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How to count stuff? gg%@g

=> Systematically
=> Objects: operators, physical parameters, tensors

Invariants/covariants
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How to count stuff? gg%@%

=> Systematically
=> Objects: operators, physical parameters, tensors
Invariants/covariants

=> Gradding: dimension, number of fields

HILBERT SERIES
and tools in INVARIANT THEORY
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1. Motivation: SMEFT and Accidental symmetries
2. Hilbert series

2.1. Invariants

2.2. Covariants
3. SMEFT with Hilbert Series

4. Accidental symmetries with Hilbert series
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SMEFT

0 I a 2 k
Lerr (9,0,) = ‘C](EP)‘T + KEELZT e £*(E1«ZT + - Ak 51(_%)1421“ + -
-> Field content <I>(x) S {H>Q7U d,L,e GZmWﬁmBuv}

7

1
Power counting IN

. H Lorentz invariance
=> Symmetries SU(3)e x SU2)w x U(1)y
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SMEFT

0 L .a 2 k
Lorr (8,0,) = L0+~ L0y + g L0 oo £y 4
Field content <I>(x) NS {H7Q7u d,L,e GZU7WSJ’U7BMU}

1
Power counting IN

. Lorentz invariance
Symmetries H

SU(S)C X SU(Q)W X U(l)y

S0 20 2

Redundancies
€ Equations of Motion (EOM)
€ Integration by parts
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SMEFT

2 k
Lerr (9,0,) = L P)‘T + AE( 1«ZT + e £*(E1«ZT + - Ak 51(_%)1421“ + -

Field content @ (x) NS {H>Q7U d,L,e GZngvauv}
1
Power counting IN

. Lorentz invariance
Symmetries H

SU(S)C X SU(Q)W X U(l)y

S0 20 2

Redundancies

€ Equations of Motion (EOM) o ,
Finding an Operator basis

€ Integration by parts can be tricky
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Motivation: Accidental symmetries

=> Global symmetries of the Lagrangian until a given order in the EFT expansion.

=> NOT imposed but arise from Lorentz + Gauge Sym. + Matter Content
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Motivation: Accidental symmetries

=> Global symmetries of the Lagrangian until a given order in the EFT expansion.

NOT imposed but arise from Lorentz + Gauge Sym. + Matter Content

\Z

= Ex;: Dim-4 SM
1

s 1 v a auv 1 v
Lsw =[DH*+ Y 4Dy - ZG;‘VGAH — Wi W — 2B, B
Y=q,u,d,l,e

2
1 _ _
)\ <]H]2 - 5112) - (qYuHu + qYyHd + Y, He + h.c. )

=> Respects Baryon number U(1);,, and Lepton number U(1) !
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Motivation: Accidental symmetries

=> Global symmetries of the Lagrangian until a given order in the EFT expansion.
=> NOT imposed but arise from Lorentz + Gauge Sym. + Matter Content

= Ex;: Dim-4 SM
1

s 1 v a auv 1 v
Lsw =[DH*+ Y 4Dy - ZG;‘VGAH — Wi W — 2B, B
Y=q,u,d,l,e

2
1 _ _
)\ <]H]2 - 5112) - (qYuHu + qYyHd + Y, He + h.c. )

- Respects Baryon number U(1),, and Lepton number U(1) ! Crandkomei ot ol 10
‘ LN b k t d 5 ﬁd::’) 1 7 EIV) Cgﬂ (’I")Tpc | B-violating
ro en a Im_ — 5 L« ALJ\W 'LB + .G (2(1“(] :‘O‘:}:’:‘jk [(([;:)T(’Uf] [((1;,])7‘(—,[;\]
i daqu 5“"‘37:‘]-' q% T('(fk] [(U;’)T('(jt]
BN broken at dim-6 @ k[(g7)7Cq
¢ > Quag = jnekm [(657)7 Ca2*] (™) O]
(u)duu 3‘0‘3’\’ I:(([;)TC'U;?] I:(I[;’ )T(-'('t]
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Motivation: Custodial sym. 0)~5U@2)L x SU2)r

> Custodial Symmetry in Higgs Sector of SMEFT Lsmerr (H, H',0,)

dim-2: H'H SU(2)r xU(1)y

dim-4: (H'H)®,(9,H') (9" H)
dim-6: (HTH)®, (9,|H|?) (0*|H?), (H0,H)" (H1O*H)
4

dim-8: (H'H)
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Motivation: Custodial sym. 0)~5U@2)L x SU2)r

> Custodial Symmetry in Higgs Sector of SMEFT Lsmerr (H, H',0,)

dim-2: H'H
dim-4: (HTH)?, (9, H") (0"H) o)
dim- 6 : (HTH)g , ( WJH2) (0mH2) (70, 1)" (HTorH) )
dim-8: (H'H)", ...
|H|2 _ gt — % (¢2 I ¢2 I ¢3 I ¢4) Automatically O(4)—invariant!
S Uy ( o )
_ L (o1 +igs = )
"= V2 <¢3 + i¢4) (bi

