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The key question

consider a theory of N scalar fields

φipxq i “ 1 . . .N

under field redefinitions*

φ1 ÞÑ φ1 ` φ2
2 φ1 ÞÑ φ1e

iφ2 φ2 ÞÑ φ1 ´ φ2?
2

. . .

§ L changes

§ Feynman rules change

§ Feynman diagrams for a certain process change

§ cross-sections and on-shell amplitudes stay the same

can we find a manifestly invariant parameterization of on-shell amplitudes?

*that preserve the mass spectrum
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Phenomenological motivation: SMEFT vs HEFT

the two EFTs differ in how the 4 scalar fields of the SM are packaged in SUp2q ˆ Up1q representations

H “ 1?
2

ˆ

π2 ` i π1

φ ´ i π3

˙

vs. U “ exp

„

iσi πi

v



, φ

SMEFT HEFT

� fundamental differences are obscured by the field-redefinition relation between the EFTs
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tool of choice: geometrical methods

§ formalism originally introduced in the 60–80s. has applications e.g. in quantum gravity
Meetz 1969, (Ecker),Honerkamp 1971,1972, Tataru 1975, Alvarez-Gaumé+ 1981, Vilkovisky 1984, Gaillard 1986. . .

§ first considered „10 yrs ago for a “universal” formulation of SMEFT/HEFT
that can be studied independently of field representation Alonso,Jenkins,Manohar 1511.00724, 1605.03602

§ in the last 5 years it has found several applications in the context of EFTs
Pilaftis+ 2006.05831,2406.13594 Cohen+ 2008.08597,2108.03240,2202.06965,2312.06748, 2410.21378,2504.12371 Cheung+ 2111.03045,2202.06972
Alonso+ 2109.13290,2207.02050,2307.14301 Helset+ 2210.08000,2212.03253 Craig+ 2305.09722 Assi+ 2307.03187,2504.18537
Jenkins+ 2310.19883,2308.06315 Derda+ 2403.12142 Craig,Lee 2307.15742 IB+ 2308.00017 Li+ 2411.04173 Aigner+ 2503.09785 . . .
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Geometrical description for scattering amplitudes

interactions with 2 derivatives define a metric on the manifold of field configurations (field space)

L “ 1

2
Bµφi Bµφj gijpφq ` . . . ÝÑ g “ gijpuq duiduj

� φi treated as coordinates on field space. theory is characterized by Rijkl ,Rij ,R . . .

On-shell amplitudes. for massless/soft scalars Cheung+ 2111.03045, Helset+ 2210.08000

Aijk “ 0

Aijkl “ sij Rikjl ` sik Rijkl

Aijklm “ sij ∇lRikjm ` sik ∇lRijkm ` sil∇kRijlm ` skl ∇iRmkjl ` psjl ` silq∇iRmjkl

R,∇R . . . are evaluated at the vacuum φi ” 0, sij “ ppi ` pjq
2

example: L “
1

2
Bµφ1Bµφ1

„

1 ` a2
φ2

Λ



`
1

2
Bµφ2Bµφ2

„

1 ` b11
φ2
1

2Λ2
` b111

φ3
1

3!Λ3



R1212 “
´

a2
2 ´ 2b11

¯

{4Λ2
∇1R1212 “ ´b111{2Λ3

∇2R1212 “ ´a2
3{2Λ3
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What do we learn?

� A are tensors under diffeomorphism field redefinitions Cohen+ 2202.06965,2312.06748, Alminawi wip

true even with masses, up to terms that vanish at the vacuum ( BΓ
Bφ

) or for on-shell external legs ( B
2Γ

BφBφ
)

� if φi are mass eigenstates , Ai1...in with fixed i1 . . . in indices is invariant

if they are not, we can move to a mass eigenstate basis φi Ñ φ1a

by LSZ, a physical on-shell amplitude is A
1
a1...an

“ U i1
a1
. . .U in

an Ai1...in with U i
a “ δφi{δφ1a

� R ,∇R . . . at φi “ 0 are invariant, measurable quantities

� the expressions of Ai1...in in terms of Riemanns are universal: computed once for all theories

� a theory can be characterized by the geometry of its field space

Ë
SMEFT

é
HEFT

é
HEFT

Cohen,Craig,Lu,Sutherland 2008.08597
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Limitations & Challenges

§ interactions with Bě4 or B0 ” V pφq are not assigned a geometric meaning

� some attempts with “functional geometry” Helset+ 2210.08000,2202.06972, Cohen+ 2202.06965,2312.06748,2410.21378

Lagrange spaces Craig+ 2305.09722 and jet bundles Craig,Lee 2307.15742, Alminawi,IB,Davighi 2308.00017

§ invariance under derivative field redefinitions is not captured, e.g. φ1 Ñ φ1 ` ˝φ2{Λ2

§ computing higher-point amplitudes is highly non trivial!

