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QED Lagrangian, dimensional regularization in mass-shell scheme

@ Renormalized perturbation theory, dimensional regularization
(d =4 —2¢)

Lo=L+6L= _iFg + Yo (i — mo)o — eothoAotho

L _%Fz + (i — m)w — pfed Ay,
oL = —%5Z3F2 + (1622 — )t — ped 21 Ay,

1 - _ _
Lo=L+L= —ZZ3F2 + 2oy — mZpibtp — eZy pEpAap
@ Renormalization constants
Z1=14+0241, Zr=1+4+0L, Z3=1+0Z3
mZpy = m(1+0Zpn) = m+08m, mo=mZnZy"

_1
e = pZ; %e, 5m:m—m0:m—mZmZ§1
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Energy-momentum tensor

e Symmetric EMT tensor (D, = 04 + iepAoa)
_ VNN
T = Gy Do — ROy, + 1
e Conserved EMT tensor is not renormalized T}" = [TH]g

e EMT trace in gauge theories (QED, QCD, etc.) is anomalous

T¢ = (14 ym(e0))domoto + E2LF2

2ep

= (1 +m(e))pmele + S2[F?r
e QED:
One-loop beta-function: 3(e)/2e = a/67

One-loop mass anomalous dimension: vp,(e) = 3a/27
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Mass (energy) - matrix element of Hamiltonian & EMT trace
o H= [d3xT%(x) — Hamiltonian

= [ x(pIT®(x)Ip) = Ex{plp)

Translational invariance: (p|T""(x)|p) = (p| T**(0)|p)

= (eI T°(0)lp) = E, 57

Covariant normalization: (p|p) = 2E,V

= (p|T®(0)|p) = 2E;

e Lorentz invariance: (p|T+*(0)|p) = 2ptp”, (p|T",(0)|p) = 2m?

[ dx(p|T#,(x)|p) = 2m2V

Rest frame [ d3x(0|T#,(x)|0) = m(0|0)

Rest frame & normalization independent expression

E— J x0T, (x)|0) E — J d®x(0] T(x)|0)

(0]0) ’ (0j0) 1

@ We will use nonrelativistic normalization in calculations
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Irreducible Lorentz Components of EMT

o Traceless symmetric tensor transforms as irreducible
representation of the Lorentz group — split 7" (Ji, 1995)

T = Twv _lgwe,  fw o lgwya 7w = Fwy fw
T, =0, 0 = 11 5
e Lorentz invariance: (p|T+*(0)|p) = 2p*p”, (p|T*,(0)|p) = 2m?
= (p| T*(0)lp) = 25, (pl T (0)p) = T
o = (0]7%(0)[0) = 3m?,  (0]T%(0)|0) = }m?
o (0]H|0) = m(0|0)
& [ d3x(0] T(x)[0) = [ dx(0] T%(x )+ 7(x)|0)
J dx(0] T(x)[0) = %m<0|0>, J 3x(0] T(x)|0) = +m(0|0)
—> [ d3x(0]T%(x)|0) = {m(0|0)

e 1/4 of particle mass is due to EMT trace!
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Hamiltonian decomposition with account for trace anomaly

e EMT trace: T#, = (1 +ym(e))[vmy]r + ﬂ(e [F?]r
e Quantum anomalous energy H, (Ji, 1995, 2021)
H=H.+H, = [ d®*TO(x) + [ d®xT%(x)
= [ d3 [—ipy - Dy + myy + 3 (E2 + B?)]
1 [ Px [ ymlPmi(x)]r + SEIF3()]r]

Hy = % [ d®xym[Pmp(x)]r, He = 5E[F2(x)|r, Ha = Hy + Hr
o All above is valid both in QCD and QED

Does Hamiltonian decomposition with H, as a separate term
makes sense?

QED test for hydrogen energy levels in external field
approximation 3

™ = = =yt
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Quantum Anomalous Energy

Expectation: H, = H, + HF contributes to the Lamb shift

_ (O1L[0) _ (O1Hu0) | (OlHF[0) _
AEa = g = S+ ol = AEy + AEr

AE, — quantum anomalous energy
e Tree contribution (Fock, 1930)

—————

m

T= <n_/‘ T“/L’”j)tree = f d3x<nj|mz/_1(x)¢(x)|nj>
= mfd3x¢jy-(x)fyow,,j(x) = E,;

E,; — Dirac energy levels
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Quantum Anomalous Energy

@ Fermion anomalous dimension term

s . 1
ym

@ Anomalous mass dimension contribution

N[

=
AEy=TE,;=2m |14 7e
W 4 Enj 4 (n(j+;)+\/(j+§)2(za)2
3 (Za)* | m(Za)* (3
e m_m2n(; n n4a <§_2j11>+...]
o Notice:

© Terms of order am, a(Za)?m, etc.
@ Even powers of n

© Depends on total angular momentum j
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Quantum Anomalous Energy

@ Anomalous dimension S-function term

o Two-prong vertex insertion in the external photon line

@ [-function contribution
(8/(2€))F*P Fag — 4(5/(2€))(—4°)
(il (h
(J+2)+4(j+%)2_(2a)2

« « 2m
AEf = 229 . 372
([ (j+%)2—(2a)2+n—(f+%)] +(Za)2>

6m

~ AZa)’m  a(Zo)*m __ 4n
~ |:]. 3(J+;):| +....