-> SU(Q)L X U(l)y = 0(4) for LsMmERT (H, HT,E?H) up to mass dim 4
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Motivation: Custodial sym. 0)~5U@2)L x SU2)r

> Custodial Symmetry in Higgs Sector of SMEFT Lsmerr (H, H',0,)

dim-2: [ HTH
dim-4: | (H1H)?|, (8,HT) (0" H) o)
dim-6: | (HTH)®|, (0,[H|?) (o#|H2) [(Ht0,H)" (101 H) |
dim- 8§ : (HTH)4,
I A ically O(4)-invariant !
H?? =H'H = 5 (qﬁ I ‘|’¢421) utomatically O(4)-invariant !
SU@)L x U(1)y o
H:L<¢1+i¢2) ¢ = b3
V2 \#3 +ig4 P4

-> SU(Q)L X U(l)y = 0(4) for LsMmERT (H, HT,aH) up to mass dim 4

=> It holds to all orders for the non-derivative interactions (the potential)
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Motivation: Custodial sym. 0)~5U@2)L x SU2)r

> Custodial Symmetry in Higgs Sector of SMEFT Lsmerr (H, H',0,)
dim-2: HiH

Accidental symmetries in BSM: high quality
axions, DM stability, hierarchy problem...

— L[0T TPz P3
H_\/ﬁ(¢3+i¢4) \¢4)
-> SU(Q)L X U(l)y = 0(4) for LsMmERT (H, HT, (9“) up to mass dim 4

=> It holds to all orders for the non-derivative interactions (the potential)
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Motivation: Custodial sym. 0)~5U@2)L x SU2)r

* How do we verify an accidental symmetry?
* Can they hold to all-orders?

* How do we systematically find all the accidental symmetries?

-> SU(?)L X U(l)y = 0(4) for LsMmERT (H, HT,(?N) up to mass dim 4

=> It holds to all orders for the non-derivative interactions (the potential)
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-> SU(?)L X U(l)y = 0(4) for LsMmERT (H, HT,(?N) up to mass dim 4

=> It holds to all orders for the non-derivative interactions (the potential)
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s""‘ﬂ\ . . . .
" Hilbert series (for invariants) BEEEY
- Consider a symmetry group G = U(1) @@%&@

and a single complex scalar field {¢1, ¢7} charged (+1,—1)
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s""‘ﬂ\ . . . .
" Hilbert series (for invariants) 8 EWL
- Consider a symmetry group G = U(1) @@%&@

and a single complex scalar field {¢1, ¢7} charged (+1,—1)

I = 10}

The set of G-invariant polynomials =1 @I PP ® .- = {Ik} :

Based on 2412.05359 - Pablo Quilez



O

6('\'(‘\\ . . . .
" Hilbert series (for invariants) 8 g@@@
- Consider a symmetry group G = U(1) @ @%@

and a single complex scalar field {¢1, ¢7} charged (+1,—1)

] — leﬁbi
The set of G-invariant polynomials =1 @I PP ® .- = {Ik} :
o
=> Hilbert series: _ n
H(q) = S: Mny (1)) Number of invariant
n=0 >
operators at order n
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«~ Hilbert series (for invariants)

= Consider a symmetry group G = U(1)

and a single complex scalar field {¢1, ¢7} charged (+1,—1)

] — gblng
The set of G-invariant polynomials =1 @I PP ® .- = {Ik} :
=> Hilbert series: N n
H(q) S: Nny ()]0 ».| Number of invariant
n=0
operators at order n
U(1), (+1,-1) 2, 4, 6 1
Hlnv (Q):1+q +q +4q +:1_q27

Based on 2412.05359 - Pablo Quilez
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«~ Hilbert series |l (for invariants)

> G= U(l) ¢ = {lea Qﬁ; ¢27 ¢;} Q — {+]—7 _]-7 +17 _1}
-=> 4 Basic invariants:

Il = ¢1¢>1k ) I2 = ¢2¢;7 I3 = ¢1¢;7 I4 = ¢2¢T .

Based on 231213349 24
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«~ Hilbert series |l (for invariants)

> G=U(1) ® = {¢1, 7, 2, 5} Q={+1,-1,+1,-1}
-=> 4 Basic invariants:
Il = ¢1¢>1k7 12 = ¢2¢§7 I3 = ¢1¢;7 I4 = ¢2¢>{ .

=> Naively:
1

naive

lehelle - YleLhele - Y(lekheleo - )(1oLelled- ) = Huyl = T=gn
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«~ Hilbert series |l (for invariants)

> G=U(1) ® = {¢1, 7, 2, 5} Q={+1,-1,+1,-1}
-=> 4 Basic invariants:

Il = ¢1¢>1k ) 12 = ¢2¢§7 I3 = ¢1¢;7 I4 = ¢2¢>{ .