Feynman rules are not covariant, e.g.

Rijk “
i

2

”

p
2
i Γijk ` p

2
j Γjki ` p

2
k Γkij

ı

recovering covariant expressions requires recombining dozens of non-tensor terms into tensors, e.g.

gin
`

BkΓ
n
lj ´ BlΓ

n
kj ` Γn

kmΓ
m
lj ´ Γn

lmΓ
m
kj

˘

“ Rijkl

some simplification can be achieved with normal coordinates, where Γijk “ 0.
however, there is no basis in which all non-covariant terms vanish
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Fibre bundle picture

main aim: include derivatives Bµφpxq Ñ keep φ dependence on x manifest!

natural structure: fibre bundle Alminawi,IB,Davighi 2308.00017
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Fibre bundle picture

main aim: include derivatives Bµφpxq Ñ keep φ dependence on x manifest!

natural structure: fibre bundle Alminawi,IB,Davighi 2308.00017

Minkowski spacetime Σ

w/ coord xµ , metric η

” base space

field config. space M

w/ coord ui

” fibre

pE ,Σ, πq

locally: Ex “ Σx ˆ M

field φi pxq : Σ Ñ M

” section of E over Σ
‰ ui
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Fibre bundle metric Ñ B2 scalar Lagrangian

the fibre bundle is a Riemannian manifold, on which we can build a metric

g “
`

dxµ dui
˘

ˆ

gµν gµj
gνi gij

˙ ˆ

dxν

duj

˙

“ gµνdx
µdxν ` gijdu

iduj`2gµidx
µdui

Poincaré invariance ñ gIJ depend on ui but not on xµ, gµi ” 0 o gµν ‰ ηµν

Metric to Lagrangian.

L “ Λ4

2
ηµνgµνpφq ` 1

2
gijpφqBµφiBµφj

same as usual geo” ´V pφq

geometric interpretation of the scalar potential!
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Scalar on-shell amplitudes from fibre bundle geometry

2-point amplitudes = inverse propagators are always tensors: Alminawi,IB,Davighi wip

∆´1
ij pp2q “ ´i

´

p2gij ` Λ4R
µ
iµj {2

¯

ÝÑ ∆ijpp2q “ i
´

p2gij ` R
µ
iµj {2

¯´1

where
Λ4

2
R

µ
iµj “ Λ4

2
ηµνBiBjgµν “ ´BiBjV “ ´m2

ij g ,R,∇R . . . at vacuum

3-point on-shell amplitudes Aijk “ i
Λ4

2
∇iR

µ
jµk

= trilinear vertex computed with all external lines on-shell

example L “
1

2
Bµφ1Bµφ1

„

1 ` a2
φ2

Λ



`
1

2
Bµφ2Bµφ2 ´

„

m2
1

2
φ2
1 `

m2
2

2
φ2
2 `

v112

2
Λφ2

1φ2



Ñ Λ4
∇2R

µ
1µ1 “

a2

4Λ
p2m2

1 ´ m2
2q ´

Λv112
2

both kinetic and potential contributions are simultaneously accounted for! � bundle feature!
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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by

1. deriving “covariant Feynman Rules” Ri1...in

2. gluing them together with ∆ij propagators, in the usual diagrammatic way

Alminawi,IB,Davighi wip

� covariant FR can be predicted with a generalization of normal coordinates expansion of gµν , gij

� non-tensor terms never need to be evaluated

� non trivial result: field-redefinition-invariant scalar on-shell amplitudes can be built
connecting vertices that behave as if all their lines were on shell,
and are individually invariant under redefinitions
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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by

1. deriving “covariant Feynman Rules” Ri1...in

2. gluing them together with ∆ij propagators, in the usual diagrammatic way

Alminawi,IB,Davighi wip

4-point on-shell amplitudes.

Aijkl “Rijkl

` Rija ∆
abpsq Rbkl

` Rika ∆
abptq Rbjl

` Rila ∆
abpuq Rbkl

“Rijkl ` 1

4!

“

3 Rija ∆
abpsijq Rbkl ` permijkl

‰

where

Rijk “ Aijk “ i
Λ4

2
∇iR

µ
jµk Rijkl “ i

4!

