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Predictions in particle physics

Particles & interactions described in terms of quantum fields

L =ψ (i /∂ −m)ψ − 1
4FµνF

µν +
√
αs ψ /Aψ
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Predictions in particle physics

Particles & interactions described in terms of quantum fields

L =ψ (i /∂ −m)ψ − 1
4FµνF

µν +
√
αs ψ /Aψ

QFTs are typically not exactly

solvable, perturbative approach

necessary

⇒

expansion in the strong coupling αs ∼ 0.1

σ =

∫
dΦLIPS |A|2 Θcuts

= σ0 + αs σ1 + α2
s σ2 + O

(
α3
s

)
LO NLO NNLO
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Perturbative calculations: example

◦ NNLO Bhabha scattering e+e− → e+e−
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[Banerjee, Engel, NS, Signer, Ulrich, 2106.07469]
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Perturbative calculations: breakdown

◦ Enhanced contributions in highlighted regions

hello
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Perturbative calculations: breakdown

hello

θ−

e− e+

hello
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Contributions beyond fixed order

hello

θ−
e− e+
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Contributions beyond fixed order

hello

θ−
e− e+

◦ Soft and collinear emissions (not captured
by the detector) introduce additional scales

µh ∼ Q

µs ∼ Q0

µc ∼ me
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Contributions beyond fixed order

hello

θ−
e− e+

hello

◦ For processes involving large scale hierarchies

Q0 � Q

me � Q

fixed order perturbation theory breaks down
due to logarithmically enhanced corrections

αn Lm with L = log

(
Q

Q0

)

αn `m with ` = log

(
Q

me

)
in the cross section

σ = σLO + ασNLO + α2σNNLO + · · ·
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ We also find a twofold pattern of logarithmic
enhancements in dijet production

e+ e− → γ∗ → 2 jets

when (hard) radiation is restricted to be within
the jets, since only (soft) radiation below Q0 is
allowed outside of the jets.

σ ∼ 1 +
αs

π
CF

(
3 log δ − 4 log δ log

Q

Q0
+ const.

)
[Sterman and Weinberg, 1977]
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ Similarly, we find both soft and collinear
logarithmic enhancements

hello

We assume for the rest of this talk

log δ ∼ 1

log
(
Q
Q0

)
� 1
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

hello

◦ Example:

Q0 ∼ 5 GeV

Q ∼ 1 TeV

then the product; αs ∼ 0.1 and L = log Q
Q0

αs L ∼ O(1)(
αs L

)2 ∼ O(1)(
αs L

)n ∼ O(1)

spoils the perturbative expansion!!!

σLO +
(
αs L

)
σNLO +

(
αs L

)2
σNNLO + · · ·
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ Fixed order perturbation theory breaks down
due to logarithmically enhanced corrections

αns L
m with L = log

(
Q

Q0

)
Identify

1 (αsL)n Leading Logarithms (LL)

2 αs (αsL)n Next-to-Leading Logarithms

⇒ (Re)assign LL, NLL, ... −→ LO, NLO,...
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Large logarithms in dijet processes

hello

α

δ = tan α
2

e− e+

◦ Fixed order perturbation theory breaks down
due to logarithmically enhanced corrections

αns L
m with L = log

(
Q

Q0

)
n.

n.

To obtain reliable predictions across

disparate scales, it is neccessary to

capture the entire tower of logarithms

⇒ Resummation
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Higher-order effects: Non-Global Logarithms

e− e+

Gap

∆Y

Jet cross sections involve angular cuts which const-
rain radiation within a corner of the phase space.
As a consequence, logarithmically enhanced higher-
order corrections known as

Non-Global Logarithms (NGLs)

arise.

[Dasgupta and Salam, hep-ph/0104277]
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Higher-order effects: Non-Global Logarithms

e− e+

The leading NGLs start at two loops

σ ∼ 1 +
αs

π
CF

(
3 log δ − 4 log δ log

Q

Q0
+ const.

)

+
(αs
π

)2
[
C2
F BF (Q,Q0, δ)

+ CF TF nF BnF (Q,Q0, δ) + CF CA BA(Q,Q0, δ)

]

[Dasgupta and Salam, hep-ph/0203009]

[
− ζ2 + Li2

(
e−2∆Y

) ]
log2 Q

Q0
+ · · ·
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Global or Non-Global?

◦ NGLs arise due to secondary soft gluon emissions inside jets

◦ Not captured by standard resummation methods

⇒ even leading NGLs (αsL)n do not simply exponentiate

◦ At large Nc leading NGLs can be obtained with a parton shower
[Dasgupta and Salam, hep-ph/0104277] or by solving the non-linear BMS
integral equation [Banfi et. al., hep-ph/0206076]

space

α2
sL

2

Q0

Q

α2
sL

2

α3
sL

3
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Non-Global logarithms are ubiquituous
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Non-Global logarithms are ubiquituous

mmmmmmmmmmmmmmm   m
D

Gap-between-jets
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Non-global logarithms: Recent advances

◦ LL at large Nc with general-purpose shower

• PanScales [2002.11114, 2207.09467]

• Alaric [2208.06057, 2404.14360]

nothing

◦ Finite-Nc results for leading NGLs [Weigert, hep-ph/0312050],
[Hatta, Ueda, Hagiwara; 1304.6930, 1507.07641, 2011.04154],
[De Angelis, Forshaw, Plätzer; 2007.09648]

nothing

◦ First NLL numerical results in the large-Nc limit

• Extension of BMS framework to NLL [Monni et. al., 2104.06416] and
numerical implementation in MC code Gnole [Monni et. al.,

2111.02413]

• Double-soft effects implemented in the PanGlobal family of
showers, numerical results available [PanScales, 2307.11142]

• Ingredients for resummation of subleading effects of NGLs using
modern EFT techniques [Becher et. al., 1605.02737, 1901.09038,

2112.02108]

space
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Q
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Outline

Marzili

(Monte-cArlo for the RenormaliZation group Improved calculation of non-global LogarIthms)

soon to appear on gitlab
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Outline

Parton shower framework

◦ RG methods

◦ Γ(2) anomalous dimension

Comparison against

◦ Gnole

◦ PanScales

for e+e− → 2 jets

Gap-between-jets at hadron collider
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Factorisation theorem

nothing

◦ Cross section for jet production in e+e− collisions with
veto on radiation factorises into hard Hm and soft Sm
functions [Becher et. al., 1508.06645]

