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Einstein field equations
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Minkowski spacetime
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Schwarzschild solution
Minkowski spacetime
ds? = —dt? + dx* + dy? + dz?
—dt? + dr* + r* (d¥? + sin® ¥dy?)

2
cIQ(z)

Schwarzschild spacetime

ds? = — (14 %) de* + oy Pd0%,

r 1 +

p
a=-2kM

K. Schwarzschild: On the gravitational field of a mass point according to
Einstein's theory, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.) 1916,
189-196 (1916).
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Schwarzschild solution
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Black holes
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Extra dimensions
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It is shown that low-energy string theory admits a variety of solutions with the structure of
an extended object surrounded by an event horizon. In particular there is a family of black string
solutions, labelled by the mass and axion charge per unit length, corresponding to a string in ten
dimensions surrounded by an event horizon. The extremal member of this family is the known
supersymmetric singular solution corresponding to a macroscopic fundamental string. A similar
family of solutions is found describing a fivebrane surrounded by an event horizon, whose
extremal member is a previously di ed non-singular super: ic fivebrane. Additional
charged, extended black hole solutions are presented for each of the antisymmetric tensors that
arise in heterotic and type II string theories.




In this section we find extrema of the action
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where F is a (D — 2)-form satisfying dF = 0. We will assume D >4. For certain
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Vacuum solution
ansatz with n extra dimensions ¢A = ¢!, ..¢":

ds® = —f(r)*dt® + £(r)°dr® + r*dQy + f(r)6as d¢d(®
——

extra
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Vacuum solution
ansatz with n extra dimensions ¢A = ¢!, ..¢":

ds? = —f(r)?dt* + f(r)7dr + r*dQp, + f(r) a5 d¢"dC
extra
Ricci tensor R,

Ro =af* PR R, =F Ryy=F
R<P<P =F sin® ¥ Rag = —’77[7_’8/:15,43

1 1 N2 1f”
F177?+Z(a—ﬁ+n7—2)<?) +§7

1 1 \? 1 £

et glatatprtm@-y+al(F) - jarm

Fs=1—-f" 1+§(o¢—6+n'y)rf?}

Peter Mészaros 7/27



Vacuum solution

Fs=1—f" 1+%(a—6—|—n'y)r? =0
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Vacuum solution
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Vacuum solution

5:1—Fﬁ1+%M—B+m)

I
=(1+ar?) "

q=

!

r? =0

2B

a— B+ ny

exception: & —  + ny =0 = f = 1 = Minkowski spacetime
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Vacuum solution

!

Fs=1—f" 1+%(a—6+nv)r? =0
U
- 28
f=(1 q\—1/8 _
(L +arf) 9= i m

exception: & —  + ny =0 = f = 1 = Minkowski spacetime

the rest is then

Fi=G®% F=(G+ Gar?)® where:
1 ari?
(= B+ ny)? (1 + ar9)?
G=—-a—-F—-ny
G =28+ B(a+n) — (a+nm)?
G =26 —a® — i — (a+ m)?
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Vacuum solution(s)
algebraic equations

G=—a—0F—ny
C2:2ﬁ2+ﬂ(a+n’y)—(a+n7)2
C=26% —a® — m? — (o + m)?
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Vacuum solution(s)
algebraic equations
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canbesolvedbya=—-03—ny= G =0,G=0=

G =—m 28+ (n+1)9]

possible solutions are:

evy=0—>a=-0:

fr=14+2 F=(1+2)" =1

trivial extension of the Schwarzschild spacetime

Peter Mészaros 9/27



Vacuum solution(s)
algebraic equations

G=—a—0F—ny
C2:2ﬁ2+ﬂ(a+n’y)—(a+n7)2
C=26% —a® — m? — (o + m)?