„

Λ4

2
∇i∇jR

µ
kµl ´ 2Λ4R

µ
iνjR

ν
kµl ´ 2sij Rilkj ` permijkl


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Scalar on-shell amplitudes from fibre bundle geometry

all n-point on-shell amplitudes can be computed by

1. deriving “covariant Feynman Rules” Ri1...in

2. gluing them together with ∆ij propagators, in the usual diagrammatic way

Alminawi,IB,Davighi wip

5-point on-shell amplitudes.

Aijklm “ Rijklm

` 1

5!

„

10 Rijka ∆
abps45q Rblm`

`15 Rija ∆
abpsijq Rkbc ∆cd pslmq Rdlm

`permijklm



where

Rijklm “ i

5!

„

Λ4

2
∇i∇j∇kR

µ
lµm ´ 7Λ4R

µ
iνj∇kR

ν
lµm ´ 5sij ∇mRilkj ` permijklm


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Scalar on-shell amplitudes from fibre bundle geometry

6-point on-shell amplitudes. Alminawi,IB,Davighi wip

Aijklmn “ Rijklmn

` 1

6!

“

15Rijkla ∆
abpsmnqRbmn

`10Rijka ∆
abpsijk qRblmn

`45Rijab ∆
acpsklqRckl ∆

bd ps56qRdmn

`60Rijka ∆
abpsijkl qRbck ∆

cd psmnqRdmn

`15Rija ∆
abpsijqRbcd ∆

cepsklqRekl ∆
df psmnqRfmn

`90Rija ∆
abpsijqRbck ∆

cd psijk qRdel ∆
ef psmnqRfmn

`permijklmn

‰

where Rijklmn “ i

6!

„

Λ4

2
∇i∇j∇k∇lR

µ
mµn ´ 11Λ4R

µ
iνj∇k∇lR

ν
mµn ´ 7Λ4

∇iR
µ
jνk∇lR

µ
mνn

` 8Λ4R
µ
iνj R

ν
kρl R

ρ
mµn ´ 9sij ∇m∇nRilkj ´ 8sin R

q
ijk Rqlmn ` permijklmn


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Example: 4-point on-shell amplitude from fibre bundle geometry

L “ 1

2
Bµφ1Bµφ1

„

1 ` a2
φ2

Λ



` 1

2
Bµφ2Bµφ2 ´

„

m2
1

2
φ2
1 ` m2

2

2
φ2
2 ` v111

3!
Λφ3

1 ` v1122

4
φ2
1φ

2
2



Usual FR Covariant FR

´iΛ v111 ´iΛv111

´i
a2

2Λ

“

s11 ´ 2m2
1

‰

´i
a2

2Λ

“

2m2
1 ´ m2

2

‰

´iv1122 ´iv1122 ´ i
a2

2

2Λ2

”

4m2
1 ´ m2

2 ´ s11

2

ı
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Example: 4-point on-shell amplitude from fibre bundle geometry

L “ 1

2
Bµφ1Bµφ1

„

1 ` a2
φ2

Λ



` 1

2
Bµφ2Bµφ2 ´

„

m2
1

2
φ2
1 ` m2

2

2
φ2
2 ` v111

3!
Λφ3

1 ` v1122

4
φ2
1φ

2
2



A1122 “

´ v1122

` a2
2

4Λ2

`

s ´ 8m2
1 ` 2m2

2

˘

´ a2
2

Λ2

ˆ

m2
1 ´ m2

2

2

˙2 „

1

t ´ m2
1

` 1

u ´ m2
1


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Example: 4-point on-shell amplitude from fibre bundle geometry

L “ 1

2
Bµφ1Bµφ1

„

1 ` a2
φ2

Λ



` 1

2
Bµφ2Bµφ2 ´

„

m2
1

2
φ2
1 ` m2

2

2
φ2
2 ` v111

3!
Λφ3

1 ` v1122

4
φ2
1φ

2
2



A1122 “

´ v1122

` a2
2

4Λ2

`

s ´ 8m2
1 ` 2m2

2

˘

´ a2
2

Λ2

ˆ

m2
1 ´ m2

2

2

˙2 „

1

t ´ m2
1

` 1

u ´ m2
1



Usual diagrams Covariant diagrams
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Loops

§ on-shell amplitudes of any loop order can be written as covariant tensors Cohen+ 2312.06748
Alonso,West 2207.02050

§ vacuum and on-shell conditions become
δΓpLq

δφi

” 0 ,
δ2ΓpLq

δφiδφj
” 0

§ verified that covariant FR technology works for 1- and 2-point functions at 1-loop

A
p1q
i “

ż

ddk

p2πqd Riab ∆
abpk2q

A
p1q
ij “ 1

2

ż

ddk

p2πqd Rijab ∆
abpk2q ` Rija ∆

abp0qRbcd ∆
cd pk2q ` Riab ∆

acpk2q∆bd ppp ` kq2qRcdj

§ in principle should generalize for any n-point [in progress]
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Summary & Outlook

