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The key question

consider a theory of N scalar fields

under field redefinitions*

- 1 2
$1 = 1 + b ¢1 > re'® $2 = ? ﬁ¢
» % changes
» Feynman rules change
» Feynman diagrams for a certain process change

> cross-sections and on-shell amplitudes stay the same

can we find a manifestly invariant parameterization of on-shell amplitudes?

*that preserve the mass spectrum
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Phenomenological motivation: SMEFT vs HEFT

the two EFTs differ in how the 4 scalar fields of the SM are packaged in SU(2) x U(1) representations

1 (7 +im iol 7
H=— vs. U = ex ,
Aslim) o[ ¢

SMEFT HEFT

7 fundamental differences are obscured by the field-redefinition relation between the EFTs

llaria Brivio (UniBo & INFN) Scalar scattering amplitudes from geometry 2/14



Phenomenological motivation: SMEFT vs HEFT

the two EFTs differ in how the 4 scalar fields of the SM are packaged in SU(2) x U(1) representations

1 (7 +im iol 7
H=— Vs. U=-ex ,
Aslim) o[ ¢

SMEFT HEFT

7 fundamental differences are obscured by the field-redefinition relation between the EFTs

tool of choice: geometrical methods

» formalism originally introduced in the 60-80s. has applications e.g. in quantum gravity
Meetz 1969, (Ecker),Honerkamp 1971,1972, Tataru 1975, Alvarez-Gaumé+ 1981, Vilkovisky 1984, Gaillard 1986

> first considered ~10 yrs ago for a “universal” formulation of SMEFT /HEFT
that can be studied independently of field representation Alonso, Jenkins Manohar 1511.00724, 1605.03602

> in the last 5 years it has found several applications in the context of EFTs

Pilaftis+ 2006.05831,2406.13594 Cohen+ 2008.08597,2108.03240,2202.06965,2312.06748, 2410.21378,2504.12371 Cheung+ 2111.03045,2202.06972
Alonso+ 2109.13290,2207.02050,2307.14301 Helset+ 2210.08000,2212.03253 Craig+ 2305.09722 Assi+ 2307.03187,2504.18537
Jenkins+ 2310.19883,2308.06315 Derda-+ 2403.12142 Craig,Lee 2307.15742 IB+ 2308.00017 Li+ 2411.04173 Aigner+ 2503.09785 ...
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Geometrical description for scattering amplitudes

interactions with 2 derivatives define a metric on the manifold of field configurations (field space)

1 . . o
¥ = 53u¢l ot gi(o) + ... — g = gij(u) du'dv/
> ¢' treated as coordinates on field space. theory is characterized by Rijw, Rij, R . ...

On-shell amplitudes. for massless/soft scalars Cheung-+ 2111.03045, Helset-+ 2210.08000
.A,'jk =0
Aijii = sij Rir + sik Rijur
Aijkim = ij ViRikjm + Sik Vi Rijkm + 5tV k Rijim + Skt ViRmijt + (it + sit) ViRmji

R,VR... are evaluated at the vacuum ¢' =0, s; = (p; + p;)?

2
example: .2 = —6u¢16u¢1 [1 + 324/5\2] + 6u¢2(9“¢2 [1 + b1 Qj\ + b1 3?/1\3

Rioo = (322 — 2b11) /4/\2 ViR = _b111/2/\3 VaRi12 = —323/2/\3
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What do we learn?

> A are tensors under diffeomorphism field redefinitions Cohen+ 2202.06965,2312.06748, Alminawi wip

. g 2
true even with masses, up to terms that vanish at the vacuum (g—;) or for on-shell external legs (a?;a—arqa)

> if ¢ are mass eigenstates , Aj, i, with fixed i ... i, indices is invariant
if they are not, we can move to a mass eigenstate basis ¢' — ¢
by LSZ, a physical on-shell amplitude is AL, = U, ...U", Ai. i with U, =3¢'/5¢"°

?> R,VR... at ¢/ =0 are invariant, measurable quantities

7 the expressions of A ;

n

in terms of Riemanns are universal: computed once for all theories

7 a theory can be characterized by the geometry of its field space

—

v x (%;? Cohen,Craig,Lu,Sutherland 2008.08597

SMEFT HEFT HEFT
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Limitations & Challenges

> interactions with 0% or 0% = V/(¢) are not assigned a geometric meaning

P some attempts with “functional geometry"” Helset+ 2210.08000,2202.06972, Cohen-+ 2202.06965,2312.06748,2410.21378
Lagrange spaces Craig+ 2305.00722 and jet bundles Craig Lee 2307.15742, Alminawi,IB,Davighi 2308.00017

