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Introduction



Two-Body Problem: Analytical Approximation Methods

e Post-Newtonian (PN): expansion

“for small G and small v" eF
Gm V2 L4
— ~— < 1. B -
GG ST —p
e Post-Minkowskian (PM): expansion F i P y
“for small G” S
Gm <1 % X
— eneric — .
rc? ' 2 c?
e Self-Force: expansion ° . expansion
in the near-probe limit my < my or in the limit of small frequencies
mymy "4
m=m + my, V= 5 < 1. w —.
m r 5



General Relativity from Scattering Amplitudes

Key ldea: Extract the PM gravitational dynamics from scattering amplitudes.

e Weak-coupling expansion <+ PM expansion
Weak-coupling:  Ag = O(G) A = O(G?) Ay = O(G3) As = O(G*)

PM: 1PM 2PM 3PM 4PM
State of the art:
[[Driesse et al. '24; Bern et al. '24]

5PM, 1SF from WQFT]
e |orentz invariance <+ generic velocities

e Study scattering events, then export to bound trajectories

(Veﬂ', ana|ytiC Continuation...) [Kalin, Porto '19; Saketh, Steinhoff, Vines, Buonanno '21; Cho, Kalin, Porto '21] 6



Classical Soft Theorems

e Universal constraints on the soft expansion w — 0 of the gravitational waveform:

. (0.)
- I o 1, .
W = —— (2iCEw E — (—iw logw)" ak¥ + - -
w S n!
-

where - -+ ~ w" (logw)™ and 0 < m< n—1, e.g. w0 or wlogw.
e Explicitly, for % log w, w(logw)?,

v PgPV v T(Z)Pg p iy 2 T(Z)Ta()?) P
g = 2 al" =G a n v,oah =G 2 n Nepr.p”;
0 - pa-n ) 1 zb: pa-n pp[bpa] ) 2 zbj Da- Pp[bpa] crp[cpa]
a, a,b,c
and TEEZ) is a function of the invariants o,, = —1.1ppas - Pp/(Mamp)

(with n, = + if the hard state is outoing, —1 if it is incoming)

Uab(Ugb_ %)

Tab — —W for GR

7 = |n, + np| Tab

In general, it is fixed by the IR divergences of the theory.



Warm-Up: Elastic Eikonal and Deflection Angle



Kinematics of Classical Post-Minkowskian (PM) Scattering

3 1
pr =miy = 5(ps —P1)
1

T -

Py = mails, = E(P3 P>) b, be CH ,lQ
Q" =pi +py=-pPy—ps

g (A

be:bJ_<2m1_2m2> Qb PEa— B

P ——=—==1-

In this way, vi - by = w - by =0 and iy - be = i - be = 0. Classical PM regime:

Gm? Gm h 1
—>1 — <1 — <G b =—2>1 ic).
n ?>L ; b P<§/I ; —<em < o N (generic) .




Kinematics of the Elastic 2 — 2 Amplitude

1
By = =(py — ry)
Py = E(Pg — Py)

q"|=p + Py =—p5 —Ps

Defining velocities by p}' = —myvy', py = —mo vy

1
o)==

with v the speed of either object as measured by the other one.

Dual velocities: v} = oV}’

T Y TR VI O
+V, vy =0V + V; obey V;-v; = —4j.

=q-p

—4q—p2
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The Elastic Eikonal

e From q to b: Fourier transform [g ~ (9(%)]

,,2((4)(b) _ 1 dD—2q eib,qA(4)( ) 1+ I./Z((4)(b) — 62i5(b)
4Ep | (2m)D-2 9

with 26 = 280 + 26y + 28 + -+ ~ S (log b+ 2 + (S2)* + )

e From b to Q: stationary-phase approximation [Q ~ O(p - G—,;")]

/dD—Zbe—ib.Qei26(b) — Q.= 8;;35
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Tree-Level Amplitude and 1PM Impulse

e Tree-level amplitude in D = 4 — 2¢ dimensions

—

pL ————— P4 327nGmZm3(o? — 52
Ag‘l) q) = 1 2(2 2—2) .
Tq q
2 1
p2 ———p3 AW () = 46mima(0” — 5=5) T(—e