§ geometrical methods long used to describe scalar theory in a “universal” way

� tensors at the vacuum are field-redefinition-invariant, measureable quantities
� theories can be characterized by geometric properties

§ we proposed a novel approach that accounts for spacetime dependence of fields

switching from a field space to a fibre bundle picture

§ identified general prescription to get on-shell amplitudes in scalar theories with up to 2 B
� includes geometrical description of scalar potential
� based on covariant Feynman Rules, assembled in the usual approach
� avoids heaviest computational hurdles

§ a lot to be done!

§ solidify application to higher loops, renormalization
§ including higher derivatives Ñ jet bundles geometry
§ gauging, consider extension to fermions
§ . . . . . . stay tuned!
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Backup slides



Covariant Feynman rules

Rijk “ i
Λ4

2
∇iR

µ
jµk

Rijkl “ i

4!

„

Λ4

2
∇i∇jR

µ
kµl ´ 2Λ4R

µ
iνjR

ν
kµl ´ 2sij Rilkj ` perm



Rijklm “ i

5!

„

Λ4

2
∇i∇j∇kR

µ
lµm ´ 7Λ4R

µ
iνj∇kR

ν
lµm ´ 5sij ∇mRilkj ` perm



Rijklmn “ i

6!

„

Λ4

2
∇i∇j∇k∇lR

µ
mµn ´ 11Λ4R

µ
iνj∇k∇lR

ν
mµn ´ 7Λ4

∇iR
µ
jνk∇lR

µ
mνn

` 8Λ4R
µ
iνjR

ν
kρl R

ρ
mµn ´ 9sij ∇m∇nRilkj ´ 8sin R

q
ijk Rqlmn ` perm



Rijklmno “ i

7!

„

Λ4

2
∇i∇j∇k∇l∇mR

µ
nµo ´ 16Λ4R

µ
iνj∇k∇l∇mR

ν
nµo ´ 25Λ4

∇iR
µ
jνk∇l∇mR

ν
nµo

` 64Λ4R
µ
iνj R

ν
kρl∇mR

ρ
nµo ´14sij ∇m∇n∇oRilkj ´ 28sin R

q
ijk ∇lRqmno ` perm



. . .
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Fibre bundle geometry

Alminawi,IB,Davighi in progress

X̄ ” X
ˇ

ˇ

vacuum
A,b ” BbAChristoffel symbols

Γµνρ “ Γµij “ Γijµ “ 0

Γiµν “ ´g im

2
gµν,m

Γµiν “ gµρ

2
gρν,i

Γijk “ g im

2
rgjm,k ` gkm,j ´ gjk,ms

evaluating at the vacuum of the theory: gµν,i “ ´ηµνV,i{2 ” 0 @i

Γ̄ijk “ ḡ im

2
rgjm,k ` gkm,j ´ gjk,ms

all others “ 0
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Fibre bundle geometry

Alminawi,IB,Davighi in progress

X̄ ” X
ˇ

ˇ

vacuum
A,b ” BbARiemann tensors

R i
µνρ “ R

µ
iνρ “ R

µ
νiρ “ R

µ
νρi “ R i

jkµ “ R i
jµk “ R i

µjk “ R
µ
ijk ” 0

Rµ
νρσ “ ΓµρmΓ

m
νσ ´ ΓµσmΓ

m
νρ R i

jkl “ Γijl,k ´ Γijk,l ` ΓikmΓ
m
jl ´ ΓilmΓ

m
jk

R
µ
ijν “ Γµiν,j ` ΓµjρΓ

ρ
iν ´ ΓµmνΓ

m
ij R

µ
νij “ Γµνj,i ´ Γµνi ,j ` ΓµiρΓ

ρ
νj ´ ΓµjρΓ

ρ
νi

R i
jµν “ ΓiµρΓ

ρ
νj ´ ΓiνρΓ

ρ
µj R i

µjν “ Γiµν,j ´ ΓiνρΓ
ρ
µj ` ΓijmΓ

m
µν

evaluating at the vacuum of the theory: gµν,i “ ´ηµνV,i{2 ” 0 @i

R̄µ
νρσ “ R̄

µ
νij “ R̄ i

jµν “ 0 R̄ i
jkl “ Γijl,k ´ Γijk,l ` Γ̄ikmΓ̄

m
jl ´ Γ̄ilmΓ̄

m
jk

R̄
µ
ijν “ Γµiν,j R̄ i

µjν “ Γiµν,j
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Fibre bundle geometry

Alminawi,IB,Davighi in progress

X̄ ” X
ˇ

ˇ

vacuum
A,b ” BbACovariant derivatives of the Riemann tensors.