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
nothing
◦ Factorisation separates contributions from scales Q and Q0

⇒ natural way to perform resummation via RGEs

◦ Hard functions fulfill RG equations

d

d log µ
Hm(Q,µ) = −

m∑
l=2

Hl(Q,µ) Γlm(Q,µ)

Q

Q0

α

δ = tan α
2
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Factorisation theorem

nothing

◦ Cross section for jet production in e+e− collisions with
veto on radiation factorises into hard Hm and soft Sm
functions [Becher et. al., 1508.06645]

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
nothing
◦ Factorisation separates contributions from scales Q and Q0

⇒ natural way to perform resummation via RGEs

◦ Hard functions fulfill RG equations

d

d log µ
Hm(Q,µ) = −

m∑
l=2

Hl(Q,µ) Γlm(Q,µ)

nothing

◦ Hm({n}, Q, µ) ∼ |Mm〉〈Mm| describes m hard partons

along fixed directions {n1, · · · , nm}

Hm({n}, Q, ε) =
1

2Q2

∑
spins

m∏
i=1

∫
dEi E

d−3
i

c̃ε (2π)2
|Mm({p})〉〈Mm({p})|

×(2π)d δ
(
Q−

m∑
i=1

Ei

)
δ(d−1)(~ptot) Θin({n})

◦ Sm({n}, Q0, µ) is the squared amplitude with m Wilson

lines along fixed directions {n1, · · · , nm}

Sm({n}, Q0, ε) =

∫
Xs

∑
〈0|S†1(n1) . . . S†m(nm) |Xs〉〈Xs|S1(n1) . . .

× . . . Sm(nm) |0〉 θ(Q0 − E out)
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Resummation by RG evolution

nothing

◦ Cross section for jet production in e+e− collisions with
veto on radiation factorises into hard Hm and soft Sm
functions [Becher et. al., 1508.06645]

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
nothing
◦ Factorisation separates contributions from scales Q and Q0

⇒ natural way to perform resummation via RGEs

◦ Hard functions fulfill RG equations

d

d log µ
Hm(Q,µ) = −

m∑
l=2

Hl(Q,µ) Γlm(Q,µ)

Procedure to solve the RGEs

1 Compute Hm at hard scale µh = Q

2 Evolve Hm to soft scale µs = Q0

3 Evaluate Sm at soft scale µs = Q0

⇒ Resums large logarithms log Q0
Q

Q

Q0

R
G

E
vo

lu
tio

n
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Resummation by RG evolution

nothing

• LL H2(µh) = σ01

Hm(µh) = 0 for m > 2

Sm(µs) = 1

Γ
(1)
lm one-loop anomalous dimension

• NLL H2(µh) = σ0|CV |2 1 one-loop virtual

H3(µh) hard real emission corrections

S(1)
m (µs) one-loop soft corrections

Γ
(2)
lm two-loop anomalous dimension

nothing

Clear prescription how to perform resummation at any given accuracy
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Extraction of anomalous dimension

◦ Anomalous dimension Γ arises from soft singularities of hard functions

Hm(Q,µ) =
m∑
l=2

Hbare
l (Q,µ)

(
Z−1

)
lm

(Q,µ)

(
Z−1

)
= 1 +

αs

4π

1

2ε
Γ(1) +

(αs
4π

)2
[

1

8ε2
Γ(1) ⊗ Γ(1) − β0

4ε2
Γ(1) +

1

4ε
Γ(2)

]

nothin Γ(1) is (−2)× soft divergence

of the one-loop hard function

Γ(2) is (−4) times single pole

of the two-loop hard function
Renormalisation Zα = 1− β0

ε
αs
4π
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Γ(1): real

◦ To obtain the real contribution take the soft limit of Hm+1

Hm+1({n, nq}, Q, ε) = −g2
s

∫ Λ

0

dEq E
d−3
q

c̃ε (2π)2
θin(nq)

∑
(ij)

ni · nj
ni · nq nj · nq

T ai Hm({n}, Q, ε)T ãj

=
2

ε

αs

4π
θin(nq)

∑
(ij)

W q
ij T ai Hm({n}, Q, ε)T ãj

nothing

◦ Directly obtain

Rm = −4
∑
(ij)

T ai,LT
ã
j,RW

q
ij θin(nq)

⇒ generates additional gluon inside jet

soft dipole W q
ij
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Γ(1): virtual

◦ To obtain the virtual contribution perform q0 integral using residues

Hm({n}, Q, ε) =
g2
s

2

∑
(ij)

∫
ddq

(2π)d
−i

q2 + i0

ni · nj
[ni · q + i0] [−nj · q + i0]

Ti · Tj Hm({n}, Q, ε) + h.c.

= −αs
4π

1

ε

∑
(ij)

Ti · Tj
[∫

[dΩq ]W
q
ij + iπ

]
Hm({n}, Q, ε) + h.c.

nothing

◦ Directly obtain

Vm = 2
∑
(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
[dΩq ]W

q
ij

− 2
∑
(ij)

[
Ti,L · Tj,L − Ti,R · Tj,R

]
× iπΠij
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Γ(1)
[Becher et. al., 1508.06645]

◦ One-loop anomalous dimension Γ(1)

Γ(1) =



V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .



Rm =− 4
∑
(ij)

T ai,LT
ã
j,RW

q
ij θin(nq)

Vm = 2
∑
(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

∫
[dΩq ]W

q
ij

− 2
∑
(ij)

[
Ti,L · Tj,L − Ti,R · Tj,R

]
× iπΠij

! Γ(1) infinite dimensional matrix

◦ No Glauber contribution in e+e−

◦ Singular when soft emission is collinear to hard partons

⇒ Collinear finite by combining real and virtual

Glauber/Coulomb contribution
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Γ(2)
[Becher et. al., 2112.02108; see also Caron-Huot, 1501.03754]

◦ Two-loop anomalous dimension Γ(2) has been calculated
by considering (double) soft limits of hard functions

Γ(2) =



v2 r2 d2 0 . . .

0 v3 r3 d3 . . .

0 0 v4 r4 . . .

0 0 0 v5 . . .

...
...

...
...