=> Naively:
1
lehelle - )leLole - Y(lekhelle - )(leLolle--) = Hlnv\naive:m
4
> Redundancy (syzygy): Iilo = 141205 = I3y — -1

(1 _ q2)4
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«~ Hilbert series |l (for invariants)

> G=U(1) ® = {¢1, 7, 2, 5} Q={+1,-1,+1,-1}
-=> 4 Basic invariants:

Il = ¢1¢>1k ) 12 = ¢2¢§7 I3 = ¢1¢;7 I4 = ¢2¢>{ .

=> Naively:
1
leohLelleo - )(10LoLe - )(l1oheolLeo - (16 LOL®---) = Hlnv‘naive:m
4
-> Redundancy (syzygy): [11s = ¢p1¢]¢p205 = Isly — _(1_61q2)4
=> True HS:
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*" Hilbert series: primary and sec. invariants

> G= U(l) ¢ = {gbla ¢>|1<7 ¢27 ¢;} Q — {—|_]-7 —1,+1, _1}

1 2
> Hpy = — 4 = (1+P+¢" ++) 1+
(1—-4¢?)
prjeirjeiriees)
3 Primary invariants 1 Secondary invariant

Pl =¢101, Po= 205, P3=0¢105+ @207, S =105 — p207,

=> Secondary only arises linearly since:

LI, =31y = S°=P; 4P\ P,
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How to compute Hilbert series? H(6) = 3w 0) "
q):{¢l7¢27"')¢m}, chz@Rw

-

Rer = sym(ﬁq) QR @ ® Rq;) = Ny (k) Inv @ other irreps
k

Based on 2412.05359 - Pablo Quilez



How to compute Hilbert series? H(6) = 3w 0) "
q):{¢17¢27"'7¢m}, chz@Rw

-

4
4
4
i -

Rer = sym(ﬁq) QR @ ® qu) = Ny (k) Inv @ other irreps
k

-=> Character:
Xre (9(2)) = tr (gg, (7)) .

=> Character orthogonality:

/ dpc(z) Xr, (@)X R, (T) = 0R, R,
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How to compute Hilbert series? H(6) = 3w 0) "
q):{¢17¢27"'7¢m}, chz@Rw

-

ﬂ
&
2

Rer = sym(ﬁq) QR @ ® qu) = Ny (k) Inv @ other irreps
k

-=> Character:
Xre (9(2)) = tr (gg, (7)) .

=> Character orthogonality:

/ dpc(r) X, ()XR, () = OR, R,
i R; =Inv and Ry = R

e ) = [ () X () X, (0

Based on 2412.05359 - Pablo Quilez
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How to compute Hilbert series?  #o=Xm.
@={b1, 62, 0u}, Ru=@P R

Molien formula to compute HS

1
1 — qgR, ()]

Hi’f@():m duc (@) xr,, () ¢" = [ duc(z)
¢ qkz:%/uc XR q/ua Tt

¢ Ry =Inv and Ry = Rgx

e 6) = [ () () i, (0

Based on 2412.05359 - Pablo Quilez




How to compute Hilbert series? H(6) = 3w 0) "
q):{¢17¢27"'7¢m}, chz@Rw

Molien formula to compute HS

1
1 — qgR, ()]

Hi’f@():m duc (@) xr,, () ¢" = [ duc(z)
‘ qkz:%/uc XR q/ua Tt

It can be computed with our code:  HilbCalc €) [GrinsteintLutMirs+PQ, 24]

L4

¢ Ry =Inv and Ry = Rgx

e 6) = [ () () i, (0

Based on 2412.05359 - Pablo Quilez



https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants

[Jenkins+tManohar, 09]

Hilbert Series for flavor invariants — fmmzeo

Loaiawa = —Q . Yu®up — Q, Y, ddp + h.c. he =Y,V ha=YaY]
= Group: Gr=U@B)g, X UB)ur X U(3)ay
=> Building blocks: Y.~ (3,3,1) Y;~(3,1,3)
Hilb Hinv(q) L+q”
-> ilbert series: Inv\q) =
(1-¢2)%(1—¢*)’ (1 —¢%)" (1—¢)

Based on 231213349



[Jenkins+tManohar, 09]

Hilbert Series for flavor invariants  rerenvetaiio

[Broer, 94]
Loviama = —0Q; Yodup — Q, Yy®dg + h.c. he = Y,Y] ha=YaY]
= Group: Gr=U@B)g, X UB)ur X U(3)ay
- - — RN CE
=>» Building blocks: Y, ~ (3,3,1) Ya~(3,1,3)
Hin @) L
=> Hilbert series: Inviq) = D) 3 1 e /R, E
-1 - (1-¢)"(1-¢) e
= Properties 10 Primary invariants 1 Secondary invariant
€ 10 prim. inv. =10 phys. param. Py =Trlh, Py = Tr[hy],
€ Polynomial invariants form a ring Pyo = Tr [h2] Pys=Tr[h2)], S = Im Tr [h,hgh’h]]
€ Positive coefs. in numerator Pyo = Tr[huhd], _ _%' det [Yuyj’ydyﬂ
: Palindromic numerator PGO =Tr [hﬂ PO,G =Tr [hﬂ ) = Jarlskog determinant
Hironaka decomposition _ 2
p P42— I’[hu :| P2’4—TI' [huhd}; JzpoIY(Pl,...,Pl())
P44 =Tr [hih :|