The non-vanishing options are

∇αR
i
µνρ ∇αR

µ
iνρ ∇αR

µ
νiρ ∇aR

µ
νρσ ∇aR

µ
ijν ∇aR

µ
νij

∇αR
i
jkµ ∇αR

i
µjk ∇αR

µ
ijk ∇aR

i
jµν ∇aR

i
µjν ∇aR

i
jkl

evaluating at the vacuum of the theory: gµν,i “ ´ηµνV,i{2 ” 0 @i
the only surviving objects are

∇aR
i
jkl ∇aR

i
µjν ∇aR

µ
ijν
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Jet bundles

Saunders 1989. see also Craig,Lee 2307.15742

j ixφ = r -jet of φ at x = equivalence class containing sections identical up to r -th derivative

J rE = r -jet bundle = tj rxφ|x P Σ, φ P Γxpπqu is a differentiable manifold. we use only J1E
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1-jet bundle metric Ñ B4 scalar Lagrangian

the 1-jet bundle is a Riemannian manifold, on which we can build a metric

g p1q “
`

dxµ dui duiµ
˘

¨

˝

gµν gµj gν
µj

gνi gij gν
ij

g
µ
νi g

µ
ij g

µν
ij

˛

‚

¨

˝

dxν

duj

dujν

˛

‚

“ gµνdx
µdxν ` 2gµidx

µdui ` 2gν
µj dx

µdujν ` gij du
iduj ` 2gν

ij du
idujν ` g

µν
ij duiµdu

j
ν

Poincaré invariance ñ gIJ depend on ui , uiµ but not on xµ

Metric to Lagrangian.

L “ 1

2
ηµνgµν ` gµiBµφi ` gν

µjBµBνφj ` 1

2
gijBµφiBµφj ` gν

ij BρφiBρBνφj ` 1

2
g
µν
ij BρBµφiBρBνφj

a redundant basis of operators with up to 4 derivatives
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Scalar Lagrangian from 1-jet bundle metric: 1 scalar case

retaining only terms leading to operators with up to 4 derivatives

gµν

Λ4
“ ´ηµν

2
V puq `

„

uµuν

Λ4
` ηµν

4

uρu
ρ

Λ4



Jpuq
2

`
„

uµuν

Λ4
` ηµν

4

uρu
ρ

Λ4



uσu
σ

Λ4

K puq
2

gµu

Λ2
“ uµ

Λ2
Gpuq ` uµuρu

ρ

Λ6
Hpuq

gν
µu “ δνµE puq ` uνuµ

Λ4
F1puq ` δνµ

uρu
ρ

Λ4
F2puq

guu “ C puq ` uρu
ρ

Λ4
Dpuq Λgµ

uu “ uµ

Λ
Bpuq Λ2gµν

uu “ ηµνApuq

pulls back to

L “ 1

2
BµφBµφ pC ` 2G ` Jq ´ Λp˝φqE ´ Λ4V

` BµBνφBµBνφ

Λ2

A

2
` BµBνφBµφBνφ

Λ3
pB ` F1q ` p˝φqpBµφBµφq

Λ3
F2 ` pBµφBµφq2

Λ4

D ` 2H ` K

2
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Extension to higher derivatives

metric g prq of a r -jet bundle ÝÑ redundant basis of operators with up to 2pr ` 1q deriv.

r -jet bundle has coordinates y I “ pxµ, ui , uiµ1
, uiµ1µ2

, . . . , uiµ1...µr
q

g prq “
`

dxµ dui duiµ1
¨ ¨ ¨ duiµ1...µr

˘

¨

˚

˚

˚

˚

˚

˝

gµν gµj gν1
µj ¨ ¨ ¨ gν1...νr

µj

gνi gij gν1
ij ¨ ¨ ¨ gν1...νr

ij

g
µ1

νi g
µ1

ij g
µ1ν1
ij ¨ ¨ ¨ g

µ1ν1...νr
ij

...
...

...
. . .

...
g
µ1...µr

νi g
µ1...µr

ij g
µ1...µrν1
ij ¨ ¨ ¨ g

µ1...µrν1...νr
ij

˛

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˝

dxν

duj

dujν1
¨ ¨ ¨

dujν1...νr

˛

‹

‹

‹

‹

‚

§ arbitrary internal symmetries (or absence thereof) can always be implemented

§ many redundancies! different metric entries mapping to same operators, IBP, EOM, diffeos. . .
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