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Future eTe™ collider projects

Linear Colliders Circular Colliders
e ILC, CLIC e FCC-ee, CEPC

e Z-factory
Euul e Super Charm-Tau Factory
o TLC: 91; 250 GV — 1 TeV o wrp collider (4TRISTAN)
e CLIC: 500 GeV — 3 TeV Etot

L£~2-10% cm2s7! e 91; 160; 240; 350 GeV

Stat. uncertainty ~ 10~ £~ 2010% em 2T (4 exp)
B larization:
e_es:;ri?;nzaé(;on 90Y% Stat. uncertainty ~ 10-°

. = _ 0

etbeam: P = 30 — 60%

Tera-Z mode!
Beam polarization: desirable
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To-do list for QED

Compute 2-loop QED radiative corrections to differential
distributions of key processes: Bhabha scattering, muon decay,
ete” s putp=" ete” > ntr—,efe” = ZH etc.

e Estimate higher-order contributions within some approximations

@ Account for interplay with QCD and electroweak effects

Match with parton showers at N'LO

Construct reliable Monte Carlo codes

* See recent work by R. Lee et al., arXiv:2503.09245
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Perturbative QED (1)

Fortunately, in our case the general perturbation theory can be applied:

23 ~12-1073, (

s

23)2 ~14-107°

v

Moreover, other effects: hadronic vacuum polarization, (electro)weak
contributions, hadronic pair emission, etc. are small in, e.g., Bhabha
scattering and can be treated one-by-one separately

Nevertheless, there are some enhancement factors:

1) First of all, the large logarithm L = In % where A2 ~ Q? is the
momentum transferred squared, e.g., L(A = 1GeV) ~ 16 and

L(A =Myz) ~ 24.

2) The energy region at the Z boson peak (s ~ M%) requires a special
treatment since factor Mz /T"z appears in the annihilation channel
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Perturbative QED (II)

Methods of resummation of higher-order QED corrections
e Resummation of vacuum polarization corrections (geometric
series): (0) — a(p?)
e Yennie—Frautschi-Suura (YFS) soft photon exponentiation and
its extensions, see, e.g., PHOTOS

o Leading logarithms via QED structure functions or QED PDFs
(E.Kuraev and V.Fadin 1985;
A. De Rujula, R.Petronzio, A.Savoy-Navarro 1979 )

N.B. Resummation of real photon radiation is good only for sufficiently
inclusive observables. . .
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Leading and next-to-leading logs in QED
The QED leading (LO) logarithmic corrections

aN" o, S
o () e S
(27r> " m?2

were relevant for LEP measurements of Bhabha, ete™ — putu™ ete.
for n < 3 since In(M2/m3) ~ 24

NLO contributions
(32) ™
~(—) In" " —
27 m3

with at least n = 3, 4 are required for future ete™ colliders

In the collinear approximation we can get them within
the NLO QED structure function formalism

e F.A Berends, W.L. van Neerven, G.J.Burgers, NPB’1988
e A A., K.Melnikov, PRD’2002; A.A. JHEP’2003
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QED NLO master formula
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The NLO Bhabha cross section
reads

do =" / dz / Az DS (21) D5 (2,)

abcd=egy " A

e

[da agb)—md(‘zl’ z2) + dUéhLCd(Zl, 22)}
/ dyl dyz Dfrg (y_l) frg (2)
" ec Yl ed Yz
+0 (a”L”_Z m_g)
s
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High-order ISR in e™e™ annihilation

dU ~+p— * 1 -
% = EJ(O) (S,) Z Dae— & T ah—sy* & Dbe+
ab=e— y,et
a\b et v e”
e De—e— De+e+0-e—e+ nye—De—e— Oe—~ De—e— Dot 0p-e-
LO (1) NLO (aZL) NNLO (a4L2)
Y D'ye— D,+ et Oetry D'ye— nye+o"y’y nye—De—#o'e—'y
NLO (Och) NNLO (a4L2) NLO (a4L3)
e" | Dete-DetetOpter | Dete- Dot 0oty | Dete-De-ot Op+e-
NNLO (a*L?) NLO (a*L3) LO (a*L*)

Contributions from D,-,+ and D,+,~ are missed in [J. Ablinger, J. Bliimlein,
A. De Freitas and K. Schonwald, “Subleading Logarithmic QED Initial State
Corrections to ete™ — v*/Z%" to O(a’L>),” NPB 955 (2020) 115045
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QED NLO DGLAP evolution equations

2
Db < MR) = ab(Sl—x Z /dt /dy % Cu <yalu>

c= ewez

a,b, c are massless partons (~ e*,~)

pr is a factorization (energy) scale

uR is a renormalization (energy) scale

Dy, is a parton density function (PDF)

Py is a splitting function or kernel of the DGLAP equation

N.B. In QED pgr = m, = 0 is the natural choice well motivated by
known analytic results
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[terative solution