2Ve? -1 (mh2)™¢

° MatChlng to the e|k0na| eXpOnentiatiOn [Kabat, Ortiz '92; Bjerrum-Bohr et al. '18]

e 14 iAW — 25, = AP

“small G”

e From 2Jp, we obtain the leading-order deflection

P1 p— — P4 Q (9250 4Gm1m2 (0‘2 = %)
1PM — — -
0b Vo2 —
| Qipm G (21 bvos -1
4GE — 5
p2 P3 O1pm = (U 2)

— — b(0-2 _ 1) . 12



Impulse from the Eikonal Phase up to One Loop

) 20
1+/FT Ne216, 25:260+251+ Qungu
o Tree level: i/io = 2idp, SO
284 = .A'(4) _ 2Gm21/(a2 B 2}26) r(_e) QH _ _4Gm2y(o'2 — %) ig
0= 2 _ 1 (mb2)—¢’ 1PM bvVo2 -1 b~

e One loop: By the unitarity, iy — %(2id)? = i Re A1 = 2i61, so

B 3rG2mPy (502 — 1) 3rG2mPy (502 — 1) bl

261 = Re AW = , b= Ze
1= 4byo? — 1 Qpr 4202 -1 b
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The 3PM Eikonal in General Relativity

e Eikonal phase:

Re26, = 12 — — arccosho

4G3mim3 | s (120% — 1002 + 1) o (140% +25)  4o* — 1202 —
2m1m2(02—1)% 3vo2 -1 02 —1
+ Re205R

2(8 —50%) 20 (202 —3)

3(02 —1) i (02 —1)3/2
e Infrared divergent exponential suppression:

arccosh o .

Re 265" = %Q%PMI(U)v I(o) =

1 1
Im 20, = = {—6 + log(0? — 1) | Re205R 4 ...

e Re265R contributes half-odd-PN corrections (odd in velocity) to @spy "



Unitarity and Analyticity Fix the Radiation-Reaction Contribution

e Unitarity determines the imaginary part of the two-loop eikonal,

e |R divergence comes from low frequencies, use the soft graviton theorem:

e Then, using the natural upper cutoff * o %, we find

G 1 —

e By analyticity, ilog(l — 0% — i0) = ilog(c® — 1) + =, hence

G
Re205R = lim [—me Im 265] = —- R%mI(0). 5
=



Smoothness and Universality of Re 2/, at High Energy

At high energy, as 0 — oo and s ~ 2mymyo, i.e. in the massless limit:

e The complete eikonal phase is smooth, although the conservative and
radiation-reaction parts separately diverge like log o

e lts expression is the same in AV = 8 supergravity and in GR,

2
0 o 4G5

Re 26, ~ Gs =5
i b

in agreement Wlth [Amati, Ciafaloni, Veneziano '90].
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Eikonal Operator and Gravitational Waveform

17



Kinematics of the 2 — 3 Amplitude

Bl = 2(ph — o)

B= 5k~ ) e
@ =P+ Py k

9% |=pPs +pP3 pP3 = G2 — p2

0=q +q5 + K

More invariants, besides g2, g3, also
[0]=—vi-w, :—vl-k, :—v2-k.

We denote by E, w the total energy and the graviton frequency in the CoM frame,
w12

1l 1
E=y/~(p+p)?, w:E(P1+p2)-k=E(m1w1+m2w2), a2 =" g




2 — 3 Amplitude up to One Loop

= Ao+ A+ -

with Ag the tree-level amplitude, and

V«=&+é@+ﬂ+ém+qy

where B1 = Re A; and the unitarity cuts can be depicted as follows,

C1



Inelastic Final State

Eikonal Exponentiation of Graviton Exchanges + Coherent Radiation:
e2i3(b1,b2) _ eiReza(b)eifk[W(k)af(k)JrW*(k)a(k)] _

e Final state, schematically:
lout) = e2/(b1:b2) in)

e Unitarity:
(outfout) = (in|in) =1

e The asymptotic metric fluctuation h,, = g, — 1), sourced by the scattering

(the waveform) is expressed formally as

oo (x) = V327G {out| Al (x)fout) ~ 28 / e~ UVT,, (wn) ;’ﬂ - (ee)
0

KRr ™

where K = v/87G, r is the distance from the observer and U the retarded time.