6mn? 47tn*
= = =

Lo
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Quantum Anomalous Energy
o Notice:
@ Term of order a(Za)’m
© Even powers of n
© Depends on total angular momentum
e Lamb shift:

@ Leading contribution of order o(Za)*m

@ Depends on n®

© Depends on orbital momentum /, not on total angular
momentum

e AEF and AE,; — wrong dependence on n, depends on total
angular momentum ; and not on ¢

o —> QAE contribution completely cancels with contributions of
other terms in the Hamiltonian

@ Conclusion: Quantum Anomalous Energy H, should not be 4

included in the Hamiltonian decomposition as a separate term!
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EMT trace in one-loop approximation

@ One-loop matrix element
T = [ d®r(nt|TH,(r)|nt)
~ [ d3r(n€|[m — 6m + mym(e) + mdZo]d(r)ib(r) + B F2(r)| ne)

@ One-loop perturbation theory diagrams

Tree and self-energy type diagrams:

+ — » o+
m ym om mdZs
+ ,_&)4_‘ P (\{\/\4 + (\f\/\ﬂ P
m m m

Vacuum polarization type diagrams:
+ - + +

m N m m m
073 073 m 5(e)

Eides, Crete, July 23, 2025 EMT trace




EMT trace in one-loop approximation

o Diagrams for trace are different from the textbook Lamb shift
diagrams

e Two questions:

©® How these diagrams reproduce Lamb shift?

© Why two different sets of diagrams produce the same result?

Classical Lamb shift calculation
@ Furry picture: QED in external Coulomb field

@ Two sets of one-loop diagrams: self-energy and polarization

. r\f\w/\/7n . <? -

@--%--f
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One-loop self-energy diagrams. Furry Picture

@ General formula
AEsg = [ d®rd3r (nl|yp(r) [Zreg(r, ', Eny Ao) — 63 (r — r')om] ¢(r')|nl)
@ Leading in Za contribution

AESE(” M= 0) 404(204) |:|n (231)2 2N % —In k()(n, O)}

n3
@ How this result arises?

o External field expansion, leading effective potential

=

Vefr fr = 73(,520‘)| (—(ZL)2>5(3)(r)

@ Dimension of effective potential in mass units: [Ves ] = 1 1
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One-loop self-energy. Furry picture

o Leading contribution

DEr(n,€) = (] Verr ) = 252210 (A [9ne(O)2

= dalZa)ftm, <(Z )2> 5o

o Full effective potential ([Ver] = 1)

Vo = 40‘(20‘) [In Zay +2—1In ko(n,O)} 5CG)(r)

o Self-energy contribution

AEsg(n,0) = (n0| Vegr|n0) = 4alZ2) [ln( Lo+ |nk0(n,0)} 11 (0)2

(e Oé4m
= goaf'm fin Lo + 2 — Inko(n, 0)|

mn3

3
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One-loop polarization. How the result above arises?
o Leading order in Za contribution

AEVP — <n£|Hint’n€> - ef d3r<n€‘7;’70¢’42xt(r)‘n€>one loop

e External field (Mr(—q?) = MN(—q?) — N(0), §Z3 = MN(0))
8 . _ 2
Agxt,one loop(r) - 7Z€f (gw‘)q:“ e'd’ I_IR(qzq )

o Polarization operator

(2) 2\ 2o 1 m?
MR(=a%) = =% Jo dx(l =x) In isifemer oo

1 2 2
52 a1 - X0 = 5 5
o Effective potential ([Vpoerr] = 1)

_ 0
Vpol eff = eA

ext,one Ioop(r) = _%5(3)(")

@ Polarization contribution

(6% (6% 16% (0% 4m
AEyp(n, €) = (nf| Verr|nt) = —2ED |y (0)2 = — 2 m5,,

T 15m? 157n3
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Trace polarization type diagrams

+ +2 +
m m

m

a b c d

@ a) and b) — two diagrams with sidewise insertions of external
field with renormalized polarization loop

@ c¢) — 2 diagrams with the scalar vertex m insertion in the
external field polarization loop

e d) — diagram with anomalous term (3/2¢)F? insertion in the
external field
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Sidewise insertions of polarization loop

