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TNS: entanglement-based ansatzes for 
quantum many-body states
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TNS: restricted 
family

poly(N)

good ansatz for ground states 
and thermal equilibrium: area 
law

efficient numerics

entanglement hierarchy
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finding a good ansatz

random state not 
close to product

H

naturally
appearing

“relevant corner”

area law SAmax � |�A|

A

B

ground states of local Hamiltonians
thermal equilibrium

Hastings 2007
Calabrese, Cardy 2004
Wolf,  Verstraete, Hastings, Cirac, 2008
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S  log(D)

TNS: entanglement-
based ansatz



d dd dd
A

B

area law

TNS = entanglement based ansatz

MPS

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

PEPS



d dd dd
A

B

area law

TNS = entanglement based ansatz

MPS

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

other TNS

critical 1D 
correlations

PEPS



d dd dd
A

B

area law

TNS = entanglement based ansatz

MPS

MERA
TTN

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

Shi et al PRA 2006

Vidal PRL 2007
other TNS

critical 1D 
correlations

PEPS



d dd dd
A

B

area law

TNS = entanglement based ansatz

MPS

MERA
TTN

Swingle PRD 2012
Molina JHEP 2013

Nozaki et al JHEP 2012
Bao et al PRD 2015

suggested connection 
to AdS/CFT

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

Shi et al PRA 2006

Vidal PRL 2007
other TNS

critical 1D 
correlations

PEPS
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tensor networks may also describe 
partition functions (observables)

need to 
contract a TN

Nishino, JPSJ 1995
Levin & Wen PRL 2008

 Xie et al PRL2009; Zhao et al PRB 2010

TRG approaches

TN assisted Metropolis-Hastings
collective updates

Frías-Pérez, Marien, Pérez-García, MCB, Iblisdir, 
SciPost Phys. 14, 123 (2023)

a side comment
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TNS are very useful in the quantum 
many-body context

formal approach

classify tensors (symmetries)

great descriptive power: phases, 
topological chiral states, anyons...

numerical approach
TNS as (variational) ansätze 

for physical problems
efficient algorithms for GS, low 

excited states, thermal, dynamics

entanglement: crucial ingredient 
to understand QMB systems

as ansatz



using TNS for QFT



TNS

Extremely practical (and successful) for 1D 
systems (MPS)

Promising improvements for higher dimensions

ground states
low-lying excitations
thermal states
time evolution

Non-perturbative for Hamiltonian systems

LGT
apply to
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there is long way to go until LQCD

journey begins with 1+1D steps

https://unsplash.com/@miteneva?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
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Byrnes PRD2002; Sugihara NPB2004
Tagliacozzo PRB2011; Sugihara JHEP2005 

Meurice PRB2013

early works with DMRG/TNS

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003

Photo by Maria Teneva on Unsplash
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Schwinger model
U(1) in 1D

precise equilibrium 
simulations,

feasibility of QSim
MCB et al JHEP11(2013)158;

Rico et al PRL 2014; Buyens et al. PRL 2014;
Kühn et al., PRA 90, 042305 (2014);

MCB et al PRD 2015, Buyens et al. PRD 2016;
Pichler et al. PRX 2016;

review Dalmonte, Montangero, Cont. Phys. 2016
MCB, Cichy, Cirac, Jansen, Kühn, arXiv:1810.12838

Non-Abelian in 1D
string breaking dynamics
S. Kühn et al., JHEP 07 (2015) 130;

Silvi et al., Quantum 2017
S. Kühn et al. PRX 2017

SU(3)QLM
Silvi et al, PRD 2019

finite density
S. Kuehn et al, PRL118 (2017) 071601

Byrnes PRD2002; Sugihara NPB2004
Tagliacozzo PRB2011; Sugihara JHEP2005 

Meurice PRB2013

early works with DMRG/TNS

2+1 dimensions
Felser et al. PRX10, 041040 (2020)

Robaina et al. PRL126, 050401 (2021)
Emonts et al. PRD102, 074501 (2020)

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003

Photo by Maria Teneva on Unsplash

Magnifico et al. Nat. Com.12, 3600 (2021)
3+1 dimensions

https://unsplash.com/@miteneva?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
https://unsplash.com/s/photos/dangerous-road?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
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spectrum

continuum limit: very precise masses for U(1), SU(2)

|E0i ⇡
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MCB, Cichy, Cirac, Jansen JHEP11(2013)158
Buyens et al. PRL113 (2014) 091601