L ~ - 20
Normalization WHY = x wH¥.



The Waveform Kernel

e Working with “eikonal” variables, we can use the following radiation kernel,
W= A+ [Bl-i—é.(cl-l-Cz)].

o Tree level: Ay is a relatively simple rational function [Luna, Nicholson, O'Connell, White 17]

e One loop: We isolate the even and odd parts of By under wy s — —wi 2,
Bi = Bio + Bie,

and Bip = tho) + ng is fixed by unitarity and analyticity in terms of the
tree-level amplitude,

3
o (0®=3)
(02 — 1)3/2

while B1g and c¢;, ¢ represent new one-loop data.

B) — nGEw Ay, B =— 7GEw Ag

21



Infrared Divergences Revisited

e |R divergences due to ¢, o,
j 1
écl = 2iGmw1 (—2 + log > Ao+ = 5¢ 4

exponentiate in momentum space,
W = e & GEw [Ao+81+ic] _ e—éGEereg,
where 5 0= Yoo 12 (21Gmaw3 Iog “a 4 c(reg))

e Cancel the divergence by redefining the origin of retarded time [Goldberger, Ross '10]

4G [ U dw
hu(x) ~ — e wUWree(wn) — + (c.c.
b~ 22 [ rsE(wn) 2 + (cc)
e It resums velocity corrections to the Einstein quadrupole formula up to O(G3):
o Ay B 10 and Bg give integer PN corrections (even powers of v)

° B% and c(reg), (reg) give half-odd PN corrections (odd powers of v) 22



Universal Terms w™!, logw, w(logw)?

e Leading 1/w soft term (memory effect in time domain) [matches Weinberg '64; Sahoo, Sen '18; '21]

.1 ikQ . . A . - i I
w1 = m(@élUQ € — Goly - €)(2a182be - € + be - n(G1lp - € + Aol - €))
7197,

e Subleading log w soft term [matches Sahoo, Sen '18; 21]

~ 2Gmymyo (202 — 3) wbeY
[logw] __ N2 o x om \2 _wEe
w =K Grdia(0? — 1)372 (Gplp - € — Gpliy - €)° log < = 1>

+2iGEw W logw

e Sub-subleading w(log w)? soft term [matches sahoo, sen '18; "21]
Wlllogw)’l — 2iGE, VT/O[IOgW] log w

23



e Non-universal " piece of the tree-level result,

Gmymyo (202 — 3)
G16a(02 — 1)3/2
4Gmymy [(G1iip - € — Gpily - €)?
5

202 — 1
T opar/r—1 8

e For this one, when expanding for small frequencies, two regions in the Fourier

log (G162)

~ 2 —
Wo[wol = k(Q1lp - € — Gplly - 8)2 [ - 26mmy(20 1)}

Pvo? -1

0
— <g3 arccosho + g log ~)
a160P &%)

| + iz - oW
2 - NwVVy .

integral are needed.
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o Tree-level w |Og w piece [matches Ghosh, Sahoo '21]
: 2

= [wlogw] 2/Gm1 m20(20 — 3)

Wo TRTE D 3/2
a1dn(02 —1)3/

X [G1é2 be - € + Ga(b1 - n)(d1 - €) — @1(bz - n)(b2 - )] wlogw

(5[1[72'5—542(71‘5)

e Non-universal one-loop wlogw piece. Big does not contribute.

a10

2
HirR

] 1 7 /llogw - 1 /lw - |lw log w
é(el+52)[w'°gw] — iGE [—E +log }wWo[l 8] 1 2iGEw log w WL 1+l 1oe]

with
20(a1up-€ —apuy - €)?
(02 —1)3/2P

202 —3 arccosh o 1 o1 f1
= f- h—log— | — ———— 1+ 2).
X [ B <3(0_2_1)3/2 ar 2&2 ogaz) ag(az—l)] +(1+2)

= wl :
/./\/l[lw 8l — i logw G m¥my

23



Comparison with Predictions from MPM Formalism

e The result for the wlogw term was given explicitly in the PN expansion using the
Multipolar post-Minkowskian (MPM) formalism in [gini, Damour, Geralico 23}, Where a
mismatch was found when comparing with the amplitude-based result starting at
25PN (~ 1/c®)

e We find that agreement is restored after performing the following supertranslation

[Veneziano, Vilkovisky 22]
U— U-T(n), T(n) = 2G(myoq log a1 + moa log az)
or more precisely
drhag = —T(n) duhag + r[2DaDp — vagA] T(n)

where only the first term on the RHS (the non-static one) matters.