= T v =

b

e Contributions of diagrams a) and b) are equal
AE,(nj) = AEs(n))

= [ d®rd®r"Yji(r) Vol et (F)[—iG/(r, r', En)myotbnje(r’)
@ Reduced Dirac-Coulomb Green function is defined as

Gi(r, ', E) = {rl (&) 0lr’) = (] Sz 22 0lr")

H=a-p+m+V, V= —Z—ro‘ — Coulomb potential
e Use Shabaev (1991) methods to calculate AE, and obtain
AE,(nt) = AEy(nl) = —3%Z0ms, . SAE p(nl)

157n3
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Scalar vertex insertion in polarization loop

e 7 (g?) is transverse

T (9) = (8" ¢* — ¢"q")Tm(q?)
@ where

-4,am2 1 X(l—X)2
L fO d —x(1—x)q%+m?

7Tm(q2) =

e Contribution to the energy level (an extra factor 2 below is due
to insertion of the scalar vertex in each fermion line)

AE (nj) = /47TZafd3r¢,Um )¥njm(r f( lqr271'm((7 7) 9
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Scalar vertex insertion in polarization loop

o Low momentum expansion

! 2i (1_ _¢ q'
Tm( Q)lquﬁo_> - <6 30m? T Ta0m® T

m

e Finally

; 20(Z)? Zo)* 8a(Za)*
AE(nje) ~ 2oESE  olZfn [y ). selzekmg,

a(Za)? a(Za)*m n
= _220) | alZy {1 - 3(;‘%)} — 2AEyp(nf)
=AEC1(nj) - QAEVP(HK)

@ Last term is —2AEp(nl)!
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Anomalous term (3/2e)F? insertion in external field

?

o Contribution to the energy level

AEq(nj) = 4nZa 2l [ d®rip) . (P njm(r) [ (gjrc)lfgeiq-r%

2a(Za 1[)nm(r)1/1,, jm(r) 2a(Za)2 a(Za)*m
fd3 J] Y 32 = po ]_ - 3(14:%)

@ Cancels first term in AE,
AECl(nj) + AEd(n_j) =0
- AEC(I'Ug) = AEd(nj) = —2AEVp(n€)

@ The sum is 2 times larger and has opposite sign to AEyp(nf)!
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Sum of all polarization type diagrams for EMT trace
AEVPJrace(ng) = AEa(nE) T AEb(nﬁ) + AE. + AEy

34a(Za)*m 34a(Za)*m 8a(Za)*m
~2 157n3 000 ~ 3 15.ps 00+ “ygras O

— 3AEVP(H€) — 2AEVp(n£) - AEVp(nﬁ)

@ Sum of all polarization type diagrams for trace is equal
standard polarization contribution

e Can we understand diagrammatically why and how this
happened?

Heuristic considerations

o AEyp is linear in mass — AE\p = mdAdEVP

AEyp(ng) = — A 4221y (0))2
AEp(n, ) = mEEd = — (e 4 (0) 2

dm 15 m?

d< 4 Q(Z”)

o W ((0)? + A 2Z2)

m e (O)F

m
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Heuristic considerations

@ For dimensional reasons
a(Za) o(Za
= — |28 C2 (O + 345 L2 1y (0)12]
a(Za a(Za)
=24 |y, (0)2 - 34252 |y, (0) 2

o Hypothesis:

@ The term with derivative of the polarization operator corresponds
to the diagrams with m insertion in the polarization loop

@ The term with derivative of the state vector corresponds to the
diagrams with sidewise m insertions

© The term with derivative of §Z; corresponds to the diagram with
anomaly 3/(2e)F? insertion

| ;
C} - A %
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Logarithmic derivative of polarization diagram

o Logarithmic mass derivative of polarization loop produces two
diagrams with mass insertion in each branch of the fermion loop

@ Minor subtlety: to obtain loop with the mass insertion we
should differentiate regularized, not renormalized loop
2 2 2 2
N2 (—q?) = NQ(0) + N¥(~g?) (NQ(0) = 525)
o After an easy calculation

8 n(2) 2 2 2o q?
My reg (=A%) (q2/m?) 0 = 37 — Tsm e

o Derivative diagrams contribution

N 20(Za)? | a(Za)*m 4 8a(Za)*m
AE(”-IE) — 3mn? + wn* 1= 3(1.:%) + 157n3 i
= AEcl(nj) - 2AE\/,D(n€) 1
coincides with the contribution of the respective trace diagram
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Logarithmic derivative of the counterterm
— r—

o Recall ( 2)

573 = N3 (0) = —& In (£
—m 523 :_u%:we(e)N%

o Contribution of the dlagram with the logarithmic derivative of
0Z3 coincides with the contribution of the trace diagram with
the anomaly insertion