» invariance under derivative field redefinitions is not captured, e.g. ¢1 — ¢1 + 0¢y/N>

» computing higher-point amplitudes is highly non trivial!
Feynman rules are not covariant, e.g.

i

R,’jk= 5

[P,’2 ik + pj2 Mk + Pk rkij]
recovering covariant expressions requires recombining dozens of non-tensor terms into tensors, e.g.
gin (kT — 0T + Tl 7 — Tl ) = Ry

some simplification can be achieved with normal coordinates, where I'j; = 0.
however, there is no basis in which all non-covariant terms vanish
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Fibre bundle picture

main aim: include derivatives 0, ¢(x) — keep ¢ dependence on x manifest!

natural structure: fibre bundle Alminawi,IB,Davighi 2308.00017
5 T T T T T —3 25
u 17w
4k 216
19
14
11
X
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Fibre bundle picture

main aim: include derivatives 0, ¢(x) — keep ¢ dependence on x manifest!
natural structure: fibre bundle (E, X, ) Alminawi,IB,Davighi 2308.00017

locally: Ex =X, x M

field config. space M

. 35
w/ coord u' M
2 |
= fibre ; )
3 field ¢'(x) : X > M
0 = section of'E over

0.0 0.5 1.0 15 20 25 3.0 ;
X # U
2
Minkowski spacetime ¥

w/ coord x* , metric n

= base space
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Fibre bundle metric — 62 scalar Lagrangian

the fibre bundle is a Riemannian manifold, on which we can build a metric

g = (dx* du') (gg’“’ ?”) (Zﬁ) = g dxtdx” + gidu'dul +2g,,:dx" du’
vi ij

Poincaré invariance = g;; depend on u’ but not on x*, 8.i=0 A v F Muw

Metric to Lagrangian.

A* 1
Z = 777“”guu(¢) gu(¢)a ¢long
— _
= —V(¢) same as usual geo

geometric interpretation of the scalar potential!
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Scalar on-shell amplitudes from fibre bundle geometry

2-point amplitudes = inverse propagators are always tensors: Alminawi,IB, Davighi wip

) ) = |
AN (p%) = —i (P2gij + /\4R",-W-/2) —  AU(p*) =i (P2gij + R”,-,U-/2)

N* N*
where 7[\’”,-#] = 777“”(9;51'&“, = —6,-6jv = —m,-2j g,R,VR... at vacuum
.
/\4
. . . pK
3-point on-shell amplitudes Ajjie = /7V,R ik K
= trilinear vertex computed with all external lines on-shell )
1 1 i 5
example L = Z0up10" 1 |1+ 22@ + = 0u20" 2 — ﬂqﬁf ol ﬂ(]ﬁ% +* B/\(]ﬁ%dbz
2 A 2 2 2 2
a Aviin
— N VoRM, = m(2m§ —mj) — >
both kinetic and potential contributions are simultaneously accounted for! < bundle feature!
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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by Alminawi, 1B, Davighi wip

1. deriving “covariant Feynman Rules” R;, ;.

2. gluing them together with A¥ propagators, in the usual diagrammatic way

© covariant FR can be predicted with a generalization of normal coordinates expansion of g, gj

®© non-tensor terms never need to be evaluated

7 non trivial result: field-redefinition-invariant scalar on-shell amplitudes can be built
connecting vertices that behave as if all their lines were on shell,
and are individually invariant under redefinitions
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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by Alminawi, 1B, Davighi wip

1. deriving “covariant Feynman Rules” R;, ;.

2. gluing them together with A¥ propagators, in the usual diagrammatic way

4-point on-shell amplitudes.

. X
At = Rijia >< .
+ R,Ja N? (S) Rk L

J

' X
i
. £ .
+ Rika A% (t) Ry J - :E v— /K
J L _;{\
J L

+ Rita A" (1) Ropw

(
R,Jk/ -l- [3 'R,,Ja A? (SU) Rk + permuk,]
where

A4 A*
Rijk = Aj = I?v"Rﬂjuk Rijk = a1 [ ViV; R Kkl — 2A* R‘u Ruk#, — 2sj; Ring + permUk,]
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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by Alminawi, 1B, Davighi wip
1. deriving “covariant Feynman Rules” R;, ;.

2. gluing them together with A¥ propagators, in the usual diagrammatic way

5-point on-shell amplitudes. ) K .
Aijim = Rijkim ><
L 110 Ry A% (si5) R ‘ m L
+ 51 ijka (s45) Roim+ i ;J< ) KL
+15 R,'ja Aab(s,'j) Ribe A< (S/m) Rdim : ™m >‘_‘EL_J<

v
+perm ijk/m:|

where

i [A*
_ [7ViVijR”le — 7/\4Rﬂil/ijRV,#m — 5sj VmR,'/kj + perm,-jk,m]

Rijkim = 5l
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Scalar on-shell amplitudes from fibre bundle geometry

6-point on-shell amplitudes.