2

Here, n* = (1,A), ey = dan*, hag = r*ehefhu,, yag = ea- e, Da is the

associated covariant derivative, A = DDA, -



The PN Limit

e The PN expansion is defined by the limit

Poo = V02 —1=0(N), w=0(A) as A — 0

e Each instance of the Newton constant G increases the PN order by one unit.

e Each power of A increases it by half a unit. 1Z
i (_) IN
Reference vectors in the CoM frame:
—€ ¢ S
=(1,0,0,0) - f RO
> Y
= (0, b,0,0) b,
— (0,0,1,0) = 5*/p
gﬂ—(o 0,0,1) — &
X ¢

27



Multipolar Decomposition

e We define the dimensionless frequency

wb
u=—,
Peo
which does not scale in the PN limit.
e |t is convenient to express the waveform in terms of “multipoles”, i.e. symmetric
trace-free (STF) tensors U (u), Vi (u),
TT

4G & 20
T _ , '
hit = r;g! ni—o Uji—o(u) — 71 Mel-2€ed(i Vjyar—2(u)

(decomposition into symmetric, traceless tensors with definite A-eigenvalue)

e Order by order in the PN expansion, only the first few U;, V; show up.

28



Newtonian quadrupole at tree level,

019 = 4 (1) + 301 (0),
U8 = 4™ o) + Ka(w),
UL9 = 436/2':”(2}(0(11) + 3uKy(u)),
Lo = _4Gm2yK0(u)

3pso

1PN correction to the quadrupole due to

BlE;

6w G>m3v .
Ugi1 = —Ugxn = T (1+u)e™,
Poo
imrG2m3y (1
Ug2 = _om&TmTy < +1+ u) e Y,
bpo u

while e.g. one component at 2PN is

no | mGPmPups,

Ugss = — b (2v—-5)(u+1)e™".

29



Comparison with MPM Formalism

e Integer PN terms arise from various corrections to the trajectories.
e Half-odd PN: Tail formula
. 2GE w iT
Uil = iwyiree (Iog — — Ky — )
‘ c MR 2
(similarly for V(u) with )
e Half-odd PN: Nonlinear effects, e.g.

UQQ _ E I: 1(5)1

@, _ 2 ,3),2)
2 = Lo la = 3 1ai lya — 5 12! }

a(i j)a
e Half-odd PN: Radiation-reaction

m 8G2mPpoo

d2
XRR — 5h2r (bZeN _ (r + poot)bg) Ul_j_?R — o <X<- X-'L>?R)

dr2 \"i 7
We checked that C™ completely agrees with the MPM prediction given by
tail4+nonlinear+radiation-reaction up to and including 2.5PN.

30
See a|SO [Bini, Damour, De Angelis, Geralico, Herderschee, Roiban, Teng '24]



Soft Theorems, Soft Energy Spectrum, Static Angular Momentum Loss

31



Emitted Energy-Momentum

e The operator insertion (out|P*|out) = P* leads to leads to

PO‘_/kk“p(k), /k—/zwﬁ(k‘))é(kz) (;:;D

where the spectral emission rate p is given by

~TTx ~TT v A /% v v
p= Wy =W (n""n 7=z np") Woo

Note the equivalence between the two expressions, with

i ,[,,T rllfjpa Wee k, WH (k) = 0.

e We can choose the TT projector to be space—like in the CoM frame, so that
dw 2T TT
k2P0 =k Erad = / Wab *Wab )
. dj 7w2n1V~VTT*~TT
2w

ab Wab
32



Zero-Frequency Limit (ZFL) of the Energy Spectrum

e Inserting the leading soft theorem and performing the angular integrals, one finds

dE 2G s 1 arccosh o,
7 = mamp (05, — 3) Nallp ——m—we
W/izre T Vo2 —1

e PM expansion Q = 2psin % L p~mo

2 2
gm1+m2

dE GQ? GQ* 3arccosho o, , 5 5
- =—1(o) — = =(20° — — 1l
(dw)ZFL T () Tmymy(c? — 1)2 [2 Vol _—1 + 2( 0% =5)+ 5 mimo (0 )
+ 0(GY).