Based on 231213349



Extension: Hilbert series for covariants

=> Hilbert Series can also count rep-R covariants

Rgr = np(k) R & other irreps.

e 0) = [ (&) i &) i, 2)

Based on 231213349 36
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Extension: Hilbert series for covariants

=> Hilbert Series can also count rep-R covariants

Rgr = np(k) R & other irreps.

e 0) = [ (&) i &) i, 2)

v Xiw@) =1 — xi)

na(®) = [ dna(o) i) i, (0)-

o0

Hy (@) =) nalk)d" = / due(®) Xr(®) = i _;QR @l

Based on 231213349




Extension: Hilbert series for covariants

Hilbert series for covariants and their applications
to Minimal Flavor Violation

Benjamin Grinstein®,* Xiaochuan Lu®,* Luca Merlo,®" and Pablo Quilez®¢

[Grinstein+tLutMerlo+PQ, 23]
[Grinstein+Lu+Mir6+PQ, 24]

Hy (@) =) nalk)d" = / due(®) Xr(®) = i _ZQR @l

Based on 231213349




““Applications of Hilbert Series

2 2 2 2 A A 2R

Supersymmetric gauge theories , general supersymmetric EFTs

[Lehman et al, 15]
[Henning, et al, 15]

SMEFT, SMEFT with gravity [Lehman et al, 16]

[Henning, et al, 17]

[Benvenuti et al, 07]
[Feng et al, 07]
[Gray et al, 08]
[Delgado et al, 23]

[Marinissen et al, 20]

[Kondo, et al, 23]

QCD Chiral Lagrangian, Higgs EFT, NRQED and NRQCD  [rundorfer et al, 19]

EFTs for axion-like particles [Grojean et al, 23]

Primary observables at colliders [Chang, et al, 22]

[JenkinstManohar, 09]

Flavor invariants [Hanany et al, 10]

Covariants, MFV and saturation theorem [Grinstein+Lu+Merlo+PQ, 23]
[Grinstein+tLu+Mir6+PQ, 24]

Higher-Spin Dark Matter Meets Hilbert Series

Based on 2412.05359 - Pablo Quilez

[Graf et al, 21]
[Graf et al, 22]
[Sun, et al, 22]
[Kobach, et al, 17]
[Kobach, et al, 18]



““Applications of Hilbert Series

[Benvenuti et al, 07]
[Feng et al, 07]
[Gray et al, 08]

Supersymmetric gauge theories , general supersymmetric EFTs [Delgado et al, 23]
[Lehman et al, 15]
[Henning, et al, 15]
SMEFT, SMEFT with gravity [Lehman et al, 6]
[Henning, et al, 17]
[Marinissen et al, 20]
. . . [Kondo, et al, 23] [Graf et al, 21]
QCD Chiral Lagrangian, Higgs EFT, NRQED and NRQCD  [ronarfer etal. 18] orat ot of 22
[Sun, et al, 22]
[Kobach, et al, 17]
EFTs for axion-like partiC|eS [Grojean et al, 23] [Kobach, et al, 18]

Primary observables at colliders [Chang, et al, 22]

[JenkinstManohar, 09]

Flavor invariants [Hanany et al, 10]

Covariants, MFV and saturation theorem [Grinstein+Lu+Merlo+PQ, 23]
[Grinstein+tLu+Mir6+PQ, 24]

\ ZN 2 22 . 2 2N/

Higher-Spin Dark Matter Meets Hilbert Series ——® Poster by Bruno
Based on 2412.05359 - Pablo Quilez




S M E I:T [Henning, Xiaochuan Lu, Melia, Murayama, 1512.03433] @ @ g w w
qudigid

0 1 2 1
Lerr (9,0,) = ‘C](EE)‘T + AEEI;T A2 ££)I*ZT et FEI(EI;T +

Single particle Module (EOM) Integration by parts =~ Cohomology operators

b SO(4) SO(4)
HIOW — 3500 _ 4
Q f(0uQH) S0(4
au¢ AH K ( )(q )
R¢ = a{ul a'LLQ}gb . Hf((‘)p,Q“) - HE;-exact 0-form
. _ q(er-form _ rHcQohomology 1-form) _ q/HcQo-exact 1-form
L ] [ [
Based on 2412.05359 - Pablo Quilez 41




@ History of Enumerating SMEFT Operators

1° » dim6, n, =1 1986 Buchmuller and Wyler )( operators
Nucl. Phys. B 268 (1986) 621