Ajjkimn = Rijkimn N
1
6' [15 R,Jk/a (Smn) Rbmn >I<
. Lo

+10 Rijka (SU ) Rbimn
+45 Rijab A% (sk1) Rkt AP (556) Ramn
+60 7?/ijka (sykl) 7?/bck A° (Smn) Rdmn

+15 Rija Aa (Su) Rbcd AC (Skl) Rek/ AdF(Smn) Rfmn
+90 Rja A% (s;7) Rk A (siik) Redet A (Smn) Rofimn

+permijklmn]

Alminawi,|B,Davighi wip
J>}_<
>a h’a J<

/\4
where Rijkimn = 6' [ ViV; VkV/R” = 11/\4Rl‘iuj VkV,R” — 7/\4V R*. ok ViRY n

+ 8N RY, R R,
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Example: 4-point on-shell amplitude from fibre bundle geometry

b2
A

1 2
] + 50ub20" 62 — [%aﬁ +

m3 V111
72 ¢35 + /\<151

=

= —(9 ¢1a ¢1 |:1+32
Usual FR
—iNviny
. a2
_,ﬁ [511 - 2mﬂ
—ivi122
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Scalar scattering amplitudes from geometry

Covariant FR
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Example: 4-point on-shell amplitude from fibre bundle geometry

b2
A

1 m% 2 m% 2, Vil V1122
= —(9”(]516 $1(l+a— |+ 56;@26”(]52 - 7@51 + 7‘152 + /\451 ¢1¢2]
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Example: 4-point on-shell amplitude from fibre bundle geometry

1 2 2
= Souhit [1 - az‘ff] + 5 0ud2d" 62 — [%dﬁ + 2+ A+ V“22¢1¢2]

Usual diagrams Covariant diagrams

b, <151 Ai122 =

— V1)) <eg— / ><

$, ¢, .

a
+L( 8m1+2m2

b b 4N2
6 L _al (. mT 1 /I
A S ) [

12/14
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> on-shell amplitudes of any loop order can be written as covariant tensors onen OO e
» or 62r
» vacuum and on-shell conditions become =0, — =0
0 0¢' o)

> verified that covariant FR technology works for 1- and 2-point functions at 1-loop

dk .
A,gl) = JW Riav A b(k2)

1 di
AP = > J 2 e AP (K?) + Rija A%(0) Rpeg A% (K2) + Riap A% (k2) AP ((p + k)?) Reg

. ° - (A N - .
P O LB ()
[ b d

» in principle should generalize for any n-point [in progress]
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Summary & Outlook

» geometrical methods long used to describe scalar theory in a “universal” way

7 tensors at the vacuum are field-redefinition-invariant, measureable quantities
7 theories can be characterized by geometric properties

> we proposed a novel approach that accounts for spacetime dependence of fields
switching from a field space to a fibre bundle picture

> identified general prescription to get on-shell amplitudes in scalar theories with up to 2 0
7 includes geometrical description of scalar potential
7 based on covariant Feynman Rules, assembled in the usual approach
7 avoids heaviest computational hurdles

> a lot to be done!
> solidify application to higher loops, renormalization
> including higher derivatives — jet bundles geometry
> gauging, consider extension to fermions

> ...stay tuned!
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Backup slides



Covariant Feynman rules

AN
Rik = i ViR,

i[A*
Rijr = y} ?V;VJ-R“,W, = 2/\4R“,.Uj R — 2sij Ring + perm]
i [A* m 4pn y
Rijkim = a 7V,‘Vjka o AR ivjka T = 5sj; VmR,'/kj + perm

i[A* " 4pu v 4. ph I

Rijiimn = 6l 7ViVijV/R mun — 1IN RY, UV R — TNYVRY VIR

+ 8N RY R R:myun — 957 ViV nRing — 85in Ry I Roimn + perm]

i [A*

Rijkimno = 7 ?V;VijV/VmR“,mO = 16/\4R”,-VJ-V;<V/V,,7R”,,#O = 25/\4V,-R“J-UkV,VmR”n#O

+ 64/\4R‘u’-uj Vkp,Vme"#O—].‘]-S,'j VmVnVOR,'/kj — 28sip, Rijk qV/qu"O + perm]
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Fibre bundle geometry