o Ultrarelativistic limit m; 2 < Q = 2psin % (so Vs=E~ 2p) [Addazi, Bianchi, Veneziano '19]

dE 4G [, Q?
(dw)m 7t (g 1) —ses (1= )|

e The small-my 2 of the PM expansion is singular, while the © < 1 limit is smooth

in the ultrarelativistic regime (gE Gse

)zeL = log &3 3



Nonlinear memory contribution?

e Take outgoing gravitons into account by
S+ [ o)
a am k

where a, runs over massive states, p(k) is the distribution of emitted gravitons.
e This is the operation that gives the nonlinear memory effect,

7% Qv % 7% kH k¥
a, +»ag +day , dag = [ p(k) :
k k-n
e For the ZFL of the energy spectrum, it gives
dE 4G pa- Kk 4G iy - k
ol — =—— k -kl — ~—— k)Q-kl
<dw)zFL ™ kp( )za:Pa og< e ma/\> ™ kp( )Q-klog i -

e The O(G®) vanishes since p(k) is invariant under b- k — —b - k to leading order
in G owing to the reality of the tree-level amplitude.
34



A Bound on the PM Expansion

e The explicit nonperturbative expression for the ZFL reads

arccosh o

(Zi) 47TG{2m1m2( 2 %)ﬁ—lemQ (O‘é—é)\/@
N Z [—m ((1+2m2>2_%)arccosh<1+2om2§>]}.
\/<1+2m2) ~1

e Note the presence of branch points at (recall also Q ~ \/mimyo ©)
Q? = —4m?

corresponding to the t-channel thresholds (outside the physical region)

o The PM expansion converges for [peath '76; Kovacs, Thorne '77,78]

1
05 =3 35



NLO, w?(logw)?, in the Energy Spectrum

o We specify a reference frame: center-of-mass

e Inserting the logw and w(logw)? soft theorems in the expression for the spectrum,
we obtain a general prediction for the w?(logw)? contribution

e PM expansion Q = 2psin % <K pr~mo

> G

dE B > GQ?
<du}>w2(logw)2 = (GEh(U)) ;H(m1,m2,0’) +2(GEh(O')) TI

(o) + O(G®)

o Ultrarelativistic limit m; > < Q = 2psin % (so /s = E =~ 2p) [sahoo, sen '19]

dE 16G3 Q? ) s
(dw>w2(logw)2 =s— {5 + 2slog <1 = s) —2Q% log <Q2 = 1)]

e For © < 1, one finds (%)wz(logw)z — 1667 o2 {1 _ % log &5 + - } .

e Again, (only) when a log appears, the UR limit of the PM expansion is singular

36



The functions H(my, mp, o) and Z(o) appearing in the low-frequency spectrum

2 %) 2
H(o, my, mp) = [2(5 — mmpo) + m5(2myo + my) o+ m3(2mao + my) 52] |
mivo? —1 mov/o? — 1
with
€1:|Og<X(ran_‘_rn2)>7 62:|Og<x(mgx—|—m1)>7 X =0 — 0_2_1’
mpx + mq mix + mo
while . ( . |
2 8 — 50 o(20° — 3) arccosh o
I - .

37



Log-Resummed Waveform

Considering an elastic 2 — 2 hard process, let us define
no v n v
, pipl | php v
E = (p1tp2)-n, B"(p1,p2) = (p1+p2)-n <11 " 22) —(Py+pP5)(py+p3) -
pr-n  p2-n
Then, the known soft theorems (sahoo, sen '18: 21 for £ = 0,1, 2 reduce to (define
h(o) = 0(20° = 3)/(0® — 1)*/?))

1 v 17

2l = £(~GEh(@))" [B"(p1, p2) — (~1)"B"(p3, pa)]

We conjecture that this expression generalizes to any / > 0.

Frequency-domain resummation

WY — _; w2iGEw [wiGEwh(O') B,uu(pl ,D2) _ w—l‘GEwh(O’)BMV(p:)) p4)] 4.