MCB, Cichy, Cirac, Jansen, Kühn  PRX 7, 041046 (2017)

different techniques demonstrate suitability of the 
ansatz
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Schwinger model with several 
flavours and chemical potentials 

(continuum)
S. Kühn et al, PRL118 (2017) 071601

Silvi et al, Quantum 1, 9 (2017)
 PRD100, 074512 (2019)

phase diagram of SU(2) and 
SU(3) QLM at finite density

some results in 2+1, 3+1 
U(1)
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divergence in the continuum limit

Calabrese, Cardy JStatMech 2004
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entropy

gauge constraints not purely local ⇒ not all entropy physical
Casini et al 2014; Gosh et al JHEP 2015

 Soni, Trivedi JHEP 2016; van Acoleyen et al PRL 2016
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<latexit sha1_base64="cc1QEcQDjtu8PTZFVX+yh/o0qBk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyIz4MQ9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xslmhSha0FBUddPd5ceCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj66nfuuBKc0jeW/GMfNCMpA84JQYK93RS9wrV9yqmwHNkRMXX5xihHOlAjnqvfJHtx/RJGTSUEG07mA3Nl5KlOFUsEmpm2gWEzoiA9axVJKQaS/NTp2gA6v0URApW9KgTJ2fSEmo9Tj0bWdIzFD/9qbiX14nMcG5l3IZJ4ZJOlsUJAKZCE3/Rn2uGDVibAmhittbER0SRaix6ZRsCN+fov9J86iK3Sq+Pa7UrvI4irAH+3AIGM6gBjdQhwZQGMAjPMOLI5wn59V5m7UWnHxmF37Aef8C1weNfw==</latexit><latexit sha1_base64="cc1QEcQDjtu8PTZFVX+yh/o0qBk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyIz4MQ9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xslmhSha0FBUddPd5ceCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj66nfuuBKc0jeW/GMfNCMpA84JQYK93RS9wrV9yqmwHNkRMXX5xihHOlAjnqvfJHtx/RJGTSUEG07mA3Nl5KlOFUsEmpm2gWEzoiA9axVJKQaS/NTp2gA6v0URApW9KgTJ2fSEmo9Tj0bWdIzFD/9qbiX14nMcG5l3IZJ4ZJOlsUJAKZCE3/Rn2uGDVibAmhittbER0SRaix6ZRsCN+fov9J86iK3Sq+Pa7UrvI4irAH+3AIGM6gBjdQhwZQGMAjPMOLI5wn59V5m7UWnHxmF37Aef8C1weNfw==</latexit><latexit sha1_base64="cc1QEcQDjtu8PTZFVX+yh/o0qBk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyIz4MQ9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xslmhSha0FBUddPd5ceCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj66nfuuBKc0jeW/GMfNCMpA84JQYK93RS9wrV9yqmwHNkRMXX5xihHOlAjnqvfJHtx/RJGTSUEG07mA3Nl5KlOFUsEmpm2gWEzoiA9axVJKQaS/NTp2gA6v0URApW9KgTJ2fSEmo9Tj0bWdIzFD/9qbiX14nMcG5l3IZJ4ZJOlsUJAKZCE3/Rn2uGDVibAmhittbER0SRaix6ZRsCN+fov9J86iK3Sq+Pa7UrvI4irAH+3AIGM6gBjdQhwZQGMAjPMOLI5wn59V5m7UWnHxmF37Aef8C1weNfw==</latexit><latexit sha1_base64="cc1QEcQDjtu8PTZFVX+yh/o0qBk=">AAAB6nicdVDLSgNBEOyNrxhfUY9eBoPgKeyIz4MQ9OIxonlAsoTZyWwyZHZ2mZkVwpJP8OJBEa9+kTf/xslmhSha0FBUddPd5ceCa+O6n05hYXFpeaW4Wlpb39jcKm/vNHWUKMoaNBKRavtEM8ElaxhuBGvHipHQF6zlj66nfuuBKc0jeW/GMfNCMpA84JQYK93RS9wrV9yqmwHNkRMXX5xihHOlAjnqvfJHtx/RJGTSUEG07mA3Nl5KlOFUsEmpm2gWEzoiA9axVJKQaS/NTp2gA6v0URApW9KgTJ2fSEmo9Tj0bWdIzFD/9qbiX14nMcG5l3IZJ4ZJOlsUJAKZCE3/Rn2uGDVibAmhittbER0SRaix6ZRsCN+fov9J86iK3Sq+Pa7UrvI4irAH+3AIGM6gBjdQhwZQGMAjPMOLI5wn59V5m7UWnHxmF37Aef8C1weNfw==</latexit>