. . .



dm : double real emission

rm : real-virtual correction

vm : double-virtual correction

dm =
∑

(ij)

∑

k

ifabc
(
T ai,LT

b
j,LT

c
k,R − T ai,RT bj,RT ck,L

)
Kijk;qrθin(nq)θin(nr)

−2
∑

(ij)

T ci,LT
c
j,RKij;qrθin(nq)θin(nr)

rm = −2
∑

i

∑

(jk)

ifabc(T ai,LT
b
j,RT

c
k,R − T ai,RT bj,LT ck,L)

∫ [
d2Ωr

]
Kijk;qrθin(nq)

−
∑

(ij)

T ai,LT
a
j,R

{
W q
ij

[
4β0 ln(2W q

ij) + γcusp
1

]
− 2

∫ [
d2Ωr

]
Kij;qr

}
θin(nq)

+8iπ
∑

i

∑

(jk)

ifabc
(
T ai,LT

b
j,RT

c
k,R + T ai,RT

b
j,LT

c
k,L

)
W q
ij lnW q

jk θin(nq)

vm =
∑

(ijk)

ifabc
(
T ai,LT

b
j,LT

c
k,L − T ai,RT bj,RT ck,R

)∫ [
d2Ωq

] ∫ [
d2Ωr

]
Kijk;qr

+
∑

(ij)

1

2

(
T ai,LT

a
j,L + T ai,RT

a
j,R

) ∫ [
d2Ωq

]
W q
ij

[
4β0 ln(2W q

ij) + γcusp
1

]

−iπ
∑

(ij)

1

2

(
T ai,LT

a
j,L − T ai,RT aj,R

)
Πij γ

cusp
1

+ additional terms from converting
to angular integrals in d = 4
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Towards a solution of the RGEs

◦ Started with a factorisation theorem for jet production with veto on radiation which provides natural way
to perform resummation via RG evolution of hard functions Hm

σ(Q,Q0) =
∞∑

m=m0

〈
Hm({n}, Q, µ)⊗ Sm({n}, Q0, µ)

〉
d

d log µ
Hm(Q,µ) = −

m∑
l=2

Hl(Q,µ) Γlm(Q,µ)

The RG evolution is governed by the anomalous dimension which has been extracted up to two-loops

Γ =
αs

4π
Γ(1) +

(αs
4π

)2
Γ(2) + · · · ⇒ NLL accuracy

nothing

? How to solve complicated RGEs ?

⇒ Monte Carlo Methods
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Numerical solution of RGEs

! RGEs not yet in a suitable form for implementation in a MC framework

• Change variables from µ→ t = αs
4π

log µh
µs

+O(α2
s)

d

dt

〈
H(t)

∣∣ =
〈
H(t)

∣∣ Γ̂(t) → formal solution
〈
H(t)

∣∣ =
〈
H(0)

∣∣P exp

[ ∫ t

0
dt′ Γ̂(t′)

]

• Expand anomalous dimension perturbatively Γ̂(t) = Γ(1)(t) + αs
4π

∆Γ(t) +O(α2
s) → Interaction picture

d

dt

〈
HI(t)

∣∣ =
〈
HI(t)

∣∣ etΓ(1)
[
αs
4π

∆Γ(t)
]
e−tΓ

(1)

• Solve RG evolution iteratively including subleading contributions due to ∆Γ

σ ∼
〈
H(t)

∣∣S(t)
〉

=
〈
H(0)

∣∣[ etΓ(1)
+

∫ t

0
dt′ et

′ Γ(1)
[
αs
4π

∆Γ(t′)
]
e(t−t

′)Γ(1)
]∣∣S(t)

〉
→ suitable for MC
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Parton Shower at LL accuracy

◦ In practice coupled RGEs for hard functions Hm, however these simplify at LL due to the form of Γ(1)

Γ(1) =



V2 R2 0 0 . . .

0 V3 R3 0 . . .

0 0 V4 R4 . . .

0 0 0 V5 . . .

...
...

...
...

. . .


d

dt
Hm(t) = Hm(t)Vm +Hm−1(t)Rm−1

Hm(t) = Hm(t0)e(t−t0)Vm +

∫ t

t0

dt′Hm−1(t′)Rm−1e
(t−t′)Vm

◦ Introduce shower-time t

µ→ t =
αs

4π
log

µh

µs
+O(α2

s)

[Balsiger et. al., 1803.07045]

t0
t1

t2

t

.

.

.
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Parton Shower: NLL

◦ Include corrections of Hm due to Γ(2) ⇒ NLL resummation

∆Hm(t) = Hk(t0)∆Ukm(t, t0)

= Hk(t0)

∫ t

t0

dt′ Ukl(t
′ − t0) · α(t′)

4π

(
Γ

(2)
ll′ −

β1

β0
Γ

(1)
ll′

)
· Ul′m(t− t′)

nothing

nothing

t0

t1

t′

tF

.

.

.

RR RV VV

LL evolution Insertion of Γ(2) LL evolution
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Validation: (N)LL resummation interjet energy flow

◦ Gap fraction: fraction of events with
transverse energy ET in gap below Q0

R(Q0) ≡ 1

σtot

∫ Q0

0
dET

dσ

dET

nothing

ET

α

.

0.2

0.4

0.6

0.8

1.0

σ
L

L

e+e− → γ∗/Z → Xhad

∆Y = 2 nF = 5

CA = 2CF = 3

Marzili

Gnole

PanGlobal β = 0

PanLocal β = 0.5

−0.5 −0.4 −0.3 −0.2 −0.1 0.0

αs ln
(
Q0

MZ

)

−1

0

1

R
at

io
[%

]
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Validation: (N)LL resummation interjet energy flow

◦ Gap fraction: fraction of events with
transverse energy ET in gap below Q0

R(Q0) ≡ 1

σtot

∫ Q0

0
dET

dσ

dET

nothing

ET

α

◦ Ongoing work with Pier Monni on detailed
numerical comparison with

• Gnole [2111.02413]

• PanScales [2307.11142]

◦ Delicate to isolate pure NLL correction

• Gnole and PanScales: extrapolation αs → 0

• Very small collinear cutoffs & high statistics
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Detailed comparison with Gnole at NLL

◦ We divide the NLL contribution into different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σ
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Detailed comparison with Gnole at NLL

◦ We divide the NLL contribution into different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σGnole
NLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

X X 7 7 7MS − Scheme
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Detailed comparison with Gnole at NLL

◦ We add a piece proportional to ε to the anomalous dimension

Γ̃(1) = Γ(1) + ε∆Γ(1)

M̃S − Scheme [Caron-Huot, 1501.03754]

! Affects NLL contributions through renormalisation
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Detailed comparison with Gnole at NLL