Ew Y 9y

Proofs: (1) at Newtonian level as p., — 0 for generic GM/bp?2, (aessio. ch. bi Vecehia 2]

(2) in the near-probe I|m|t vV — 0 [Fucito, Morales, Russo '24]

Cross-check: 2PN approximation up to O(G3) (i, pamour, Geralico 24 38



Log-Resummed Soft Spectra

e The resummed waveform in the soft limit gives universal results for the “leading
logs” (LL) of the type (wlogw)” in the energy emission spectrum dE/dw.
e In the CoM frame we find, expanding for small deflections @ — 0,

dE 2G
(dw) L [1 — cos (2GEh(o)w log w)] — H(my, my, o)

GQ?
+ cos (2GEh(o)wlogw) —— Z(o) + - - -
s
fixing G2"(wlogw)?" for n =1,2,... and G*""3(wlogw)?” for n=0,1,2,...
(see the additional material for the functions H(my, my, o) and Z(0)).
e In the ultrarelativistic limit instead

<dE> _ % [sin(2G /s wlogw)]? s

dw/ |

4G 2
+— cos(4Gy/swlogw) [Qz log <C§2 — 1> —slog <1 = 2)} Looe o



Emitted Angular Momentum

o (out|J,slout) = Jog + o

e Radiative contribution

O T Ty Ow TT*
: _ 1 ~TTx _ ~TTur TT* ~ TT,u
Has = /k [2 ( o e A Y R

or eqU|Va|ent|y [Manohar, Ridgway, Shen '22] [Di Vecchia, CH, Russo '22]

A d

oWy,
- _ 1
’Jaﬁ _/k (nupnua ~ D=2 n/wnpﬂ) W:Vk[a akﬁ] + 27] UW [ Wﬁ]z/
e In particular, for the spatial components in the CoM frame [compere, Oliveri, Seraj 19],

2Ju_G/ dQ NTT*a W w'yAB [/aBnJ +2G/ ;Ig ~-|>E?|-[’W-J|-]-7-

40



Eikonal Operator in the ZFL

Exponential dressing of the eikonal operator
We can include static/Coulombic modes by letting e2io(b,b2) Ss,r‘eZ"‘S(blvbQ) with

S, = el [Fr el t—F (03, (k)]

Where [Weinberg '64,'65] [Manohar, Ridgway, Shen '22] [Di Vecchia, CH, Russo, Veneziano '22|

V81 G phph ) ,
> pa k—i0 nuF (k) = imV/8rG Y phd(w) # 0

a acin

Fov (k) =
and [ = [, 0(w* — k%), with w* a cutoff (to be sent to zero).

41



Angular Momentum of the Static Gravitational Field 7,3

This leads to
<>
g up, vo 1 uv o po * aFPU =]
e = | (7707 = o 0" Fi ki e T 21 FitaFa,

Angular momentum loss due to static modes

G 02, — 3\ o.parccosho,, 02 — %
TP == E c(oab) (N2 — Ub)PLan] , (o) =— 2 2 -2 242 2
2 Op — 1 /<2 1 OLp — 1

a,b a 9ab a

[ ] Match W|th [Damour '20; Manohar, Ridgway, Shen '22; Bini, Damour '22] Up to O(G3) Upon eXpanding

G
F = ) (p1— p2)*QZ(0) + O(G*), Q" = Qlpy + Qbpy + O(G)

e Easy to include tidal [ci 22 and spin [aiessio, Di vecehia 2] [cH 23] effects, via Q<. 42



e Since n, F* # 0, the formula used above is in general not equivalent to the one
obtained by using the TT-projected static field f,, = I_IWOCBFW,

o of:
W 0% |24 x
iJag —/k[ (fﬂ”klaakﬂl f klaak/ﬂ) +2M[afﬁ]],

e In the CoM frame, letting o, = 1), pg/ma, we find [cH, Russo 24]

« G o
J 52526(%)(77 — ) PP}, +2GZ CADIN A

a,b b€in

e So, in the CoM frame, J./ T = Jij » but jo-';T = Joi -

)