Schwinger



spectrum
finite density

thermal equilibrium

entropy

time evolution

1+1D RESULTS



thermal properties Schwinger
chiral condensate at finite T: analytical for m/g=0

Sachs, Wipf 92
<latexit sha1_base64="28/l3qArjMtyfqUYC20k49vkL/k=">AAAB73icdVDLSgMxFM34rPVVdekmWARX40w7fe2KblxWtA9oh5JJM21okhmTjFCG/oQbF4q49Xfc+TemD0FFD1w4nHMv994TxIwq7Tgf1srq2vrGZmYru72zu7efOzhsqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2ML2d++55IRSNxqycx8TkaChpSjLSROr0bOuTofNjP5R275pUKTg06drla8IplQ9xiya2UoGs7c+TBEo1+7r03iHDCidCYIaW6rhNrP0VSU8zINNtLFIkRHqMh6RoqECfKT+f3TuGpUQYwjKQpoeFc/T6RIq7UhAemkyM9Ur+9mfiX1010WPVTKuJEE4EXi8KEQR3B2fNwQCXBmk0MQVhScyvEIyQR1iairAnh61P4P2kVbLdse9devn6xjCMDjsEJOAMuqIA6uAIN0AQYMPAAnsCzdWc9Wi/W66J1xVrOHIEfsN4+ARRxkAY=</latexit>

⌃/g

<latexit sha1_base64="7BvC5aFRQrr60hbyXypyLwwAsPU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9LUrunFZoS9oh5JJM21sZjIkGaEM/Qc3LhRx6/+4829MH4KKHggczrmX3HP8mDOlEfqwMhubW9s72d3c3v7B4VH++KSjRCIJbRPBhez5WFHOItrWTHPaiyXFoc9p159eL/zuPZWKiailZzH1QjyOWMAI1kbqtAZaQDTMF5Bdd8tFVIfIrtSKbqliiFMqO9UydGy0RAGs0Rzm3wcjQZKQRppwrFTfQbH2Uiw1I5zOc4NE0RiTKR7TvqERDqny0uW1c3hhlBEMhDQv0nCpft9IcajULPTNZIj1RP32FuJfXj/RQc1LWRQnmkZk9VGQcGgiLqLDEZOUaD4zBBPJzK2QTLDERJuCcqaEr6Twf9Ip2k7Fdm/dQuNqXUcWnIFzcAkcUAUNcAOaoA0IuAMP4Ak8W8J6tF6s19VoxlrvnIIfsN4+AUGMjvI=</latexit>

T ! 0

<latexit sha1_base64="GwEE+shTJ6Iyp7guvLqyQzjK89A=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw0zf3RXduKzQF8yUkkkzbWgmMyR3hFL6GW5cKOLWr3Hn35g+BBU9EDiccy+55wSJ4Boc58Pa2Nza3tnN7GX3Dw6PjnMnpx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRm4XfvmdI8li2YJqwfkZHkIacEjOS1fIixz2UI00Eu79j1Urng1LFjV2qFUrFiiFssu9Uydm1niTxaoznIvfvDmKYRk0AF0dpznQT6M6KAU8HmWT/VLCF0QkbMM1SSiOn+bHnyHF8aZYjDWJknAS/V7xszEmk9jQIzGREY69/eQvzL81IIa/0Zl0kKTNLVR2EqsMm5yI+HXDEKYmoIoYqbWzEdE0UomJaypoSvpPh/0inYbsUu3ZXyjet1HRl0ji7QFXJRFTXQLWqiNqIoRg/oCT1bYD1aL9branTDWu+coR+w3j4Bk1OReg==</latexit>