canbesolvedbya=—-03—ny= G =0,G=0=
G =—ny[26+ (n+1)7]

possible solutions are:

evy=0—>a=-0:

fr=1+2 fA=(14+2)" =1

trivial extension of the Schwarzschild spacetime

o2+ (n+1)y = 0—a/f=(n-1)/(n+1),~v/8 = —2/(n+1):
R A e A R L

nontrivial extension
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Vacuum solutions

trivial extension

2 a 2 a -1 2 102
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+ 5ABdCAdCB

nontrivial extension
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Vacuum solutions

trivial extension

2 a 2 a -1 2 102
ds?= — (1+2)de2+ (1+2) o + a0 +
+ 5ABdCAdCB

nontrivial extension
- —1
a?= - (1+2) g +(142) a4 r2dah, +
r r
2
+ (1+2)7 dapdchac®

existence of horizon for a < 0 at r = |a| !!!
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Size of extra dimensions

trivial extension

nontrivial extension

8AB = 0AB
R
8AB = (1 + ;) " 5B
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Size of extra dimensions

Size of extra dims. [meters]

Size of extra dims.
1074 T planck lenoht

one Sun mass, n = 1 Planck lenght
5

0 —— 109 Sun masses, n = 1
107
10 Sun masses, n = 2 4

10-14 9 Sun masses, n = 5

3
10719

2
10-24

r [meters]
103510730 10725 10720 1015 10710
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

kM

goo~ —(1+20) |¢= p
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

goo ~ —(1 +29)

¢

kM

trivial extension

a

g00:_<1+,>:>¢:,,:>
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Newtonian limit

ds® ~ —(1 +2¢)dt? + (1 — 21b)d;dx’ dx/

M
goo~ —(1+2¢) |¢= e
trivial extension
a 1la a
g00:—<1+*>=>¢:** M=—-—
r 2r 2K
nontrivial extension
n—1
a\ — i n—1al n—1 a
=—11 *) = = — —— =M= N
£00 ( +r ¢ n+12r n+12k
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Motion of a test particle

geodesic equation: %r'z + Verr(r) = Eenr

1a i auj a\ ma
Veﬁ'(r)_Q{r+rf+r3¢+U(2)|:1(1+r)+1:|

Vegp(®), a==1, uy= 6, ug=1/10
0.15

~— extra dimensions with n - co
0.10 - = extra dimensions with n = 2

= Schwarzschild spacetime

0.05
/\ = Newtonian mechanics
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Horizon
Schwarzschild spacetime

2
dsQ:—(1+§) dt2+dé+r2d§222
r 142 @

p

a=-2kM

has only the central singularity
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Horizon
Schwarzschild spacetime

142
p
= —2xkM
has only the central singularity
Kretschmann scalar proves it
1222
K = R Riuype = r6

1 o
Ru,l/po = 5 (g,ua',up + gl/p,,u,o' - gup,uo' - guo',up) + gaﬁ (r/Ln‘ rl/

1 oo
rfu/ = Egp (gou,u + g(n/,,u, - gy,u,o')

Peter Mészaros

wp

—re,r? )

15/27



Kretschmann scalar

trivial extension

-1
o5 = — (1+2)de* + (14 2) " dr* + PdQY + dasd(hdC®

nontrivial extension

ds =~ (1+ é)_; de*+(1+ f)_l A+ d + (1 + f)i Sapd¢’dc®
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Kretschmann scalar

trivial extension

-1
o5 = — (1+2)de* + (14 2) " dr* + PdQY + dasd(hdC®

1242
K =
r6

the same as original Schwarzschild

nontrivial extension

ds =~ (1+ é)_; de*+(1+ f)_l A+ d + (1 + f)i Sapd¢’dc®

K = 13:2 [1_1"(”_1) <1+£)—2 <3n+1+(n+1);>}

3(n+1)3 a 4
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Kretschmann scalar

: : : : r
dimensionless radial coordinate 0 = — for both a > 0 and a < 0
a

1, 1 1n(n—1) 1 3
K== 1-2 “h+l 1
Y 2 3(nt 1 (11 0) <4n+ +(n+ )aﬂ

1000
100-
10k

'

01"
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Kretschmann scalar

: : : : r
dimensionless radial coordinate 0 = — for both a > 0 and a < 0
a

1, 1 1n(n—1) 1 3
K== |1-2 Zh+1 1
Y 2 3(nt 1 (11 0) (4n+ +(n+ )aﬂ

1000
100-
10k

'

01"

for a < 0 there is horizon singularity at r = |a| !!!
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Conserved energy

Landau-Lifshitz stress-energy pseudotensor

conserved D-momentum in D — 1 dimensional space region Q

P = f{ h dy,
o0

1
where A = Torr [(—g) (g™ —g"*e"")] ,
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Conserved energy