43



e We note that jo-';T admits a smooth high-energy limit,

s
J'TP = —2Glog <Q2 - 1> (P — p2) Q7.
e The TT contribution due to nonlinear memory is cutoff-independent

5T = 2G / p(k) >~ Pk K log %
k a

acin

with k# = w n* as defined in the CoM frame.
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Nonlinear memory contribution?

e Take outgoing gravitons into account as before by
S+ [ o)
a am k

where a, runs over massive states, p(k) is the distribution of emitted gravitons.

e For the static contribution to the angular momentum, it gives

5TP — 2G/ ) > Pl kM log
k

acin
and A is an energy scale introduced to regulate the collinear divergence. It
amounts to a time-translation ambiguity in the mass-dipole components.
e To leading PM order, O(G*),

2Gp p1 -k
6 Jx ——M“ﬁ—ﬂ / K)(b - k)lo
% , 5 kp( )(b- k) i —

which vanishes by parity. 45



Explicit expression of 7 = 7,, up to O(G*)

In conclusion the complete static contribution up to and including O(G*) reads

J = GpQ(b)Z(o)
GQ(b)° | Ef 32 1/, \ 16
~ g [ (20 + 5 @ 1) 3 (70) - §o) (-]
+0(G?),

with [Bern et al. '19, Damour '20]

B 4Gmymoy (02 — %) 3rG2mymy (m1 + my) (502 — 1) 8G3m%m%

Q(b) = +
(b) bvo? —1 4p2\/02 — 1 b3
(—404 + 1202 + 3) arccosh o n E?2 (1204 — 1002 + 1) o (1402 + 25)
X —
0% -1 2myimy (02 — 1)3/2 3vo2 -1

+O(GY).

G [(4Gmimy (02 — %) 2I( ) G3mymoE? (202 — 1)3
’ b3 (02 — 1)%/2 16

_|_ _
2b bvo? —1



Angular momentum loss in the PN expansion

Combining everything, Ji, = Jyy + Joy + O(G®) with
G’m® , ,[16 176 8 . P
Girm* ,[28 (739 79 \ , .
2 Y [5 <84 15 V> Poo + O(poo):|

G*m?® 176 8144 2984
b3pgo”2 {5 (105 T ”) p§°+0(p§°)}

G*m® 448 1184 220256
p ooV2[5 (21— 1575 V) Pgo"'O(Pio)]‘i‘O(GS)-

e The first two lines reproduce the small-velocity expansion of the O(G?) pamour 0]

_'_

_l’_

and 0(G3) [Manohar, Ridgway, Shen '22] [Di Vecchia, CH, Russo, Veneziano '22] I’eSU|tS
e The last two lines are in perfect agreement with the 0PN, 1PN, 1.5PN and 2.5PN
Contributions at O(G4) [Bini, Damour, Geralico '21; '22]

e Later, we will be able to resum the last line! 4



Integrated Energy and Angular Momentum Losses
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Emitted Energy-Momentum and Angular Momentum

o We define for later convenience the notation

<
KalX, 91 = D907k %3, V0, OuslX, V] = DP9 R0 b =05, 42, ¥

e The operator insertion for the energy-momentum (out|P|out) = P* leads to

leads to
a IRV VARY) _ o 0 2 de
= [rewwy, [ = [0 50) 5

e For the angular momentum, one has (out|J,slout) = J,5 with

JoB — —i/ O°P[W, W]
k
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Emitted Energy-Momentum at O(G3) (Two Loops)

e To leading order
%(Ga):/nga 6 = K[Ao, Ao
e Note that A} = Ao‘b»—)—b (the tree-level amplitude is real!). So,
K§ = KGlo - (1)
o Writing K§ = fy, 0§ + fu, 09 + f, b* + fi k* (here ; - uj = —¢;;) we deduce
fur,(—b- k) = +fu,(b-k), fo(—b-k)=—fp(b-k), Ff(=b-k)=+fi(b-k).
e Therefore, the integrand b- Ko = f, b?> + fi b - k is odd under b- k — —b - k,
b-Ppesy =0
in agreement with the explicit result [Herrmann, Parra-Martinez, Ruf, Zeng "21]