T ! 1



thermal properties Schwinger
chiral condensate at finite T: analytical for m/g=0

smooth 
restoration of 
chiral symmetry

Sachs, Wipf 92
<latexit sha1_base64="28/l3qArjMtyfqUYC20k49vkL/k=">AAAB73icdVDLSgMxFM34rPVVdekmWARX40w7fe2KblxWtA9oh5JJM21okhmTjFCG/oQbF4q49Xfc+TemD0FFD1w4nHMv994TxIwq7Tgf1srq2vrGZmYru72zu7efOzhsqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2ML2d++55IRSNxqycx8TkaChpSjLSROr0bOuTofNjP5R275pUKTg06drla8IplQ9xiya2UoGs7c+TBEo1+7r03iHDCidCYIaW6rhNrP0VSU8zINNtLFIkRHqMh6RoqECfKT+f3TuGpUQYwjKQpoeFc/T6RIq7UhAemkyM9Ur+9mfiX1010WPVTKuJEE4EXi8KEQR3B2fNwQCXBmk0MQVhScyvEIyQR1iairAnh61P4P2kVbLdse9devn6xjCMDjsEJOAMuqIA6uAIN0AQYMPAAnsCzdWc9Wi/W66J1xVrOHIEfsN4+ARRxkAY=</latexit>

⌃/g

<latexit sha1_base64="7BvC5aFRQrr60hbyXypyLwwAsPU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9LUrunFZoS9oh5JJM21sZjIkGaEM/Qc3LhRx6/+4829MH4KKHggczrmX3HP8mDOlEfqwMhubW9s72d3c3v7B4VH++KSjRCIJbRPBhez5WFHOItrWTHPaiyXFoc9p159eL/zuPZWKiailZzH1QjyOWMAI1kbqtAZaQDTMF5Bdd8tFVIfIrtSKbqliiFMqO9UydGy0RAGs0Rzm3wcjQZKQRppwrFTfQbH2Uiw1I5zOc4NE0RiTKR7TvqERDqny0uW1c3hhlBEMhDQv0nCpft9IcajULPTNZIj1RP32FuJfXj/RQc1LWRQnmkZk9VGQcGgiLqLDEZOUaD4zBBPJzK2QTLDERJuCcqaEr6Twf9Ip2k7Fdm/dQuNqXUcWnIFzcAkcUAUNcAOaoA0IuAMP4Ak8W8J6tF6s19VoxlrvnIIfsN4+AUGMjvI=</latexit>

T ! 0

<latexit sha1_base64="GwEE+shTJ6Iyp7guvLqyQzjK89A=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw0zf3RXduKzQF8yUkkkzbWgmMyR3hFL6GW5cKOLWr3Hn35g+BBU9EDiccy+55wSJ4Boc58Pa2Nza3tnN7GX3Dw6PjnMnpx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRm4XfvmdI8li2YJqwfkZHkIacEjOS1fIixz2UI00Eu79j1Urng1LFjV2qFUrFiiFssu9Uydm1niTxaoznIvfvDmKYRk0AF0dpznQT6M6KAU8HmWT/VLCF0QkbMM1SSiOn+bHnyHF8aZYjDWJknAS/V7xszEmk9jQIzGREY69/eQvzL81IIa/0Zl0kKTNLVR2EqsMm5yI+HXDEKYmoIoYqbWzEdE0UomJaypoSvpPh/0inYbsUu3ZXyjet1HRl0ji7QFXJRFTXQLWqiNqIoRg/oCT1bYD1aL9branTDWu+coR+w3j4Bk1OReg==</latexit>

T ! 1
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PRD 92, 034519 (2015); PRD 93, 094512 (2016)

<latexit sha1_base64="28/l3qArjMtyfqUYC20k49vkL/k=">AAAB73icdVDLSgMxFM34rPVVdekmWARX40w7fe2KblxWtA9oh5JJM21okhmTjFCG/oQbF4q49Xfc+TemD0FFD1w4nHMv994TxIwq7Tgf1srq2vrGZmYru72zu7efOzhsqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2ML2d++55IRSNxqycx8TkaChpSjLSROr0bOuTofNjP5R275pUKTg06drla8IplQ9xiya2UoGs7c+TBEo1+7r03iHDCidCYIaW6rhNrP0VSU8zINNtLFIkRHqMh6RoqECfKT+f3TuGpUQYwjKQpoeFc/T6RIq7UhAemkyM9Ur+9mfiX1010WPVTKuJEE4EXi8KEQR3B2fNwQCXBmk0MQVhScyvEIyQR1iairAnh61P4P2kVbLdse9devn6xjCMDjsEJOAMuqIA6uAIN0AQYMPAAnsCzdWc9Wi/W66J1xVrOHIEfsN4+ARRxkAY=</latexit>

