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Ishango Bone

● One of the earliest evidence of 
human counting.

● 33.000-8.000 years old
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How to count stuff?

Based on 2412.05359 - Pablo Quílez 
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➔ Objects: operators, physical parameters, tensors

Invariants/covariants
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How to count stuff?
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HILBERT SERIES 
and tools in INVARIANT THEORY



1. Motivation: SMEFT and Accidental symmetries

2. Hilbert series

2.1. Invariants

2.2. Covariants

3. SMEFT with Hilbert Series

4. Accidental symmetries with Hilbert series
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➔ Power counting

➔ Symmetries

➔ Redundancies

◆ Equations of Motion (EOM)

◆ Integration by parts
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Finding an Operator basis
can be tricky



➔ Global symmetries of the Lagrangian until a given order in the EFT expansion.

➔ NOT imposed but arise from Lorentz + Gauge Sym. + Matter Content
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➔ Global symmetries of the Lagrangian until a given order in the EFT expansion.

➔ NOT imposed but arise from Lorentz + Gauge Sym. + Matter Content

➔ Ex: Dim-4 SM

➔ Respects Baryon number U(1)BN and Lepton number U(1)LN !

◆ LN broken at dim-5 

◆ BN broken at dim-6 

[Grzadkowski et al, 10]
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Motivation: Custodial sym.

Accidental symmetries in BSM: high quality 
axions, DM stability, hierarchy problem…
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Motivation: Custodial sym.

★ How do we verify an accidental symmetry?

★ Can they hold to all-orders?

★ How do we  systematically find all the accidental symmetries?

Based on 2412.05359 - Pablo Quílez 

HILBERT SERIES 

and tools in INVARIANT THEORY
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Hilbert series II (for invariants)
➔  

➔ 4 Basic invariants:

 

➔ Naively:

 

➔ Redundancy (syzygy):

➔ True HS: 

Based on 2312.13349

Demystify
ing
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Hilbert series: primary and sec. invariants
➔  

➔

3 Primary invariants 1 Secondary invariant

➔ Secondary only arises linearly since: 

Based on 2312.13349

Demystify
ing
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How to compute Hilbert series?

➔ Character:

 

➔ Character orthogonality: 

Molien formula to compute HS

Based on 2412.05359 - Pablo Quílez 

It can be computed with our code: [Grinstein+Lu+Miró+PQ, 24]

https://github.com/HilbertSeries/Group_Invariants_and_Covariants
https://github.com/HilbertSeries/Group_Invariants_and_Covariants


➔ Group: 

➔ Building blocks:  

➔ Hilbert series:
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Hilbert Series for flavor invariants
[Jenkins+Manohar, 09]
[Hanany et al, 10]
[Broer, 94]

Based on 2312.13349



➔ Group: 

➔ Building blocks:  

➔ Hilbert series:

➔ Properties

◆ 10 prim. inv. = 10 phys. param.
◆ Polynomial invariants form a ring
◆ Positive coefs. in numerator
◆ Palindromic numerator
◆ Hironaka decomposition 
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Hilbert Series for flavor invariants
[Jenkins+Manohar, 09]
[Hanany et al, 10]
[Broer, 94]

10 Primary invariants 1 Secondary invariant

Based on 2312.13349



➔ Hilbert Series can also count rep-R covariants 
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Extension: Hilbert series for covariants

Based on 2312.13349

[Grinstein+Lu+Merlo+PQ, 23]
[Grinstein+Lu+Miró+PQ, 24]



➔ Supersymmetric gauge theories , general supersymmetric EFTs 

➔ SMEFT, SMEFT with gravity

➔ QCD Chiral Lagrangian, Higgs EFT, NRQED and NRQCD 

➔ EFTs for axion-like particles

➔ Primary observables at colliders

➔ Flavor invariants

➔ Covariants, MFV and saturation theorem

➔ Higher-Spin Dark Matter Meets Hilbert Series 
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Applications of Hilbert Series
[Benvenuti et al, 07]
[Feng et al, 07]
[Gray et al, 08]
[Delgado et al, 23]
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[Grojean et al, 23]
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[Sun, et al, 22]
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Some