Alminawi,|B,Davighi in progress

Christoffel symbols = Ap = 0pA

‘\'H(’,l]l]]ll

M, =r4=ri, =0

Muv = =5 8uv.m
ghr
rftu = Tgp’/y"
ri B gim[ ' ' .
e = 5 &mk + Gkmj — m]

evaluating at the vacuum of the theory: gu; = —1, V;/2=0 Vi

. g_im
ik = =5 [Gimk + Bmj — ]

all others =0
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Fibre bundle geometry

Riemann tensors

Rl,,=RE =R =R,

uvp ivp vip l/pl

[ O I O

vpo pm' vo om' vp
Bk B P e m
RUV FWJ + F F re F
i _riore i e
RJIW ruprw rl/prlu

evaluating at the vacuum of the theory: g, ; =

Re, =R =R, =0

vpo vij \juv
Mo TH
RUV r”’d

llaria Brivio (UniBo & INFN)
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Alminawi,|B,Davighi in progress

X=X Ap=0pA

‘v;\(:nnm

i i _ no__
i = Riue = Rije = Rf =0

i i i
Ry = jlk_rjkl+rkm il r/m

JT Y iz e e
Ruu rl/j i rl/lj rlprIJj - prlll
i i i P i m
Ruj erJ rl/p rw + er r;w
—NuwVi/2=0 Vi
pi _ i i i Fm_ i
Rii =Tk = Uiy + Tie 57 — T jk
= -
Ruj ruw
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Fibre bundle geometry

Alminawi,|B,Davighi in progress

Covariant derivatives of the Riemann tensors.

)_< = X‘\'i\(il]l]]ll Ab = PbA
The non-vanishing options are
Va R;pr Va R,’f,p Va Rl’f,p VaR.,o Va R,’J‘V Va Rl’fu
Va R, Va R;'ij Va RZ‘,( Va RJ';W Va R;U,, VaRiy
evaluating at the vacuum of the theory: g7 = —nMVVJ/2 =0 Vi
the only surviving objects are
Val?jk, V.R R;W Va R,’jv
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Jet bundles

Saunders 1989. see also Craig,Lee 2307.15742

(2,n) (E,g) (J'E,gD)

Uy,
. Pl T
ut u'phbl b
zHAR
oA
0 b #
Jto*(-)

j)’;gzﬁ = r-jet of ¢ at x = equivalence class containing sections identical up to r-th derivative

J'E = r-jet bundle = {jl¢|x € X, € [«(m)} is a differentiable manifold. we use only JE
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1-jet bundle metric — ¢* scalar Lagrangian

the 1-jet bundle is a Riemannian manifold, on which we can build a metric

(8w 8 8\ [dX”
g® = (dxt  du’ dUL) &i & & du/
g g &) \du

= gudxdx” + 2g,idx"du’ + 2g},; dx"dul, + gj du'du/ + 2g du' dul, + gl}” duj,du/,

Poincaré invariance = gi; depend on u', uj, but not on x*

Metric to Lagrangian.
L= IR + g D + 810 + =g Y + gL PO, + gl 0,0, 0y
= 277 8uv + Bui 8 ¢ 2gu u‘b fod &ij p(b og 2gij P @ og

a redundant basis of operators with up to 4 derivatives
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Scalar Lagrangian from 1-jet bundle metric: 1 scalar case

retaining only terms leading to operators with up to 4 derivatives

v _ M V(u) + [“n“u + Mupup] J(u) [u#uy N nﬂupup]

A4 2 A4 4 M 2 A4 4 A4
g u u,u,u”
e — S0 + 2

u’uy, u,uf

g, =0,E(u) + Ad Fi(u) + 4}, x Fo(u)

g = C(w) + 222 D(w) Nt = “-B() Mgl = i Alu)
pulls back to
£ = %amaw (C+2G + J) — A(o)E — A*V
L DDRPVGR | GO 5 g (OGN | (@899 D4 2H 1 K
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Extension to higher derivatives

metric g(") of a r -jet bundle — redundant basis of operators with up to 2(r + 1) deriv.

r-jet bundle has coordinates y' = (x*, u', Ups Ui+ = 1 “;n...u,)
. l/1. . 111‘. Uy
Euv Buj g,lyl g’;{ , dx”
9B T du
g\ = (dx" du'  dui, - d“;u...u,) 8ui 8ij 8ij o & du,
Hl.ml’« H1.~~~M H1~~'~M vy H1~~~L; vi...v duf
gl,,‘ r gu r gu r gu r r V1...Uy

» arbitrary internal symmetries (or absence thereof) can always be implemented

» many redundancies! different metric entries mapping to same operators, IBP, EOM, diffeos. ..
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