⌃/g

<latexit sha1_base64="7BvC5aFRQrr60hbyXypyLwwAsPU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9LUrunFZoS9oh5JJM21sZjIkGaEM/Qc3LhRx6/+4829MH4KKHggczrmX3HP8mDOlEfqwMhubW9s72d3c3v7B4VH++KSjRCIJbRPBhez5WFHOItrWTHPaiyXFoc9p159eL/zuPZWKiailZzH1QjyOWMAI1kbqtAZaQDTMF5Bdd8tFVIfIrtSKbqliiFMqO9UydGy0RAGs0Rzm3wcjQZKQRppwrFTfQbH2Uiw1I5zOc4NE0RiTKR7TvqERDqny0uW1c3hhlBEMhDQv0nCpft9IcajULPTNZIj1RP32FuJfXj/RQc1LWRQnmkZk9VGQcGgiLqLDEZOUaD4zBBPJzK2QTLDERJuCcqaEr6Twf9Ip2k7Fdm/dQuNqXUcWnIFzcAkcUAUNcAOaoA0IuAMP4Ak8W8J6tF6s19VoxlrvnIIfsN4+AUGMjvI=</latexit>

T ! 0

<latexit sha1_base64="GwEE+shTJ6Iyp7guvLqyQzjK89A=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw0zf3RXduKzQF8yUkkkzbWgmMyR3hFL6GW5cKOLWr3Hn35g+BBU9EDiccy+55wSJ4Boc58Pa2Nza3tnN7GX3Dw6PjnMnpx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRm4XfvmdI8li2YJqwfkZHkIacEjOS1fIixz2UI00Eu79j1Urng1LFjV2qFUrFiiFssu9Uydm1niTxaoznIvfvDmKYRk0AF0dpznQT6M6KAU8HmWT/VLCF0QkbMM1SSiOn+bHnyHF8aZYjDWJknAS/V7xszEmk9jQIzGREY69/eQvzL81IIa/0Zl0kKTNLVR2EqsMm5yI+HXDEKYmoIoYqbWzEdE0UomJaypoSvpPh/0inYbsUu3ZXyjet1HRl0ji7QFXJRFTXQLWqiNqIoRg/oCT1bYD1aL9branTDWu+coR+w3j4Bk1OReg==</latexit>

T ! 1
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PRD 92, 034519 (2015); PRD 93, 094512 (2016) Buyens PRD 94, 085018 (2016)

<latexit sha1_base64="28/l3qArjMtyfqUYC20k49vkL/k=">AAAB73icdVDLSgMxFM34rPVVdekmWARX40w7fe2KblxWtA9oh5JJM21okhmTjFCG/oQbF4q49Xfc+TemD0FFD1w4nHMv994TxIwq7Tgf1srq2vrGZmYru72zu7efOzhsqSiRmDRxxCLZCZAijArS1FQz0oklQTxgpB2ML2d++55IRSNxqycx8TkaChpSjLSROr0bOuTofNjP5R275pUKTg06drla8IplQ9xiya2UoGs7c+TBEo1+7r03iHDCidCYIaW6rhNrP0VSU8zINNtLFIkRHqMh6RoqECfKT+f3TuGpUQYwjKQpoeFc/T6RIq7UhAemkyM9Ur+9mfiX1010WPVTKuJEE4EXi8KEQR3B2fNwQCXBmk0MQVhScyvEIyQR1iairAnh61P4P2kVbLdse9devn6xjCMDjsEJOAMuqIA6uAIN0AQYMPAAnsCzdWc9Wi/W66J1xVrOHIEfsN4+ARRxkAY=</latexit>