◦ We divide the NLL contribution into different pieces

σNLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

σGnole
NLL ∼ σhard + σsoft + ∆σrun. + σΓ(2)

X X X X XM̃S − Scheme
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Detailed comparison with Gnole at NLL
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Comparison with PanScales at NLL
.
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Good agreement between the frameworks

• Marzili [2307.02283]

• Gnole [2111.02413]

• PanScales [2307.11142]
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Subleading NGLs at Hadron Colliders

nothing

◦ Gap is defined by vetoing hadronic radiation at central
rapidities in interval ∆Y around the beam

◦ Cross section factorises in the large-Nc limit exactly in
the same way as for e+e−

◦ Same observables used by PanScales collaboration

◦ First relevant process in a long list

Simplest observable: gap fraction in Z – production
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Observable

Symmetric gap in restframe of Z

[credit: Nicolas Schalch]
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Subleading NGLs at Hadron Colliders: Ingredients

◦ Required ingredients to resum subleading NGLs

• One-loop virtual H2(µh) = σ0|CV |2 1 (X)

• Hard real emission corrections H(1)
3 (µh) 7

• One-loop soft corrections S(1)
m (µs) (X)

• Two-loop anomalous dimension Γ
(2)
lm (X)
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Extraction of H(1)
2 and H(1)

3

◦ The virtual corrections due to H(1)
2 factorise such that we obtain these by multiplying the standard

dijet hard function H2 to the LL result S2

αs(µh)

4π

∞∑
m=2

〈
H(1)

2 (Q,µh) ⊗ U2m(µs, µh) ⊗̂ 1
〉

= σ0 H2(Q,µh) 〈S2({n̄, n}, Q0, µh)〉 nothing

CF

[
−8 ln2 µ

Q
− 12 ln µ

Q
− 16 + 7

3
π2
]
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Extraction of H(1)
2 and H(1)

3

◦ To calculate the contribution due to H(1)
3 , which depends on θqg(y), we convolute the real corrections of

q q → Z with the three particle soft function which is obtained via a LL RG evolution

αs(µh)

4π

∞∑
m=3

〈
H(1)

3 ({n1, n2, n3}, Q, µh) ⊗ U3m({n}, µs, µh) ⊗̂ 1
〉

noth
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Calculation of S(1)
m and ∆U2m

◦ The one-loop corrections to the soft function S(1)
m , which represents the emission of a soft particle into

the gap, is directly obtained from our shower

αs(µh)

4π

∞∑
m=2

〈
H(0)

2 (Q,µh) ⊗ U2m(µs, µh) ⊗̂ S(1)
m (Q0, µs)

〉
∫

ddk

(2π)d−1

Wk
ij

E2
k

δ(k2) θ(k0) θ(Q0 − kT ) Θout(nk)
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Calculation of S(1)
m and ∆U2m

◦ The contributions due to the insertion of the two-loop anomalous dimension is obtained within our parton
shower framework; in practice, we start a LL shower prior to the insertion and then restart a LL shower

∞∑
m=2

〈
H(0)

2 (Q,µh) ⊗ ∆U2m(µs, µh) ⊗̂ 1
〉

dm = +Nc
(
Kij;qr +Kji;qr

)
θin(nq) θin(nr)

− 8N2
c Mij;qr θin(nq) θin(nr)

rm = −Nc
∫ [

d2Ωr
](
Kij;qr +Kji;qr

)
θin(nq)

+ 8N2
c

∫ [
d2Ωr

]
Mij;qr θin(nq)

−Nc
(
4β0X

q
ij − γ

cusp
1 W q

ij

)
θin(nq)

vm = +Nc

∫ [
d2Ωq

](
4β0X

q
ij − γ

cusp
1 W q

ij

)
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Resummed gap fraction for pp→ Z → `+`− +Xhad

nothing
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◦ Many ingredients the same as for e+e− case

◦ Nc = 3 LL obtained from [Hatta and Ueda; 1304.6930]

nothingGlauber phases neglected, but superleading

logarithms turn out to be small for qq → Z
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Outlook: Photon Isolation at the LHC

◦ Distinguish experimentally between photons produced in

• hard scattering processes

• other sources (i.e. energetic hadronic decays)

Isolate photons γ from hadronic background radiation

⇒ Large logarithms logR and log Q0
Q
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Outlook: Photon Isolation at the LHC

• LL have been calculated in [Favrod paper; 2208.01554]

• Interesting application of our formalism

Include running of Γ(2) as well as matching

corrections to increase accuracy to NLL
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Factorisation in photon isolation

Fq→γ

◦ For small R all isolation effects can be factorised into a
cone fragmentation function Fi→γ

dσ(E0, R)

dEγ
=

dσdir
γ+X

dEγ

+
∑

i=q,q̄,g

∫
dz

dσi+X

dEi
Fi→γ(z, Eγ , E0, R) +O(R)

capturing all perturbative effect associated with the isolation.

[Favrod paper; 2208.01554]
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(Re-)Factorisation of Fi→γ

U l
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[Favrod paper; 2208.01554]
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(Re-)Factorisation of Fi→γ

U l
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E� ⇠ ŝ

<latexit sha1_base64="trE+ssQbHN2S/l8JtCC5yae2KCU=">AAAAAHicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKDHoggeK9gPaEKYbDft0t0k7G6EEnryl3hUL+LV3+HBf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2irJJOEtkjCE9kNQVHOYtrSTHPaTSUFEXLaCUc3U7/zSKViSfygxyn1BQxiFjEC2kiBfXQbeAMQArCnmMDeEHSuJoFddWrODHiZuAWpogLNwP7y+gnJBI014aBUz3VS7ecgNSOcTipepmgKZAQD2jM0BkGVn8/On+BTo/RxlEhTscYz9fdEDkKpsQjPQ2GaBeihWrSn4n9eL9PRlZ+zOM00jcl8V5RxrBM8jQP3maRE87EhQCQz52IyBAlEm9AqJgd38etl0r6oufWae1+vNq6LRMroGJ2gM+SiS9RAd6iJWoigHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MH2CeWeg==</latexit>