2010 Grzadkowski, Iskrzynski, Misiak, and Rosiek
arXiv: 1008.4884 59 +X

» dim 6, general n, 2013 - 14  Alonso, Chang, Jenkins, Manohar, and Shotwell
arXiv: 1405.0486 8G 44

Alonso, Jenkins, Manohar, and Trott

arXiv: 1312.2014 n, = 1 96 @ =8

n,=3: 2499 + 546 =3045

b4

dim 7, general N, 2014 - 15 Lehman and Martin
dim 8, n, = 1 arXiv: 1410.4193, 1503.07537, 1510.00372 x
Henning, XL, Melia, and Murayama, arXiv: 1512.03433 993

Based on 2412.05359 - Pablo Quilez



10000000000 -

1000000000 - SM EFT up to dim 15

100000000

7557369962

10000000 -

5474170
2092441

1000000 -

100000 -

10000 -

No. of independent ops

1000 -

100 -

10112

B. Henning, XL, T. Melia and H. Murayama, arXiv: 1512.03433
8 é 110 ‘IL1 1‘2 15 1‘4 1‘5
Mass dimension 43
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General criterion for Accidental Sym,

=> All-order accidental symmetries of the potential

H = G for V(@) to all orders <= HInV (q) = HIHV (q)

=> Accidental symmetries of the potential until order k

H= Gfor V(®) uptoorder k>0 <= HIP(q)=HIT(q) + 0O

=> Accidental symmetries of the Lagrangian until order k

H = G for LygpT upto k>0 <— H%fjf?gZPXH’Mq’(q) = H%r?\f,e?]t_a,szG’M@(Q) + O (qu)

[Henning+Lu+Melia+Murayama,17]

Based on 2412.05359 - Pablo Quilez




Accidental symmetries with HS

1. Verifying Accidental Symmetries with Hilbert series

/2. Three Classes of All-Order Accidental Symmetries

_ SU(N) x U(1) = SO(2N) H = G for V(2)

~ SU(N) = SU(N) x U(1)
— SU(2N —1) = SU(2N) [EEFT =V(2) +0(0,)

|

\_ -> |mpact of derivatives

~

/

3. Novel Approach using Friendship Relation

=> All-order accidental sym. : friends
-> Finite-order accidental sym. : friends ma non troppo

Based on 2412.05359 - Pablo Quilez
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All-order Acc. Sym. : Class |

Class I G = SU(N) x U(1) H = SU(N) H = G for V(@) to all orders
H,® eX:
o(z) ¢~ B, +) # = 5 HII’IV (q) — 7—tInv (q)
¢* ~ @, 1) p* ~ 0

=> H-invariants @Tgp = ¢T¢ are automatically G-invariants

Based on 2412.05359 - Pablo Quilez 46
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All-order Acc. Sym. : Class |

Class I G = SU(N) x U(1) H = SU(N) H = G for V(@) to all orders
O (x) ¢~ (?’ il L ? %Inv ( ) HII’IV ( )
Q* ~ (Dv _1) p* ~ 0O

=> H-invariants @Tgp = ¢T¢ are automatically G-invariants

Hiw =5 = Top
nv 1—pop* 1—gq SU(N)xU(1), (¢, ¢* SU(N), (e, ¢*
Hilbert series: o HInv( PR A0 )(Q) = HInv( Rk )(Q)
1 1
7_[II’IV 1—4}0%0* — 1_q2
7‘ N
dx; 1
HE : 11— — ;
o f 27mx - 2miT; 1<L[<N < ) E 1 —¢zx)(1 — ¢*z; 'z 1)

Based on 2412.05359 - Pablo Quilez




All-order Acc. Sym. : Class |, k flavors

Class I, Multiple Flavors (k1, k2)

G = SU(N) x U(1)

H = SU(N)

H = G for V(®) to all orders

O(x)

Oi ~ (I:I, +1)
¢}‘ ~ (Ea _1)

Pi
pj ~

O
O

Hit®P(q) = Hi 2 (q)

.l.

> H-invariants @ p; = ¢;¢z are automatically G-invariants

HG,® — H

Inv

kl,k'2<N:

H® _ 11kt k2 1
Hlnv o HiZl H]Zl 1_801‘90;

Based on 2412.05359 - Pablo Quilez

ko 1
J=1 1-¢:¢;

(1—g)Fi%2

1

1
(1—¢?)" 172

SAME Hilbert series

48



All-order Acc. Sym. : Class |, k flavors

Class I, Multiple Flavors (ky, k») G=SUN)xUQ) H=SUN)| g ator V(®) to all orders

g ~ @, +1) ¢i ~ O Hit®P(q) = Hi 2 (q)

O(x)