Take-home message: Some components vanish by analyticity considerations. 50



Emitted Angular Momentum at O(G3) (Two Loops)

e To leading order

I = _i/,( 05", 057 = 0°7 Ao, Ay

e ... [intermediate steps left to the reader as an exercise!]
e We can show that the integrand uy - Og - up is odd under b- k — —b - k,
uy - JO(G3) Uy = 0
in agreement with the explicit result Manohar, Ridgway, Shen '22]

The nontrivial components: w12 - Pp(g3) and b+ Jo(g3) - u1,2 can be evaluated by
reducing them to (cut) two-loop integrals

[Herrmann, Parra-Martinez, Ruf, Zeng '21; Manohar, Ridgway, Shen '22] [Di Vecchia, CH, Russo, Veneziano '22].
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Emitted Energy and Angular Momentum at O(G*)

To next-to-leading order, we split P%(G4) = P .4+ P54 and J%/[E)G“) = Ji‘rﬁad + Jg‘gd
e Integer-PN contributions (even in velocity):
P 4 = z/k Re K“[Ao, BY) + Big], 432, = /klm 0°°[ Ao, BY) + Bie]
e Half-odd-PN contributions (odd in velocity):
Saa = | (2Re kLo, )~ 1m Ko, €1).
g8 /k (21m 07 Ao, BY] + Re 07140, €))
These (naively) involve three-loop integrals.

Can their analytic structure dictated by unitarity help us?
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Emitted Energy and Angular Momentum at O(G*)

e The integer-PN contributions (even in velocity) behave as the O(G3) ones,
b-Pirag =0, ur - Jirad -2 =0

and w12 - Pirag and b - Jypaq - U1 2 indeed involve integrals at tree loops
e For the half-odd-PN contributions (odd in velocity) we find instead

u12 - Porag = 2uﬁ2/ Re Ka[ﬂo,[;’gho)] two loops
k
b Poyrag = —b* / Im K [ Ao, C] three loops
K
u12 - Jorad - b= 2uf"2bﬁ/ Im Oag[flo, B:(lho)] two loops
K

Uy - Jogad - Up = u‘fug / Re Oag[flg,(f] three loops
k

The 2rad energy and angular momentum (in the CM) only involve two-loop integrals!



Results: Half-Odd-PN Emitted Energy

e Warm-up: 2rad emitted energy, P54 = Pﬁ + (- )b

4 2 2
= ST o (Wi + £O0) +(12)]

with
(i)

i f (i)
£V = S —+1

arccosh o i (arccosh o)?
1 ) SR
(02 — 1)3/2 3 (02 —1)2

for i = 1,2 and polynomials in o denoted by 7‘1(7'.2)73 (here omitted for brevity)

o Perfectly matches [pips, kitin, Liu, Porto 221, Where Qf* and Q5 where calculated up to
O(G*), using
P* = —Qf — Q5.
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Results: Half-Odd-PN Angular Momentum Loss

e New result: 2rad emitted angular momentum, J2rad = JTB + (- )ugaug]

= 2 o, N
1~ E G 5Oy 103
with 0

I 2
() _ & (i _arccosha (i) (arccosh o)
F (0,2 _ 1)2 + =5 (0,2 o 1)5/2 83 (0,2 — 1)3
(1)

for i = 1,2 and polynomials in o denoted by g; , 3 (here omitted for brevity)

e Adding the static contribution [cH, Russo 24)
2
Sorad = Jorad + Jorad;  J2rad = %Jp Qfem Z(0)?
we obtain the 2rad angular momentum loss in the CM frame Jy,aq
e The first few terms in its PN expansion agree with (gini, Damour, Geralico 21, 22]
g — %Vzpw [448 <1184 220256 V) > ]
b3 5 21 1575 o




Summary and Outlook

e The eikonal approach provides a framework to calculate scattering observables,
including the impulse, the waveform and the emitted energy and angular
momentum.

e PM expansion and soft theorems provide nicely complementary approaches

e The unitarity and analyticity properties of the amplitude/waveform can simplify
the calculation of half-odd-PN (2rad) contributions to via radiation-reaction
(higher loops — lower loops)

For the future:

e Amplitude derivation of the log-resummed waveform?
e Calculate the integer-PN (1rad) contribution to Jug

e NNLO waveform? Nonlinear memory effect
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