E�R

<latexit sha1_base64="lDIVPj9o9WpEbPjtzJMYAAjAI1M=">AAAAAHicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgB6DIniMYh6YhNA7mSRDZmaXmdlACPkLj+pFvPo3HvwbJ8keNLGgoajqprsrjAU31ve/vZXVtfWNzcxWdntnd28/d3BYNVGiKavQSES6HqJhgitWsdwKVo81QxkKVgsHN1O/NmTa8Eg92lHMWhJ7inc5Reukp9t2s4dSInlo5/J+wZ+BLJMgJXlIUW7nvpqdiCaSKUsFGtMI/Ni2xqgtp4JNss3EsBjpAHus4ahCyUxrPLt4Qk6d0iHdSLtSlszU3xNjlMaMZHgeStcs0fbNoj0V//Maie1etcZcxYllis53dRNBbESmCZAO14xaMXIEqebuXEL7qJFal1PW5RAsfr1MqheFoFgI7ov50nWaSAaO4QTOIIBLKMEdlKECFBQ8wyu8eUPvxXv3PuatK146cwR/4H3+ALqNkWQ=</latexit>

NGL

<latexit sha1_base64="9AaHQZopSoA7XA/LQuihqMtDx+Y=">AAAAAHicdVBNSwMxEM3Wr1q/qh69BIvgQZbdurT1VvSgB5EKtlbapWTTbBuaZJckK5Slv8KjehGv/hwP/huzbQUVfTDweG+GmXlBzKjSjvNh5RYWl5ZX8quFtfWNza3i9k5LRYnEpIkjFsl2gBRhVJCmppqRdiwJ4gEjt8HoLPNv74lUNBI3ehwTn6OBoCHFSBvpLu1KDq/OLye9YsmxT2qVsleBju04VbfsZqRc9Y496BolQwnM0egV37v9CCecCI0ZUqrjOrH2UyQ1xYxMCt1EkRjhERqQjqECcaL8dHrwBB4YpQ/DSJoSGk7V7xMp4kqNeXAUcNPMkR6q33Ym/uV1Eh3W/JSKONFE4NmuMGFQRzALAPapJFizsSEIS2rOhXiIJMLaxFQwOXw9C/8nrbLterZ77ZXqp/NE8mAP7IND4IIqqIML0ABNgAEHD+AJPFuJ9Wi9WK+z1pw1n9kFP2C9fQKQfJFb</latexit>

µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>

E0R

<latexit sha1_base64="paTXY+MP4ccNY3ucmf1RAR0R9AU=">AAAAAHicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeixKILHKm5baJeSTbNtaJJdk6xQlv4Gj+pFvPqDPPhvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hrqt56o0iyWD2ac0EDggWQRI9hYyb/puei+V664VXcGtEy8nFQgR6NX/ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5ZKLKgOstmxE3RilT6KYmVLGjRTf09kWGg9FuFZKGyzwGaoF+2p+J/XSU10GWRMJqmhksx3RSlHJkbT51GfKUoMH1uCiWL2XESGWGFibEQlm4O3+PUyaZ5XvVrVu6tV6ld5IkU4gmM4BQ8uoA630AAfCDB4hld4cx6dF+fd+Zi3Fpx85hD+wPn8AZ5ljwM=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

<latexit sha1_base64="R4Mc/+Rc1w6vJtnxmyqXAPv1KYM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rIoiMsK9gFNCDfTSTt0JgkzE6GE4MZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCkITRiLQVVYz0EkGAB4x0g/F14XcfiJA0ju7VJCEeh2FEQ4pBack3D10OaoSBZTe5n1FXxZY7BM4h982aXbensBaJU5IaKtHyzS93EOOUk0hhBlL2HTtRXgZCUcxIXnVTSRLAYxiSvqYRcCK9bBoht060MrDCWOgXKWuq/t7IgEs54YGeLA6W814h/uf1UxVeehmNklSRCM8+ClNm6aBFH9aACoIVm2gCWFB9q4VHIAAr3VpVl+DMR14knbO6c15v3DVqzauyjgo6QsfoFDnoAjXRLWqhNsLoET2jV/RmPBkvxrvxMRtdMsqdA/QHxucPr0qXoA==</latexit>Fi!�

<latexit sha1_base64="DyARGsfpL8QycdvCWDkR5fommbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nS3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW6vktFsf+bFituXV3AbROvILUoEB7WP3yRwnJBJWGcKz1wHNTE+RYGUY4nVX8TNMUkwmO6cBSiQXVQb44d4YurDJCUaJsSYMW6u+JHAutpyK0nQKbsV715uJ/3iAz0W2QM5lmhkqyXBRlHJkEzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx8oNY93</latexit>)

<latexit sha1_base64="c4TeTLbY2TfETA0IjcKkXbcOzno=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCWRoi6LblxWsA9oQphMpu3QmSTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyZ+O0HKhVL4ns9SqkvcD9mPUawNlJgH0aeYn2BgxyHyNMJYmedcWBXnKozBVokbkEqUKAR2F9elJBM0FgTjpXquk6q/RxLzQin47KXKZpiMsR92jU0xoIqP59eP0YnRolQL5GmYo2m6u+JHAulRiI0nQLrgZr3JuJ/XjfTvSs/Z3GaaRqT2aJexpH5chIFipikRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWedW9qNbuapX6dRFHCY7gGE7BhUuowy00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucP0c+U0g==</latexit>

d�ab!i+XO(100 GeV)

O(10 GeV)

O(1 GeV)

Fi→γ(z,REγ , RE0, µ) =
∞∑
l=1

〈
Ji→γ+l({n}, REγ , z, µ) ⊗ U l ({n}, RE0, µ)

〉

soft radiation inside coneenergetic collinear radiation outside cone

[Favrod paper; 2208.01554]
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Resummation of logR and log εγ
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U l

<latexit sha1_base64="1YRsYGXiAbZjQD/952p2KeDS9zU=">AAAAAHicbVBPS8MwHE3nvzn/VQUvXoJD8CCjlYEeh148TrDbYC0lzbItLElLkgqj9uYn8ahexKtfw4PfxnTrQTcfBB7v/X78Xl6UMKq043xblZXVtfWN6mZta3tnd8/eP+ioOJWYeDhmsexFSBFGBfE01Yz0EkkQjxjpRpObwu8+EKloLO71NCEBRyNBhxQjbaTQPvIjnvkc6TFGLPPyPMwgg3lo152GMwNcJm5J6qBEO7S//EGMU06Exgwp1XedRAcZkppiRvKanyqSIDxBI9I3VCBOVJDN8ufw1CgDOIyleULDmfp7I0NcqSmPziNuhouwatEuxP+8fqqHV0FGRZJqIvD81jBlUMew6AMOqCRYs6khCEtq4kI8RhJhbVqrmR7cxV8vk85Fw2023LtmvXVdNlIFx+AEnAEXXIIWuAVt4AEMHsEzeAVv1pP1Yr1bH/PRilXuHII/sD5/ADBKl0E=</latexit>