⌃/g

<latexit sha1_base64="7BvC5aFRQrr60hbyXypyLwwAsPU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjLt9LUrunFZoS9oh5JJM21sZjIkGaEM/Qc3LhRx6/+4829MH4KKHggczrmX3HP8mDOlEfqwMhubW9s72d3c3v7B4VH++KSjRCIJbRPBhez5WFHOItrWTHPaiyXFoc9p159eL/zuPZWKiailZzH1QjyOWMAI1kbqtAZaQDTMF5Bdd8tFVIfIrtSKbqliiFMqO9UydGy0RAGs0Rzm3wcjQZKQRppwrFTfQbH2Uiw1I5zOc4NE0RiTKR7TvqERDqny0uW1c3hhlBEMhDQv0nCpft9IcajULPTNZIj1RP32FuJfXj/RQc1LWRQnmkZk9VGQcGgiLqLDEZOUaD4zBBPJzK2QTLDERJuCcqaEr6Twf9Ip2k7Fdm/dQuNqXUcWnIFzcAkcUAUNcAOaoA0IuAMP4Ak8W8J6tF6s19VoxlrvnIIfsN4+AUGMjvI=</latexit>

T ! 0

<latexit sha1_base64="GwEE+shTJ6Iyp7guvLqyQzjK89A=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw0zf3RXduKzQF8yUkkkzbWgmMyR3hFL6GW5cKOLWr3Hn35g+BBU9EDiccy+55wSJ4Boc58Pa2Nza3tnN7GX3Dw6PjnMnpx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRm4XfvmdI8li2YJqwfkZHkIacEjOS1fIixz2UI00Eu79j1Urng1LFjV2qFUrFiiFssu9Uydm1niTxaoznIvfvDmKYRk0AF0dpznQT6M6KAU8HmWT/VLCF0QkbMM1SSiOn+bHnyHF8aZYjDWJknAS/V7xszEmk9jQIzGREY69/eQvzL81IIa/0Zl0kKTNLVR2EqsMm5yI+HXDEKYmoIoYqbWzEdE0UomJaypoSvpPh/0inYbsUu3ZXyjet1HRl0ji7QFXJRFTXQLWqiNqIoRg/oCT1bYD1aL9branTDWu+coR+w3j4Bk1OReg==</latexit>

T ! 1



beyond 1D



PEPS

area law by construction
A

B Verstraete, Cirac, 2004



UL
g

<latexit sha1_base64="NxN27h5ujCFjnhfRS0jU2PZ6cYE=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nU+nErevHgoYJpC20sm+2mXbrZhN2NUEJ+hBcPinj193jz37htI1TRBwOP92aYmefHnClt259WYWFxaXmluFpaW9/Y3Cpv7zRVlEhCXRLxSLZ9rChngrqaaU7bsaQ49Dlt+aOrid96oFKxSNzpcUy9EA8ECxjB2kgtt5cOsvubXrliV+0p0Byp2c7FqYOcXKlAjkav/NHtRyQJqdCEY6U6jh1rL8VSM8JpVuomisaYjPCAdgwVOKTKS6fnZujAKH0URNKU0Giqzk+kOFRqHPqmM8R6qH57E/Evr5Po4NxLmYgTTQWZLQoSjnSEJr+jPpOUaD42BBPJzK2IDLHERJuESiaE70/R/6R5VHWOq7Xbk0r9Mo+jCHuwD4fgwBnU4Roa4AKBETzCM7xYsfVkvVpvs9aClc/swg9Y719eMo+a</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>V †

g
<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

UR
g

<latexit sha1_base64="8+L8D6njn7YPueVnX9cueAG48VE=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0nU+nErevFYxbSFNpbNdtMu3WzC7kYoIT/CiwdFvPp7vPlv3LYRquiDgcd7M8zM82POlLbtT6uwsLi0vFJcLa2tb2xulbd3mipKJKEuiXgk2z5WlDNBXc00p+1YUhz6nLb80dXEbz1QqVgk7vQ4pl6IB4IFjGBtpJbbSwfZ/W2vXLGr9hRojtRs5+LUQU6uVCBHo1f+6PYjkoRUaMKxUh3HjrWXYqkZ4TQrdRNFY0xGeEA7hgocUuWl03MzdGCUPgoiaUpoNFXnJ1IcKjUOfdMZYj1Uv72J+JfXSXRw7qVMxImmgswWBQlHOkKT31GfSUo0HxuCiWTmVkSGWGKiTUIlE8L3p+h/0jyqOsfV2s1JpX6Zx1GEPdiHQ3DgDOpwDQ1wgcAIHuEZXqzYerJerbdZa8HKZ3bhB6z3L2dKj6A=</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>
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MCB, Cichy, ROPP (2020)
QTFLAG Coll. EPJD (2020)