The NLO “electron in electron” PDF reads [A.A., U.Voznaya, JPG 2023]

Dee(x, ppyme) = 8(1 — %) + %LP?)(»:) + d< ) (x, e, me)

N

2
H(2) PG erw + 0w + 0 o P )
2
(%) L(P([)) D (x, me, me) + P @ dD (x, me, me) — ;p(‘” () + p§j>(x)>

3
(zg (P(m P9 P<0>()+ P(0>®P<70> PO + .. )

N

+(g) 12 <P§E) PP @) + PO @ P® @ dD (x, me, me) + P(”<x) P(U) PO () + . )
+0(210, 3L + .
The large logarithm L = ln I with factorization scale pi2 ~ s or ~ —t; and

renormalization scale pugr = me. Here a = «(0).

A deviation from [M.Skrzypek 1992] is found in singlet-channel contribution
in O(a’L3)

ej Arbuzov
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O(a) matching
The expansion of the master formula for ISR gives
o), = = {2LP<0> ®dol,.. +2d4%) @ dol),.. } +dal),..

We know the massive do") and massless d 7" (m, = 0 with MS subtraction)
results in O(a) =

1+2% 14 52 2
i) = [i (l ”—ﬁ ~1-In(1 —z))] . PO(z) = [ﬁ} . L=l'T

1-z m2 . 1-z], 12
Scheme dependence comes from here

Factorization and renormalization scale dependence is also from here

N.B. "Massification procedure” [McMule Coll.]
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Factorization scale choice

We apply the BLM-like prescription, i.e., hide the bulk of one-loop corrections
into the scale choice

For ete~ annihilation

d"fg)—W*_g L+z2] (s 1) 44601 2= 2=32
do© T rl1-z N nmg_ +0(1—=2)(..) = pp=s Or:uF_e

ee—y*

Remind Drell-Yan processes where we usually take /,L% = =zs, ie., the
enegry scale of the hard subprocess
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Factorization at NLO

Remind the one-loop correction = M%: =5

But Berends et al. and Bliimlein et al. used pur = zs in PDFs
and ,u% =Ys #zsin

do, gi)—w a [14y? ys
e [—L <1n2 - ) +6(1—y)(.)

1-— m
Oep—yr* y e

where y is an integration variable in convolution 0(1) ® ng), sic!

Accidentally their “choice” leads to the proper result in O(a?L!).
But it breaks in higher orders.
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Factorization scale choice: numerics (I)

dagiq/* =dol¥ {

k
sy |1 Z (%)k Z cul’ + O(akLk_z)}
k=1

I=k—1
[A.A., U.Voznaya, PRD’2024]

oo

Values of ca9(z) x 10° are plotted for p2 = s (solid line) and for p? = zs
(dashed line) [Berends; Bliimlein]
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Factorization scale choice: numerics (II)
Vs =160 GeV, O(al)

Integrated cross-section, Vs = 160 GeV, %

HLHIOL) e
HiLin g ==
) =
=
150
00
P
o =
0 005 01 015 02 025 03 035 0 05 05 0% 06 085 07 075 08 085 09 095 1
Difference, %
R S L RS R
s HitHI0W) - HIT(LT) =m0
.
i
2
. I |

]
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Factorization scale choice: numerics (I1I)
V5 =160 GeV, O(a?)

Integrated cross-section, Vs = 160 GeV, %

(i r— —]
H23 (L) ——
100 H22(Lainz) ——

L ]

0 005 01 015 02 025 03 035 04 045 05 055 06 O

65 07 07 o8 o085 09 095 1

Difference, %
' T e Dierines ez 2L =
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ISR corrections to efe™ — Z(v*) (v/s = My)

LO O(aL") and NLO O(a"L"~1) ISR corrections in % at the Z-peak

for zmin = 0.1

Type / n 1 2 3 4 5
LO v —32.7365 | 4.8843 | —0.3776 | 0.0034 [ 0.0032
NLO ~ 2.0017 | —0.5952 | 0.0710 | —0.0019
LO pair — | —0.3057 [ 0.0875 [ 0.0016 | —0.0001
NLO pair — | 0.1585 | —0.0460 [ 0.0038
2 | —30.7348 | 4.1419 | —0.2651 | 0.0069 | 0.0031 |

Even higher orders seem to be relevant numerically = exponentiantion

Exponentiation of the leading logs is straghtforward and known

[Gribov-Lipatov, Kuraev-Fadin, ...]

NLO exponentiation in the MSbar scheme is ambigous

Andrej Arbuzov
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A new high-energy ete™ collider is well motivated by the necessity
to study SM (its Higgs sector in particular) in more detail

New calculations of two-loop and higher-order corrections within
QED and full SM are required

@ We have a progress in NLO QED PDFs and fragmentation
functions

QED provides explicit results and can serve as a toy model for
cross checks of QCD

e Optimisation of factorization scale and scheme choices is important

e NLO exponentiation is in progress
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