-> H-invariants go;r.gpi — ¢;¢z are automatically G-invariants

HIG,CI‘) - Hkl k2 1 N —
nv ~— lli=1115=1 1—¢i¢3 (1—q2)F1F2
ki,ka < N : o . SAME Hilbert series
HIHV — H HJ 1 T—p0% szgp (1_q2)k1k2
N N
1 — 17 oNPR 1 L+q" 1
ki =ky=N: HT®= TN e
n (1—w1---¢N)(1—901---90N)gg1—soz~<pj (I =a")ja - )™

Disagree for k, ,=N
Based on 2412.05359 - Pablo Quilez ’ 49
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All-order Acc. Sym. : Class |, k flavors

Class I, Multiple Flavors (k1, k2) G =SU(N) x U(1) H=SUN)| g ator V(®) to all orders
S Ty H,® G,®
‘I)($) d)l (?’ +1) & ? 7-[Inv (q) = 7-[Inv (q)
¢; ~ @, -1 p; ~ O

.l.

> H-invariants @ p; = gb;qbz are automatically G-invariants

G, _ 11k k2 1
Hie =11

Inv

kl,k'2<N:

J=1 1-¢:¢;

H® _ 11kt k2 1
Hlnv - Hi:l szl 1—pip]

1

(1—g)Fi%2

1

SAME Hilbert series

(=)

k1 = ke = N | Accidental up to order N-1

HI® () = HE(g) + O(¢™) %[(HM !

L= a1 — g™

Based on 2412.05359 - Pablo Quilez

Disagree for k, ,=N -




All-order Acc. Sym. : Class |

Class 11 G = SO(2N) H = SU(N) x U(1) H = G for V(@) to all orders
H,® G,
P (x) ¢ ~ O g~ [0 ) ¢ = (Re QO) HII’IV (q) — 7—tInv (q)
©* ~ (O, —-1) Im g

.I.

> H-invariants © o = ¢Td are automatically G-invariants

Based on 2412.05359 - Pablo Quilez 51
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All-order Acc. Sym. : Class |

Class II G = SO(2N) H = SU(N) x U(1) H = G for V(@) to all orders
H,® G,
P (x) ¢ ~ 0O e ~ @, +1) ¢ = (Re S0) %Inv (q) — HII’IV (q)
©* ~ (O, —-1) Imp
.i<

> H-invariants © o = ¢Td are automatically G-invariants

—  Custodial symmetry in Higgs sector of SMEFT

HGa(p P
Inv —
Hilbert series: H~ (2,41
HH’(I) . SU(2)L X U(l)y : { H* N((2 ta))
Inv ’ 2

SAME Hilbert series

Based on 2412.05359 - Pablo Quilez




All-order Acc. Sym. : Class |

Class 11

G=SO@2N)  H=SU(N)xU()

O(x)

¢ ~ 0O

=> H-invariants ¢

TQO = (ngb are automatically G-invariants

H = G for V(@) to all orders
oo~ @4 | (Rw) Hiny (@) = Hie (q)

k<N :

G,® _ 1 1
HInv - HlSiSjSk ey — (1_q2)k(k-|-1)/2

H®  y7k 1 1
7—[IHV - Hi,j:1 1—(pi(p;.‘ — (1_q2)k2

disagree when k > 1

Based on 2412.05359 - Pablo Quilez
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Impact of Derivative Interactions

=> All-order accidental symmetries of the potential

H = G for V(®) to all orders <= H{"P(q) = HZP(q)
=> Accidental symmetries of the Lagrangian until order k

H = G for LygpT upto k>0 <— H%fjf?EZPXH’Mq’(q) = H%r?\f,e?]t_a,szG’M@(Q) + 0O (qu)

->  Custodial Symmetry in Higgs Sector of SMEFT Lsverr (H,H',0,)
dim-2: H'H
dim-4: (HTH)?,(9,H) (0"H) o)
dim-6: (Hf )3 , ( |H| 2) (o#|H|?) |(H'0,H)" (HTorH))
dim- 8§ : ( TH)

Based on 2412.05359 - Pablo Quilez




Impact of Derivative Interactions: Class |

= Class | all-order accidental symm. H=SU(4) = G=SU(4)xU(1)
Hir oMo gy +| (08) +000 [ +| (09°) +2(09) 0 4| (99') +2(o9) 0*+3(09) 0
+[(¢¢*)5+2(¢¢*)4 & +11(g¢’) o' +4(gg") 86}+O(dim-11)
=1+4"+2¢" +3¢° +6¢" +18¢" + O(q" )
Hier " =1+ 00" + [(cofp*)2 +¢¢*52}+[(¢¢* ) +2(p0°) 3 |+{ (00') +2(p0') 0 +3(p0') &'
. (00"} +2(09") & +11(p") 3* +4(pp’) 0 )

O(dim-11
+(o*+ 0™ ) (00 )0 +(p* +9™ )" (dim-11)

=14+4°+2q" +3¢° +64° + (18 +4)q" +(9(q”)

Based on 2412.05359 - Pablo Quilez
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Impact of Derivative Interactions: Class |