Ji!l+�

<latexit sha1_base64="yQsiB7xu+5PbNypLsngUX1qONTg=">AAAAAHicbVDLSgMxFM3UV62vqks30SIIlTIjBV0W3YirCvYBnaHcSdM2NJkZkoxShvkIl36JS3Ujbl248G9M21lo64HA4Zx7uTnHjzhT2ra/rdzS8srqWn69sLG5tb1T3N1rqjCWhDZIyEPZ9kFRzgLa0Exz2o4kBeFz2vJHVxO/dU+lYmFwp8cR9QQMAtZnBLSRusWy64vEFaCHBHhyk6bdxD1krmSDoQYpwwfMcdkdgBCQdoslu2JPgReJk5ESylDvFr/cXkhiQQNNOCjVcexIewlIzQinacGNFY2AjGBAO4YGIKjykmmoFB8bpYf7oTQv0Hiq/t5IQCg1Fv6pL8zwJIGatyfif14n1v0LL2FBFGsakNmtfsyxDvGkJNxjkhLNx4YAkcx8F5MhSCDaVFkwPTjzqRdJ86ziVCvObbVUu8wayaMDdIROkIPOUQ1dozpqIIIe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8Aj6+gHQ==</latexit>

E� ⇠ ŝ

<latexit sha1_base64="trE+ssQbHN2S/l8JtCC5yae2KCU=">AAAAAHicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKDHoggeK9gPaEKYbDft0t0k7G6EEnryl3hUL+LV3+HBf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2irJJOEtkjCE9kNQVHOYtrSTHPaTSUFEXLaCUc3U7/zSKViSfygxyn1BQxiFjEC2kiBfXQbeAMQArCnmMDeEHSuJoFddWrODHiZuAWpogLNwP7y+gnJBI014aBUz3VS7ecgNSOcTipepmgKZAQD2jM0BkGVn8/On+BTo/RxlEhTscYz9fdEDkKpsQjPQ2GaBeihWrSn4n9eL9PRlZ+zOM00jcl8V5RxrBM8jQP3maRE87EhQCQz52IyBAlEm9AqJgd38etl0r6oufWae1+vNq6LRMroGJ2gM+SiS9RAd6iJWoigHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MH2CeWeg==</latexit>

E�R

<latexit sha1_base64="lDIVPj9o9WpEbPjtzJMYAAjAI1M=">AAAAAHicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgB6DIniMYh6YhNA7mSRDZmaXmdlACPkLj+pFvPo3HvwbJ8keNLGgoajqprsrjAU31ve/vZXVtfWNzcxWdntnd28/d3BYNVGiKavQSES6HqJhgitWsdwKVo81QxkKVgsHN1O/NmTa8Eg92lHMWhJ7inc5Reukp9t2s4dSInlo5/J+wZ+BLJMgJXlIUW7nvpqdiCaSKUsFGtMI/Ni2xqgtp4JNss3EsBjpAHus4ahCyUxrPLt4Qk6d0iHdSLtSlszU3xNjlMaMZHgeStcs0fbNoj0V//Maie1etcZcxYllis53dRNBbESmCZAO14xaMXIEqebuXEL7qJFal1PW5RAsfr1MqheFoFgI7ov50nWaSAaO4QTOIIBLKMEdlKECFBQ8wyu8eUPvxXv3PuatK146cwR/4H3+ALqNkWQ=</latexit>

NGL

<latexit sha1_base64="9AaHQZopSoA7XA/LQuihqMtDx+Y=">AAAAAHicdVBNSwMxEM3Wr1q/qh69BIvgQZbdurT1VvSgB5EKtlbapWTTbBuaZJckK5Slv8KjehGv/hwP/huzbQUVfTDweG+GmXlBzKjSjvNh5RYWl5ZX8quFtfWNza3i9k5LRYnEpIkjFsl2gBRhVJCmppqRdiwJ4gEjt8HoLPNv74lUNBI3ehwTn6OBoCHFSBvpLu1KDq/OLye9YsmxT2qVsleBju04VbfsZqRc9Y496BolQwnM0egV37v9CCecCI0ZUqrjOrH2UyQ1xYxMCt1EkRjhERqQjqECcaL8dHrwBB4YpQ/DSJoSGk7V7xMp4kqNeXAUcNPMkR6q33Ym/uV1Eh3W/JSKONFE4NmuMGFQRzALAPapJFizsSEIS2rOhXiIJMLaxFQwOXw9C/8nrbLterZ77ZXqp/NE8mAP7IND4IIqqIML0ABNgAEHD+AJPFuJ9Wi9WK+z1pw1n9kFP2C9fQKQfJFb</latexit>

µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>

E0R

<latexit sha1_base64="paTXY+MP4ccNY3ucmf1RAR0R9AU=">AAAAAHicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeixKILHKm5baJeSTbNtaJJdk6xQlv4Gj+pFvPqDPPhvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hrqt56o0iyWD2ac0EDggWQRI9hYyb/puei+V664VXcGtEy8nFQgR6NX/ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5ZKLKgOstmxE3RilT6KYmVLGjRTf09kWGg9FuFZKGyzwGaoF+2p+J/XSU10GWRMJqmhksx3RSlHJkbT51GfKUoMH1uCiWL2XESGWGFibEQlm4O3+PUyaZ5XvVrVu6tV6ld5IkU4gmM4BQ8uoA630AAfCDB4hld4cx6dF+fd+Zi3Fpx85hD+wPn8AZ5ljwM=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

<latexit sha1_base64="R4Mc/+Rc1w6vJtnxmyqXAPv1KYM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rIoiMsK9gFNCDfTSTt0JgkzE6GE4MZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCkITRiLQVVYz0EkGAB4x0g/F14XcfiJA0ju7VJCEeh2FEQ4pBack3D10OaoSBZTe5n1FXxZY7BM4h982aXbensBaJU5IaKtHyzS93EOOUk0hhBlL2HTtRXgZCUcxIXnVTSRLAYxiSvqYRcCK9bBoht060MrDCWOgXKWuq/t7IgEs54YGeLA6W814h/uf1UxVeehmNklSRCM8+ClNm6aBFH9aACoIVm2gCWFB9q4VHIAAr3VpVl+DMR14knbO6c15v3DVqzauyjgo6QsfoFDnoAjXRLWqhNsLoET2jV/RmPBkvxrvxMRtdMsqdA/QHxucPr0qXoA==</latexit>Fi!�

<latexit sha1_base64="DyARGsfpL8QycdvCWDkR5fommbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nS3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW6vktFsf+bFituXV3AbROvILUoEB7WP3yRwnJBJWGcKz1wHNTE+RYGUY4nVX8TNMUkwmO6cBSiQXVQb44d4YurDJCUaJsSYMW6u+JHAutpyK0nQKbsV715uJ/3iAz0W2QM5lmhkqyXBRlHJkEzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx8oNY93</latexit>)

<latexit sha1_base64="c4TeTLbY2TfETA0IjcKkXbcOzno=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCWRoi6LblxWsA9oQphMpu3QmSTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyZ+O0HKhVL4ns9SqkvcD9mPUawNlJgH0aeYn2BgxyHyNMJYmedcWBXnKozBVokbkEqUKAR2F9elJBM0FgTjpXquk6q/RxLzQin47KXKZpiMsR92jU0xoIqP59eP0YnRolQL5GmYo2m6u+JHAulRiI0nQLrgZr3JuJ/XjfTvSs/Z3GaaRqT2aJexpH5chIFipikRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWedW9qNbuapX6dRFHCY7gGE7BhUuowy00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucP0c+U0g==</latexit>

d�ab!i+X

[Favrod paper; 2208.01554]



Nicolas Schalch, 11.11.24 – p.48/49

Conclusion

Summary

• Fiducial cuts lead to phase-space constraints

⇒ Intricate pattern of logs: NGLs (& SLL)

• Implemented two-loop anomalous dimension
inside parton shower framework Marzili

⇒ NLL resummation for gap fraction

⇒ First results for Hadron Collider process

Outlook

• Photon isolation at the LHC

nothing
nothing

T
MAREIL1 (Monte-Arlo for the Renormalization

group Improved calculation of

non-global Logarithms)
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BACKUP
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Predictions in particle physics

◦ Particles & interactions described
in terms of quantum fields

◦ QFTs are typically not exactly
solvable, perturbative approach
necessary

⇒ expansion in terms of the
strong coupling αs

σ =

∫
dΦLIPS |A|2

= σ0 + O
(
αs
)
+ αs σ1 + α2

s σ2

LO

space

Theory

CERN

[Figure inspired by S. Jones]
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Predictions in particle physics

◦ Particles & interactions described
in terms of quantum fields

◦ QFTs are typically not exactly
solvable, perturbative approach
necessary

⇒ expansion in terms of the
strong coupling αs

σ =

∫
dΦLIPS |A|2

= σ0 + αs σ1 + α2
s σ2 + O

(
α3
s

)
LO NLO NNLO

space

Theory

CERN

[Figure inspired by S. Jones]
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Extraction of anomalous dimension

◦ Anomalous dimension Γ arises from soft singularities of hard functions

Hm(Q,µ) =
m∑
l=2

Hbare
l (Q,µ)

(
Z−1

)
lm

(Q,µ)

(
Z−1

)
= 1 +

αs

4π

1

2ε
Γ(1) +

(αs
4π

)2
[

1

8ε2
Γ(1) ⊗ Γ(1) − β0

4ε2
Γ(1) +

1

4ε
Γ(2)

]

nothin

◦ At O
(
αs
)

soft singularities arise when either a real or a virtual gluon becomes soft
nothing

Γ(1) is (−2)× soft divergence

of the one-loop hard function

Γ(2) is (−4) times single pole

of the two-loop hard function
Renormalisation Zα = 1− β0

ε
αS
4π
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Angular functions

◦ Three-leg correlations combine with ε-terms

Kijk;qr = 8
(
W q
ikW

r
jk −W q

ikW
r
jq −W q

irW
r
jk +W q

ijW
r
jq

)
ln

(
nkq

nkr

)

Mij;qr =
(
W q
ikW

r
jk −W q

ikW
r
jq −W q

irW
r
jk +W q

ijW
r
jq

)
ln

(
s2φqr

s2φqx

)

◦ Two-leg correlations (diverges for q ‖ r)

Kij;qr = CAK
(a)
ij;qr + [nFTF − 2CA]K

(b)
ij;qr + [CA − 2nFTF + nSTS ]K

(c)
ij;qr

K
(a)
ij;qr=

4nij

niqnqrnjr

[
1 +

nijnqr

niqnjr − nirnjq

]
ln
niqnjr

nirnjq

K
(b)
ij;qr=

8nij

nqr(niqnjr − nirnjq)
ln
niqnjr

nirnjq

K
(c)
ij;qr=

4

n2
qr

(
niqnjr + nirnjq

niqnjr − nirnjq
ln
niqnjr

nirnjq
− 2

)
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Global versus Non-Global: Numerical impact
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10−2

10−1

100

σ
(t

)/
σ

0

e+e− → γ∗/Z → Xhad

∆Y = log(3) ≈ 1.1

MC σLL
GL

MC σLL
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R
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L
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Numerical solution of RGEs

! RGEs not yet in a suitable form for implementation in a MC framework

• Change variables from µ→ t = αs
4π

log µh
µs

+O(α2
s)

d

dt

〈
H(t)

∣∣ =
〈
H(t)

∣∣ Γ̂(t) → formal solution
〈
H(t)

∣∣ =
〈
H(0)

∣∣P exp

[ ∫ t

0
dt′ Γ̂(t′)

]

• Expand anomalous dimension perturbatively Γ̂(t) = Γ(1)(t) + αs
4π

∆Γ(t) +O(α2
s) → Interaction picture

d

dt

〈
HI(t)

∣∣ =
〈
HI(t)

∣∣ etΓ(1)
[
αs
4π

∆Γ(t)
]
e−tΓ

(1)

• Solve RG evolution iteratively including subleading contributions due to ∆Γ

σ ∼
〈
H(t)

∣∣S(t)
〉

=
〈
H(0)

∣∣[ etΓ(1)
+

∫ t

0
dt′ et

′ Γ(1)
[
αs
4π

∆Γ(t′)
]
e(t−t

′)Γ(1)
]∣∣S(t)

〉
→ suitable for MC
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Intermezzo: Toy model I

◦ Consider the first order ODE as toy RGE

d

dt
H(t) = −

(
Γ

(1)
toy + ∆Γ

(2)
toy(t)

