c- fundamental(quarks) or adjoint(gluons)

• LLA [Balitsky, Fadin, Kuraev, Lipatov (1979)]

Γ
(0)
A′A = δλA′λA

, ω(1)(t) =
g2t
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2

∫
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BFKL in LLA

• Inelastic scattering process A+B −→ Ã+ B̃ + n in the LLA

g1

gi

gn
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qi+1
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γPicici+1(qi, qi+1)

A Ã

B B̃

i. Leading-logarithm resummation

↓
Multi-Regge kinematics (MRK)

ii. Exchange of fermions suppressed in LLA

iii. Vertical gluons become Reggeized due to
loop radiative corrections

iv. γ
Pi
cici+1

(qi, qi+1) → Lipatov vertex

• Multi-Regge form of inelastic amplitudes

ℜAÃB̃+n
AB = 2sΓc1

ÃA

(
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γPi
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Multi-Regge kinematics

• Sudakov decomposition

ki = zipA+λipB+ki⊥ p2A = p2B = 0

• Multi-Regge kinematics (MRK)

z0 ≫ z1 ≫ ...≫ zn ≫ zn+1

λn+1 ≫ λn ≫ ...≫ λ1 ≫ λ0

k0⊥ ∼ k1⊥ ∼ ... ∼ kn⊥ ∼ kn+1⊥

• Cutkosky rules

ℑAA
′B′

AB =
1

2

∑∫
n

dΦÃB̃+nA
ÃB̃+n
AB

(
AÃB̃+n
A′B′

)∗
• Integration over phase space

Each integration over si (or zi)

↓
One energy logarithm

k0
k1

ki−1

ki

kn
kn+1

pB

pA

si

pA

pB pB′

pA′

q′1q1

qi

qi+1 q′i+1

q′i

q′i+1qn+1

6/24



BFKL resummation

• Diffusion A+B −→ A′ +B′ in the Regge kinematical region

• BFKL factorization for ℑAA′B′
AB → convolution of a Green function

(process independent) with the Impact factors of the colliding particles
(process dependent)

Impact Factor

Impact Factor

Green FunctionG(R)(~q1, ~q2, ~q)

Φ
(R,ν)
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Φ
(R,ν)
B′B (−~q2, ~q)
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q2 q2 − q

q1 − q

ℑAA
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AB =
s

(2π)D−2

∫
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q⃗ 2
1 (q⃗1 − q⃗ ) 2

dD−2q2

q⃗ 2
2 (q⃗2 − q⃗ ) 2

×
∑
ν

Φ
(R,ν)
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∫
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[(
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]
Φ

(R,ν)
B′B (−q⃗2, q⃗, s0)

• R = 1+(singlet), 8−(octect), ...

7/24



BFKL resummation

• G
(R)
ω (q⃗1, q⃗2; q⃗ )-Mellin transform of the Green function for the

Reggeon-Reggeon scattering

ωG
(R)
ω (q⃗1, q⃗2; q⃗ ) = q⃗ 2

1 (q⃗1 − q⃗ )2δ(D−2)(q⃗1 − q⃗2)

+

∫
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′
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• Φ
(R,ν)
P ′P - LO impact factor in the t-channel color state (R, ν)

Φ
(R,ν)
PP ′ = ⟨cc′|P̂|ν⟩
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Rise in s and DIS

• BFKL equation: q⃗ 2 = 0 and singlet color state representation
[Balitsky, Fadin, Kuraev, Lipatov (1976-1978)]

ℑAAB(0)
AB ∼ s

∫
dω

2πi

[(
s

s0

)ω
G

(0)
ω (q⃗1, q⃗2; 0⃗ )

]
∼ s1+ω0

• ω0 =
g2Nc ln 2

π2
≃ 0.4 (for αs = 0.15) is the rightmost singularity of Gω

• Optical theorem

σAB→X =
ℑAAB(0)

AB

s
= sω0

• DIS cross-section

σγ∗P (x) = Φγ∗γ∗ (k⃗ ) ⊗
k⃗

F(x, k⃗)

↓

σγ∗P (x) ∼
(
s

Q2

)ω0

=

(
1

x

)ω0

xn

xn

xn−1

x2
x1

1 ≫ x1 ≫ x2 ≫ ...≫ xn−1 ≫ xn ≡ xBj = Q2/s
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Forward/backward: Mueller-Navelet jets

• Inclusive production of rapidity-separated jets in proton-proton collision

• Large energy logarithms → BFKL resummed partonic cross section

• Moderate values of parton x → collinear PDFs

[Mueller, Navelet (1987)]

• Full next-to-leading analysis

[Ducloué, Szymanowski, Wallon (2013,2014)]

[Caporale, Ivanov, Murdaca, Papa (2014,2015)]

P1

x1

jet

P2

x2

(p2, y2)

jet

(p1, y1) Collinear PDF

Collinear PDF

BFKL Green′s function
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Muller-Navelet: Theory vs Experiment