= Class | all-order accidental symm. H=SU(4) = G=SU(4)xU(1)
Hir oMo gy +| (08) +000 [ +| (09°) +2(09) 0 4| (99') +2(o9) 0*+3(09) 0

SU4) = SU4) x U(1) for V(®) to all orders
SU(4) = SU(4) x U(1) for Lgpr up to mass dim 9

Tav, 157 T [ Z 27 ] VT d LA AR I TR 77 ) T B
S 4 i3 i 02 a6
.\ ((p(p) +2((o(p) 0 +11(¢)(p) 0 +4(§0(0) 0 .\

O(dim-11
+(o*+ 0™ ) (00 )0 +(p* +9™ )" (dim-11)

=1+¢" +2¢" +3¢° +64° +(18+4)q" +(9(q”)

Based on 2412.05359 - Pablo Quilez



Accidental symmetries with HS

1. Verifying Accidental Symmetries with Hilbert series

2. Three Classes of All-Order Accidental Symmetries

— SU(N)= SU(N) xU(1) H = G for V(®)
— SU(N) x U(1 SO(2N
_ SUE2]\)T _ 1)(:>»:s>U(21(v) | [EEFT SUALER (a“)J

-> |mpact of derivatives

" 3. Novel Approach using Friendship Relation A
=> All-order accidental sym. : friends
-> Finite-order accidental sym. : friends ma non troppo )
Based on 2412.05359 - Pablo Quilez 57




Conclusions

e Hilbert series are an ideal systematic tool to count stuff.

Based on 2412.05359 - Pablo Quilez 58
L .. 00000000000



Conclusions

e Hilbert series are an ideal systematic tool to count stuff.

e They are way better than markings in bones.

Based on 2412.05359 - Pablo Quilez 59
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Conclusions

e Hilbert series are an ideal systematic tool to count stuff.
e They are way better than markings in bones.

e So you should add them to your phenomenologist toolkit!

Based on 2412.05359 - Pablo Quilez 60
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Thank you
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Back up slides
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Brion Theorem

6.2. Expand

%ﬁ = H(M) — s(M)(1 — £) + O(1 — 1)%.

The so-defined constants r(M) and s(M) are closely related to the B-
module structure. The integer r(M) = P(B(M); 1)/P(B; 1) is just the rank
of B(M) as a B-module. If the generic orbit in V is closed, isomorphic to
G/H , then r(M)=dim M" (See [Sch1] or [Bri]).

Based on 2412.05359 - Pablo Quilez



All-order Acc. Sym. : Class |l

H = G for V(@) to all orders
H,® eX:
%Inv (q) =H (q)

Inv

Class 111 G = SU(2N) H=SU@2N -1) xU(1)
®(z) ¢ ~ F ;L = (H, +2)
pg ~ (D, —2N—|—2)
Primary Invariants R e ] 80[112 e ¢§2N_3)(2N_2)¢3N_1]

Based on 2412.05359 - Pablo Quilez



Accidental sym. from Invariant Theory
- Branchingrule G — H

Irreps = EB Irrepy :[dim (Irrepg )] Invy @ non-invariant Irrepy

Irrep g

Number of H-invariants in Irrep

Based on 2412.05359 - Pablo Quilez
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Accidental sym. from Invariant Theory
- Branchingrule G — H

Irreps = @ Irrepy :[dim (Irrepg )]Inv g @ non-invariant Irrepy

Irrep

Ex. SU(4) — SU(3)
Number of H-invariants in Irrep 4—-53+1
6—+3+3

Based on 2412.05359 - Pablo Quilez
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Accidental sym. from Invariant Theory
- Branchingrule G — H

Irrep, = Irrepy =|dim IrrepH Invy @ non-invariant Irrep
G H . G H

Irrep

Ex. SU(4) — SU(3)
Number of H-invariants in Irrep 4—-53+1
6—+3+3

e Iflcan build with{®}an irrep* Rg that contains H-invariants, then
those H-invariants break G, and G is NOT an accidental sym.

O102...9Nn ~ Rg — Invy @ non-invariant Irrepy

*other than the identity
Based on 2412.05359 - Pablo Quilez




Accidental sym. from Invariant Theory
- Branchingrule G — H

Ir
For G to be all-order accidental,

the field content must forbid the construction
of any* irrep of G that contains H-invariant components.

*other than the identity
o Iflcs then

those H-invariants break G, and G is NOT an accidental sym.

O102...9Nn ~ Rg — Invy @ non-invariant Irrepy

Based on 2412.05359 - Pablo Quilez




[2312.13349-Grinstein+Lut+Merlo+PQ, 23]
Hilbert series for covariants: Brion Th.
=> How do we know if an Irrep is forbidden by the field content?