suitable for LGT
systematically explored in 

1+1D

Robaina et al PRL 2021
Magnifico et al. Nat. Com. (2021)

results in higher dimensions
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In summary: TNS…

efficient numerical algorithms (small spatial 
dimensions) and good theoretical understanding

work well for GS, low energy, thermal equilibrium
related to area laws

but so much for high energy eigenstates, quenches 

volume law

Osborne, PRL 2006
Schuch et al., NJP 2008

Vidmar et al., PRL 2017

new tools may allow us to access some of these regimes

non-technical review: Annu Rev. CMP 2023 14:1; 
arXiv:2205.10345



real time



real time evolution with MPS

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004
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yet many physical situations (in closed and 
open quantum systems) can be successfully 

studied!

Paeckel et al arXiv:1901.05824

García-Ripoll, NJP 2006
Wall, Carr NJP 2012

short times, adiabatic, low energy can work well



Standard evolution algorithms 
for LGT

Reliable for moderate times, or in some setups

Useful for quantum simulation 
S. Kühn et al., Phys. Rev. A 90, 042305 (2014)

S. Kühn et al., JHEP 07 (2015) 130 
Buyens et al., PRL 2014; PRX 2016

Rico et al., PRL 2014; NJP 2014; PRX 2016

No full continuum extrapolation yet, but results 
near the continuum limit

http://arxiv.org/abs/1509.00246


string breaking

JHEP07(2015)130 
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Interacting vacuum (TI)

switch on background electric field 𝛼 
⇒ pair production

iTEBD evolution

strong field

quench scenario



scattering in the Schwinger model

with I. Papaefstathiou, J. Knolle, arXiv:2402.18429



scattering with MPS

uMPS formalism provides 
ansatz for quasiparticles



scattering in LGT

notice also: 
Surace, Lerose, New J. Phys. 23 (2021) 062001
Vovrosh et al. PRX Quantum 3, 040309 (2022)
Su, Osborne, Halimeh arXiv:2401.05489



we are interested in simulation of 
(inelastic) scattering



inelastic scattering in the Schwinger model

collision of two vector mesons can produce two scalars

|Ω

𝒪2𝒪1

initial setup

<latexit sha1_base64="63Jtq6lhon/TnT8oQlAW0NAUueY="></latexit>X

n

e�(n�n0)
2/(2�2)e�ikn

�
�+
n �

�
n+1 � �+

n+1�
�
n

�
|⌦i

Gaussian wavepacket with momentum k

Papaefstathiou, Knolle, MCB, arXiv:2402.18429



inelastic scattering in the Schwinger model

collision of two vector mesons can produce two scalars

|Ω

𝒪2𝒪1

initial setup

<latexit sha1_base64="63Jtq6lhon/TnT8oQlAW0NAUueY="></latexit>X

n

e�(n�n0)
2/(2�2)e�ikn

�
�+
n �

�
n+1 � �+

n+1�
�
n

�
|⌦i

Gaussian wavepacket with momentum k

probe the inelastic threshold
strong coupling regime

Papaefstathiou, Knolle, MCB, arXiv:2402.18429
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inelastic scattering in the Schwinger model

collision of two vector mesons can produce two scalars

|Ω

𝒪2𝒪1

initial setup

Papaefstathiou, Knolle, MCB, arXiv:2402.18429

observables (mostly local)

entropy of two sites
4-fermion projector (strong coupling)
electric flux correlator (not local)
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exploring spectral properties of quantum 
many-body systems

spectral properties of 
a QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, 
PRL124, 100602 (2020)

Lu, MCB, Cirac
PRX Quantum 2, 02032 (2021)

Çakan, Cirac, MCB
PRB 103, 115113 (2021)

Yang, Cirac, MCB arxiv:2204.09439

Recent work…

generalized 
density of states

can be connected to 
equilibrium and non-

equilibrium properties



DoS of Schwinger model
small lattice spacing

near Gaussian shape

large lattice spacing

asymmetric shape

I. Papaefstathiou et al., PRD104, 014514 (2021)



Long-range entanglement 
and equilibration



product state

easy to write as MPS

thermal states

well approximated as MPO

t = 0
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local observables on S
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as statistical 

mixture

Frías-Pérez, Tagliacozzo, MCB arXiv:2308.04291
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