• Relative angle in the azimuthal plane φ = ϕJ1 − ϕJ2 − π
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In this slide: [Ducloué, Szymanowski, Wallon (2013)]
[Caporale, Ivanov, Murdaca, Papa (2014)]
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J/ψ plus jet production

• Process: proton(p1) + proton(p2) → J/ψ +X + jet

• Hybrid collinear/BFKL approach

• High-energy hadroproduction of a J/Ψ
meson and a jet, with a remnant X

• Both the J/Ψ and the jet emitted
with large transverse momenta and
well separated in rapidity

• NLA BFKL + NLO jet + LO J/Ψ

– LO J/Ψ IF calculated in
NRQCD (Color-singlet and
Color-octect)

– LO J/Ψ IF calculated in color

evaporation model (CEM)

• Realistic CMS and CASTOR rapidity
ranges, fixed pT final states

[Boussarie, Ducloué, Szymanowski, Wallon (2018)]

12/24



Impact factors in NRQCD

• Impact factor in Color Evaporation Model

VJ/ψ = FJ/ψ

∫ 4m2
D

4m2
c

dM2 dVcc̄
dM2

• NRQCD expansion

|J/ψ⟩ = O(1)
∣∣∣QQ̄ [3S(1)

1

]〉
+O(v)

∣∣∣QQ̄ [3P (8)
1

]
g
〉
+O

(
v2
)

• Impact factor in the Color Octect case

[v (q) ū (q)]ji→a
αβ → tajid8

(
⟨O8⟩J/ψ

m

) 1
2 [
ε̂∗J/ψ (2q̂ + 2m)

]
αβ
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Impact factors in NRQCD

• Impact factor in the Color Singlet case

[v (q) ū (q)]ijαβ →
δij

4Nc

(
⟨O1⟩J/ψ

m

) 1
2 [
ε̂∗J/ψ (2q̂ + 2m)

]
αβ
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J/ψ plus jet production

• Realistic CMS and CASTOR rapidity ranges, fixed pT final states
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[Boussarie, Ducloué, Szymanowski, Wallon (2018)]
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J/ψ production from single parton fragmentation

• J/Ψ production from single parton fragmentation
[Celiberto, M.F. (2022)] [Celiberto (2023)]

p(Pa) + p(Pb) → Q(pQ, yQ) +X + jet(pJ , yJ )

• Hybrid cross section

dσ

dyQdyJd2p⃗Qd2p⃗J
=

1

(2π)2

×
∫
d2q⃗1

q⃗ 2
1

VQ(q⃗1, xg, p⃗Q)

∫
d2q⃗2

q⃗ 2
2

VJ (q⃗2, xJ , p⃗J )

×
∫ δ+i∞

δ−i∞

dω

2πi

(
xQxJs

s0

)ω
Gω(q⃗1, q⃗2)

Pb

q/g(xbPb)

Pa

q/g(xaPa)

• Impact factors [Ivanov, Papa (2012)]

VQ(q⃗1, xQ, p⃗Q) = fq/g ⊗H ⊗DQ
q/g

VJ (q⃗2, xJ , p⃗J ) = fq/g ⊗H · J
Q

}X J
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LO Impact factors

• Parton-Parton-Reggeon (PPR) vertices

• LO jet impact factor

cJ (n, ν, |p⃗ |, x) = 2

√
CF

CA
(|p⃗ |2)iν−1/2

CA

CF
fg(x) +

∑
β=q,q̄

fβ(x)

 ,

• LO light hadron impact factor

cQ(n, ν, |p⃗ |, x) = 2

√
CF

CA
(|p⃗ |2)iν−1/2

∫ 1

x

dζ

ζ

(
ζ

x

)2iν−1

×

CA
CF

fg(ζ)D
Q
g

(
x

ζ

)
+
∑
α=q,q̄

fα(ζ)D
Q
α

(
x

ζ

)
• Both known at NLO

[Bartels, Colferai, Vacca (2003)]

[Caporale, Ivanov, Murdaca, Papa (2014)]

[Ivanov, Papa (2012)]
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J/Ψ fragmentation: heavy-quark channel

• NRQCD FFs

[talk by Kate Lynch on Wednesday]

DQ
i (z, µF ) =

∑
[n]

DQQ̄i (z, µF , [n])⟨OQ([n])⟩

• Spin-triplet (vector) and color-singlet quarkonium state, 3S
(1)
1

• Heavy-quark fragmentation function computed at µ0 = 3mQ in NRQCD

DQ
Q(z, µF ≡ µ0) = DQ,LO

Q (z)

+
α3
s(µR)

m3
Q

|RQ(0)|2 ΓQ,NLO(z)
c/b c̄/b̄

Q

• LO fragmentation function

[Braaten, Cheung, Yuan (1993)]

DQ,LO
Q (z) =

α2
s(µR)

m3
Q

8z(1− z)2

27π(2− z)6
|RQ(0)|2 (5z4 − 32z3 + 72z2 − 32z + 16)