Poster by Bruno
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SMEFT

Based on 2412.05359 - Pablo Quílez Based on 2412.05359 - Pablo Quílez 

Single particle Module (EOM)

[Henning, Xiaochuan Lu, Melia, Murayama, 1512.03433]

Integration by parts Cohomology operators
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Slide fro
m 

Xiaochuan Lu
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General criterion for Accidental Sym,

Based on 2412.05359 - Pablo Quílez 

➔ All-order accidental symmetries of the potential

 

➔ Accidental symmetries of the potential until order k

 

➔ Accidental symmetries of the Lagrangian until order k

[Henning+Lu+Melia+Murayama,17]



1. Verifying Accidental Symmetries with Hilbert series

2. Three Classes of All-Order Accidental Symmetries

3. Novel Approach using Friendship Relation
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Accidental symmetries with HS

➔ All-order accidental sym. : friends
➔ Finite-order accidental sym. : friends ma non troppo

➔ Impact of derivatives

Based on 2412.05359 - Pablo Quílez 
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All-order Acc. Sym. : Class I
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➔ H-invariants                            are automatically G-invariants 
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All-order Acc. Sym. : Class I, k flavors

Based on 2412.05359 - Pablo Quílez 

➔ H-invariants                            are automatically G-invariants 

SAME Hilbert series
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All-order Acc. Sym. : Class I, k flavors

Based on 2412.05359 - Pablo Quílez 

➔ H-invariants                            are automatically G-invariants 

SAME Hilbert series

Disagree for k
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=N
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All-order Acc. Sym. : Class I, k flavors

Based on 2412.05359 - Pablo Quílez 

➔ H-invariants                            are automatically G-invariants 

SAME Hilbert series

 Accidental up to order N-1

Disagree for k
1,2

=N
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All-order Acc. Sym. : Class II
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➔ H-invariants                            are automatically G-invariants 
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All-order Acc. Sym. : Class II
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All-order Acc. Sym. : Class II

Based on 2412.05359 - Pablo Quílez 

➔ H-invariants                            are automatically G-invariants 

SAME Hilbert series
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Impact of Derivative Interactions

Based on 2412.05359 - Pablo Quílez 

➔ All-order accidental symmetries of the potential

  

➔ Accidental symmetries of the Lagrangian until order k

➔  Custodial Symmetry in Higgs Sector of SMEFT

 



➔ Class I all-order accidental symm. 
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Impact of Derivative Interactions: Class I
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Conclusions
● Hilbert series are an ideal systematic tool to count stuff.

● They are way better than markings in bones.

● So you should add them to your phenomenologist toolkit!

Based on 2412.05359 - Pablo Quílez 
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Thank you



Back up slides
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Brion Theorem
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All-order Acc. Sym. : Class III

Based on 2412.05359 - Pablo Quílez 



➔ Branching rule
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those H-invariants break G, and G is NOT an accidental sym.   

*other than the identity
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Accidental sym. from Invariant Theory

Based on 2412.05359 - Pablo Quílez 

Number of H-invariants in Irrep
G

 For G to be all-order accidental,

the field content must forbid the construction 

of any* irrep of 𝐺 that contains H-invariant components.

*other than the identity

   



➔ How do we know if an IrrepG is forbidden by the field content?

◆ Hilbert series for covariants! 
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Hilbert series for covariants: Brion Th.

Based on 2412.05359 - Pablo Quílez 

[2312.13349-Grinstein+Lu+Merlo+PQ, 23]
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Hilbert series for covariants: Brion Th.

Based on 2412.05359 - Pablo Quílez 

[2312.13349-Grinstein+Lu+Merlo+PQ, 23]

Only scalars  For G to be all-order accidental,

no irrep* of 𝐺 can contain simultaneously 

H-invariant(s) and  HΦ-invariant(s).

*other than the identity
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➔ All-order accidental symmetry iff H and HΦ are friends. 
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Friendship relation

Based on 2412.05359 - Pablo Quílez 

➔ All-order accidental symmetry iff H and HΦ are friends. 

FRIENDS

FRIENDS

FRIENDS
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Friends and friends ma non troppo