AE(nt) = 2a(Za)’m  a(Za)*m [1 _ 4,71)] 4
2

37mn? mn*
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Logarithmic derivative of state vectors

H

@ Classical polarization contribution to the Lamb shift
(renormalized polarization operator) can be written as

AEVP = (n| Veff‘n>

@ Up to this moment we differentiated V.4, we also need to
differentiate state vectors

MG (st—vect) = (M (1) VIn) + (nlV (m|n))
= 2 (mg(nl) k) (KIVn) + 32, (nlVIK)(k (m g |n))

@ The term k = n does not contribute
(s {nl) M) (Al V) + (0l Vi) (n (mif n) = (nlVImm“ G <0 §
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Logarithmic derivative of state vectors
Auxiliary calculations: (k (m%)
e Dirac Hamiltonian H=a-p+ m+ V
Hin) = E,|n), (k|H|n)k£n =0
@ At k#n
(M%&) Hin) + (K|gmIn) + (k| H (mD2)
= £, (m%4) ) + (KIBmin) + Extk (m92) =0
e Also: m— " <k‘ . (m%) n) + (k (mi}—g) =0
d|n k|Bm|n
= () -

— Cn K (M2 ) = 5 |) 200

@ Subtracted Dirac-Coulomb Green function

7 kY (k| -
Gr(En) = (ﬁ)red Y0 = Ek;én ‘E,,>7<EL "o

\_/
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e e d|n)
Auxiliary calculations: (k (m#)

— (|V (M) = Syen(nIVIK) (K (D2 ) = (| V(=G (En))min)
e Similar formula holds for (m%) k)

o Differentiating state vectors we obtain
e = (nlmV(=iG/(E,))|n) + (n|V(—=iG(En))m|n)

m=y
m  (st—vect)
@ These are exactly two sidewise diagrams from the EMT trace

= T o=

Summary on polarization diagrams

@ Sum of polarization type EMT trace diagrams reproduces
classical contribution of polarization diagram to Lamb shift

o Polarization type EMT trace diagrams are logarithmic mass
derivatives of the classical polarization diagram for the Lamb 3
shift 3

&
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Self-energy type trace diagrams

@ Tree and one-loop diagrams above arise from the matrix
element

T~ [ d*r(H|[m — m + mym(e) + mé 2] (r)y(r)|H)

® 1 — i 1+ )
ym om moZy

+c£EE£;;;§;§£: + =@ oVl + oMY o
m m

m

e Standard one-loop self-energy Lamb shift diagrams

V),

7 I [ [ Py 1

sm®)

What is the connection between two sets of diagrams?
o External field expansion

Lo, -y g +wgw+m
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What is the connection between two sets of diagrams?

SNV,

o External field expansion of self-energy

ALY

i =1

S0 7

@ There are two relationships for logarithmic mass derivatives
(ME, 2023)
© y o
m% =TO(p=m)+moZ

md‘sdim(z) = om® — my,,
@ Logarithmic mass derivative of (Zﬁgg, — 6m(?) generates first
four diagrams from the trace

o On the other hand §m(® = zﬁfj;(p = m)
@ — First three diagrams and the leading term in the external
field expansion of the 4th diagram for the trace cancel each

other!
—0m + mym(e) + méZ, = —Fg,))(m)
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What is the connection between two sets of
diagrams?

o Everything else goes as in the case of polarization
@ Logarithmic mass derivative of the remaining contribution to -
generates the remaining contributions to I and contribution of
the I diagram to the Lamb shift is —2AEse for dimensional
reasons (compare contribution of the polarization loop with mass
insertion)

@ Logarithmic mass derivative of the state vectors in the matrix
element of the renormalized ¥ produce two diagrams with
sidewise mass insertions and their contribution to the Lamb shift
is 3AEse

o Self-energy type trace diagrams arise from the standard self
energy diagrams in extrnal field as logartihmic mass derivatives
and total contribution of these diagrams to the Lamb shift is
just AEge
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Summary

@ Quantum Anomalous Energy H, should not be included in the
Hamiltonian decomposition as a separate term!

e Bound state energy can be calculated as a matrix element of
the EMT trace

o Sum of self-energy type trace diagrams coincides with the
standard diagrams self-energy diagram for the Lamb shift

@ Sum of vacuum polarization type trace diagrams coincides with
the standard diagrams vacuum polarization diagram for the
Lamb shift

o Equality of contributions of two type of diagrams was expected
from the trace anomaly and Lorentz invariance

o Technically equality of contributions of two different sets of
diagrams arises due to their linearity in mass and because
diagrams of one set are logarithmic mass derivatives of the F

diagrams from another set .
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