Landau-Lifshitz stress-energy pseudotensor

conserved D-momentum in D — 1 dimensional space region Q

P = f{ h dy,
o0

! [(—g) (g"g*” —g"g™?)]

here hA =
where 167k 7

choice of 0 such that dX; = dS; and dX 4 =0

€= ]4 %' dS;

o2

only P% = &£ is nonzero
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Isotropic coordinates

2
new radial coordinate p: r = p <1 — :) , p € [1/4,00)
0
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Isotropic coordinates

2
new radial coordinate p: r = p <1 - 43) , p € [1/4,00)
0

trivial extension

2
ds? = — <X+> dt? + (x_)* 6dx dx + Sapd¢Ad(B

where y1 =1+ i
4p
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Isotropic coordinates

2
new radial coordinate p: r = p <1 - 43) , p € [1/4,00)
0

trivial extension

2
ds? = — <X+> dt? + (x_)* 6dx dx + Sapd¢Ad(B

nontrivial extension

n—1

72n 1 : : "271
ds? = — (?F) a2 + (x=)* dydx dxd + <§<<+> : dapdC?d¢P

where y1 =1+ i
4p
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Conserved energy

def.: E(p) = §,o H°%dS: K = 1

= Torr (78) (6767 —&%e™)]
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Conserved energy

def.: E(p) = §,o H°%dS: K = 1

= T6mm [(*g) (googia

trivial extension

2K

where x+ =1+ A4
4p
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Conserved energy

. 1
. _ 00/ : 00i __
def.: £(p) = o HO'dS, K = o

[(—8) (6%°&" — &%&*)] ,

trivial extension

2(n+1)s

where x+ =1+ 4i
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Conserved energy

partial energy in spherical volume with coordinate radius r:

€(p) &
3¢ . 30
.
<
2L Sl 2 2 Schw.itriv. a=1
________________ Schw.itriv. a=-1
! 1 L
- e p n=5, a=1
o - 0 . ) .
0 2720 25-730 5 10 15 20 n=5, a=-1
‘ \
- < _ n=10, a=1
I G I —
e n=10, a=-1
-2 f
-3t 5t

a > 0 - starting at center r =0

a < 0 - starting on horizon r = |a|
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Physical properties

horizons  singularities  Newt. lim. mass cons. energy
1. Mink. (a=0) none none M=0 E=0
2. trivial (a > 0) none r=0 M=32<0 E=M<O0
3. trivial (a < 0) r=—-a r=0 =32>0 E=M>0
4. nontriv. (a > 0) | none r=20 = ’;H 5o >0 &= ﬁ <0
5. nontriv. (a<0) | r=-a r={0,-a} =t <0 €= >0
2. 3. 4. 5.
A NG N I N
< ¢ > > e e > o <« < -
Y v N\ 7 A N A A A VY v N\
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Special case

nontrivial case with n =1

ds? = —dt? + (1+ ;)_1 dr? + r2dQ) + (1+2) d¢?

Peter Mészaros 23/27



Special case

nontrivial case with n =1
2 2 a\~!t » 2 102 a 2
ds? = —di*+ (1+2) " dr? + 20 + (14 2) dc

gives M=0 and g=-2
4K
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Special case

nontrivial case with n =1
2 2 a\~!t » 2 102 a 2
ds? = —di + (1+2) " dr? + 20 + (14 2) dc

gives M=0 and g=-2
4r

no gravitational force (in Newt. lim.)
but nonzero conserved energy £!
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Dark matter?

problem with clustering, rotation of galaxies, formation of
cosmological structures, etc.
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Dark matter?

effect on cosmic microwave background
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Instability
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Quantum foam?
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Summary

o Schwarzschild: ds? = — (1+ 2) de2 + (1 + 2) 7" dr? + r2dQ2,

e nontrivial vacuum solution with n extra dimensions:

ds? — _ (1 + é)f% dt? + (1 + ?)71 dr? + rde(zz) + (1 + ?) i 5ad¢Ad¢E

YooV Ve xta

<—-—>eoe+-<—<—®—>

R 7N 70N R

e peculiar properties

e dark matter? / dark energy?

Peter Mészaros 27/27



Summary
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e peculiar properties

e dark matter? / dark energy?

Thank You for listening!
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