‘ Hllbert SerIeS for cova rla ntS! Hilbert series for covariants and their applications

to Minimal Flavor Violation

Benjamin Grinstein®,” Xiaochuan Lu®,” Luca Merlo, * and Pablo Quilez®*

Based on 2412.05359 - Pablo Quilez



[2312.13349-Grinstein+Lut+Merlo+PQ, 23]
Hilbert series for covariants: Brion Th.
=> How do we know if an Irrep is forbidden by the field content?

‘ Hllbert SerIeS for cova rla nts! Hilbert series for covariants and their applications

to Minimal Flavor Violation

2»° @ Brion Theorem:

(\\ﬂ 6 Benjamin Grinstein®,” Xiaochuan Lu®,” Luca Merlo, * and Pablo Quilez®*

’ ¢ e e
unbroken group under a generic vev

*stabilizer subgroup, little group or isotropy group

rank (rInVMg’R@) = dim (R"*)

Only irreps R that contain H_-invariants can be constructed with ®

Based on 2412.05359 - Pablo Quilez




[2312.13349-Grinstein+Lu+Merlo+PQ, 23]

Hilbert series for covariants: Brion Th.

=> How do we know if an Irrep is forbidden by the field content?

‘ = hpplications
cp\"’(g‘ B For G to be all-order accidental,
o(\\“g no irrep* of G can contain simultaneously il ke et
d H-invariant(s) and H_-invariant(s).
*other than the identity [y 9"oupP

rank rlnvMﬁ’“‘*’) = dim (R£77)

Only irreps R that contain H_-invariants can be constructed with ®

Based on 2412.05359 - Pablo Quilez




Friendship relation

Let H; and Hy be two subgroups of G. We say that H; and H, are friends of
each other when the only G-irrep that contains both Invy and Invy, is Invg:

dim (Irrepa!) dim (Irrepa®) =0V Irrepg # Invg . (4.18)

Irrep; dim(Irrepgl) # 0 dim(Irreng) 20

type-1 v v
type-2 v X
type-3 X v
type-4 X X

Based on 2412.05359 - Pablo Quilez




Friendship relation

Let H; and Hy be two subgroups of G. We say that H; and H, are friends of
each other when the only G-irrep that contains both Invy and Invy, is Invg:

dim (Irrepgl) dim(Irrepg2) =) \ Irreps # Invg . (4.18)

H =G: afriendofany H, cG
H ={e}: onlyfriendis H,=G
G=H,xH,: H, and H, are friends

F' 1s a friend of H,

= H, 1safriend of H,
FcH,cG

Based on 2412.05359 - Pablo Quilez
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Friendship relation

o

/H = G for V(®) to all order&

_—

HitP(q) = H (q)

—_—

H and Hg are friends

/

Based on 2412.05359 - Pablo Quilez

cG
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Friendship relation = B
=> All-order accidental symmetry iff H and H_ are friends. H and HZ:aje friends
ClassI: G=SU(N)xU(l) , H=SU(N)
@:{Zz((';j)) — H,=U(N-k)xZ, , k=max(k,k)<N
ClassIl:  G=SO(2N) , H=SU(N)xU(1)

® =vector — H,=SO(2N-1)

ClassIll: G=SU(2N) , H=SU(2N-1)
o=H ——  H,=S(2N)

Based on 2412.05359 - Pablo Quilez



(®) H = G for V(®) to all orders
G —|Hs|/C G
= —

Friendship relation
=> All-order accidental symmetry iff H and H_ are friends. H and HZ:aje friends
ClassI: G=SU(N)xU(l) ., ( H=SU(N) FRIENDS

kx(o,+1)
D = — |H,=U(N-k)xZ, |, k=max(k,k,)<N

® =vector — |H,=SO(2N-1)

ClassII: G =SO(2N) ,[H=SU(N)><U(1)J FRIENDS

ClassIl:  G=SU(2N) ,| H=SU(2N-1) | FRIENDS
o=H — | H,=5p(2N)

Based on 2412.05359 - Pablo Quilez



Friends and friends ma non troppo

0

Hy = SU(

SU(3) x SU(2)

H=

Dimension

SU(6) Trrep
Dynkin label

G=

=4

N

-]

Class III

Invariants Invariants

(name)

Hy = Sp(8)
Invariants

H = SU(7)
Invariants

Dimension

SU(8) Irrep
Dynkin label

G=

15

(name)

o o~ —
o o o
S =
a N ™
o o =
S S 9
= 2 2
o o S
S =

(1000000)
(0100000)
(2000000)
(0010000)
(1000001)
(0001000)
(3000000)
(1100000)
(0100001)
(2000001)
(4000000)
(0200000)
(1010000)
(0010001)
(0001001)
(2100000)
(0100010)
(0000005)
(3000001)
(2000010)
(0000110)
(0000200)
(2000002)

Based on 2412.05359 - Pablo Quilez

28
36
56
63
70

56
70

84
105

105’

120
168
216
280
330
336
378
420
504
630
720
792
924
945
1008
1176
1232

120

126
175
189

210
210’

252
280
315
336
384

405
420
462
490
504
540
560
700

[ 20002)