)
H(t) with ∆Γ

(2)
toy(t) = αt

1 Separating the variables we obtain an analytical
solution

H(t) = H(0)e
−tΓ(1)

toy− 1
2
αt2

= H(0) e
−tΓ(1)

toy

[
1− 1

2
αt2 +O(α2)

]

2 Directly use a numerical approach;
e.g. adaptive Runge-Kutta methods, etc.

0.0 0.5 1.0 1.5 2.0 2.5 3.0

t

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Γ
(1

)
to

y
·H

(t
)

Toy − RG model

Γ
(1)
toy = 3 H(0) = 1 α = 1

2

Analytic

OdeInt− 45
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Intermezzo: Toy model I

◦ Consider the first order ODE as toy RGE

d

dt
H(t) = −

(
Γ

(1)
toy + ∆Γ

(2)
toy(t)

)
H(t) with ∆Γ

(2)
toy(t) = αt

• According to our discussion the LL solution

ĤLL(t) ≡ Γ
(1)
toy ·HLL(t) = H(0) Γ

(1)
toy e

−tΓ(1)
toy

• Interpret
∫ t
0 dt
′ Γ(1)

toy e
−t′ Γ

(1)
toy = e

−tΓ(1)
toy as a

probability

e
−tΓ(1)

toy = z ⇔ t = − 1

Γ
(1)
toy

ln(z)

Pseudo Code

# start evolution from t0

t tot = t0

# generate random time step

delta t = time(rand(1))

# update time

t tot += delta t

# insert weight into a histogram

w = 1.0

hist.insrt(t tot,w)
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Intermezzo: Toy model I

◦ Consider the first order ODE as toy RGE

d

dt
H(t) = −

(
Γ

(1)
toy + ∆Γ

(2)
toy(t)

)
H(t) with ∆Γ

(2)
toy(t) = αt

• According to our discussion the LL solution

ĤLL(t) ≡ Γ
(1)
toy ·HLL(t) = H(0) Γ

(1)
toy e

−tΓ(1)
toy

• Interpret
∫ t
0 dt
′ Γ(1)

toy e
−t′ Γ

(1)
toy = e

−tΓ(1)
toy as a

probability

e
−tΓ(1)

toy = z ⇔ t = − 1

Γ
(1)
toy

ln(z)

0.0 0.5 1.0 1.5 2.0 2.5 3.0

t

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Ĥ
L

L
(t

)

Toy − RG model

Γ
(1)
toy = 3 H(0) = 1

MC

Analytic
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Intermezzo: Toy model II

◦ Consider the first order ODE as toy RGE

d

dt
H(t) = −

(
Γ

(1)
toy + ∆Γ

(2)
toy(t)

)
H(t) with ∆Γ

(2)
toy(t) = αt

• Focus on the solution at NLL accuracy

ĤNLL(t) ≡ Γ
(1)
toy ·HNLL(t) =

H(0)

∫ t

0
dt′
[
Γ

(1)
toy e

−t′ Γ
(1)
toy

]
·

∆Γ
(2)
toy(t′)

Γ
(1)
toy

·
[
Γ

(1)
toy e

−(t−t′)Γ
(1)
toy

]

• Use probabilistic interpretation for Γ
(1)
toy e

−t′ Γ
(1)
toy

Pseudo Code

# start evolution from t0

t tot = t0

w = 1.0

# LL step; thereby generating ∆t1

ll(t tot,w)

# insertion weight at t ins = t tot + ∆t1

weight nll = ∆Γ(t ins) / Γ

# second LL step; insert nll weight

ll(t ins,weight nll)
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Intermezzo: Toy model II

◦ Consider the first order ODE as toy RGE

d

dt
H(t) = −

(
Γ

(1)
toy + ∆Γ

(2)
toy(t)

)
H(t) with ∆Γ

(2)
toy(t) = αt

• Focus on the solution at NLL accuracy

ĤNLL(t) ≡ Γ
(1)
toy ·HNLL(t) =

H(0)

∫ t

0
dt′
[
Γ

(1)
toy e

−t′ Γ
(1)
toy

]
·

∆Γ
(2)
toy(t′)

Γ
(1)
toy

·
[
Γ

(1)
toy e

−(t−t′)Γ
(1)
toy

]

• Use probabilistic interpretation for Γ
(1)
toy e

−t′ Γ
(1)
toy

0.0 0.5 1.0 1.5 2.0 2.5 3.0

t

−0.04

−0.03

−0.02

−0.01

0.00

Ĥ
N

L
L
(t

)

Toy − RG model

Γ
(1)
toy = 3 H(0) = 1 α = 1

2

MC

Analytic
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Perturbative setup q q → Z

◦ The differential cross section for Z – Boson production is written as a convolution between the partonic
cross section dσ̂ij and the PDFs fl

dσ

dQ2
=

4π2α

Nc s

∑
i,j

∫
dx1dx2 fi(x1) fj(x2)

dσ̂ij

dQ2

nothing

◦ The LO partonic cross section is expressed in terms of a delta-distribution in z = Q2

ŝ

Σ̂
(0)
qq

e2q
∼
∫

dΠf

2

∼ δ(1− z)

dσ̂ij

dQ2
=

∫
dΠf |Mij |2 δ

(
z − Q2

ŝ

)
= Σ̂

(0)
ij +

(αS
4π

)
Σ̂

(1)
ij +O(α2

s)
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NLO corrections to q q → Z

◦ At NLO we obtain virtual and real contributions ⇒ dimensional regularisation in d = 4− 2ε to make both
UV and IR divergences explicit, e.g. the q q - channel yields

Σ̂
(1)
qq

e2q
∼
∫

dΠf

2

+

∫
dΠf +

2

∼ CF

{(
δ(y) + δ(1− y)

)[
δ(1− z)

(
2ζ2 − 4

)
+ 4
[

log(1−z)
1−z

]
+
− 2 (1 + z) log(1− z)− (1+z2)

1−z log(1− z) + 1− z
]

+

[
(1 + z2)

[
1

1−z

]
+

([
1
y

]
+

+
[

1
1−y

]
+

)
− 2 (1− z)

]
+O(ε)

}

nothing

! New channel opens up: Σ̂
(1)
qg also needs to be taken into account
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Fixed order versus resummation
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Finite-Nc corrections

◦ Obtained result for Nc = 3 from [Hatta and Ueda; 1304.6930 + improved numerics]
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Validation: nF = 0
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