• The NLO correction is given by a polynomial function

[X.C. Zheng, C.H. Chang, and X.G. Wu (2019)]
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J/Ψ fragmentation: gluon and light-quark channels

• Gluon fragmentation function computed at µ0 = 2mQ in NRQCD

[Braaten, Yuan (1993)]

D
Q
g (z, 2mQ) =

5

36(2π)2
α
3
s(2mQ)

|RQ(0)|2

m3
Q

∫ z

0
dξ

∫ (1+ξ)/2

(ξ+z2)/2z
dτ

1

(1 − τ)2(τ − ξ)2(τ2 − ξ)2

2∑
i=1

z
i

[
f
(g)
i (ξ, τ) + g

(g)
i (ξ, τ)

1 + ξ − 2τ

2(τ − ξ)
√
τ2 − ξ

ln

(
τ − ξ +

√
τ2 − ξ

τ − ξ −
√
τ2 − ξ

)]

g

c̄/b̄ Q

c/b

• FFs evolved from the initial scale through the DGLAP evolution equations

• Light-quarks FFs (LQFFs) are zero at the initial scale: DQ
q (z, 2mQ) = 0

• At higher scales LQFFs dynamically generated by evolution

D
Q
q (z, µ > 2mQ) = D

Q
q (z, 2mQ)︸ ︷︷ ︸

0

+
αs

2π
ln

(
µ2

(2mQ)2

)∫ 1

z

dx

x
Pqg(x)D

Q
g

(
z

x
, 2mQ

)
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J/ψ production from single parton fragmentation

• J/Ψ fragmentation functions in the NRQCD framework

DQ
i (z, µF ) =

∑
[n]

DQQ̄i (z, µF , [n])⟨OQ([n])⟩

• Spin-triplet (vector) and color-singlet quarkonium state, 3S
(1)
1

• Initial inputs for the DGLAP evolution

c/b c̄/b̄

Q

g

c̄/b̄ Q

c/b

[Braaten, Cheung, Yuan (1993)] [Zheng, Chang, Wu (2019)]

[Braaten, Yuan (1993)]

• Evolution performed by APFEL++ [Bertone (2017)]{
DQ
Q(z, 3mQ), D

Q
g (z, 2mQ)

}
NRQCD

APFEL++−−−−−−−−→ ZCW19+ Onium FFs
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J/ψ production from single parton fragmentation

• Azimuthal distribution

1

σ

dσ

dφ
=

1

2π

{
1 + 2

∞∑
n=1

cos(nφ)⟨cos(nφ)⟩
}

=
1

2π

{
1 + 2

∞∑
n=1

cos(nφ)Rn0

}
.

−π −π
2
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π

ϕ = φQ − φJ − π

0
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4

1 σ

d
σ

d
ϕ

20 < pQ/GeV < 60; 35 < pJ/GeV < 60

|yQ| < 2.4 ; |yJ | < 4.7
√
s = 13 TeV

MMHT14 + ZCW19+

1/2 < Cµ < 2

JETHAD v0.4.7

p(Pa) + p(Pb)→ J/Ψ(pQ, yQ) + X + jet(pJ , yJ)

NLA BFKL

∆Y = 1

∆Y = 3

∆Y = 5

[Celiberto, M.F. (2022)]

• NLO analysis but only in the fragmentation region (high-p2Q region)

• Higher sensitivity to high-energy effects at lower hard scales

αs(Q
2) ln

(
ŝ

Q2

)
∼ 1
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J/Ψ-plus-jet and ηc-plus-jet at full NLL

• NLO impact factor for S-wave Quarkonium hadroproduction

[Nefedov (2023)]

gR→ QQ̄
[
1S

[1]
0

]
, gR→ QQ̄

[
1S

[8]
0

]
, gR→ QQ̄

[
3S

[8]
1

]
• Some diagrams of the off-shell coefficient functions
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g
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c
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g
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g
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c
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g
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• Gauge invariant Lipatov effective action → eikonal approximation
and factorization in rapidity space

• Regularization of rapidity divergences through tilted Wilson lines
allows automation of computational steps (IBP reductions, ecc...)

• We are currently using these results for a full NLL description of
J/Ψ-plus-jet and ηc-plus-jet

[M.F., Lansberg, Nefedov, Szymanowski, Wallon (ongoing)]
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Summary and conclusions

• J/Ψ-plus-jet is a good channel to test different Quarkonium
production mechanisms and to probe the BFKL dynamics.

• The LLA description of the J/Ψ-plus-jet is established but can
provide qualitative predictions only

• A full NLLA treatment can be established easily only in the limit
where the fragmentation mechanism dominates

• Full-NLA predictions require the inclusion of subleading corrections
from the heavy-quark pair impact factors

[Nefedov (2023, ongoing)]

• The implementation of these results will provide the first full NLL
description of J/Ψ-plus-jet and ηc-plus-jet hadroproduction
channels

[M.F., Lansberg, Nefedov, Szymanowski, Wallon (ongoing)]

Thank you for the attention!
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