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Definition:

BMS particle = unitary irreducible representation of the BMS, group

!

asymptotic symmetry group of 4d
asymptotically flat spacetimes

the name was introduced in [Barnich, Oblak '14 ‘15] for BMS,
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Motivation

Why BMS representation theory?
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Motivation

Why BMS representation theory?
- The gravitational S-matrix is BMS invariant! [Strominger ‘14]
The equivalence between BMS and soft theorems implies that

IR divergences appear precisely because
the usual S-matrix elements fail to conserve BMS charges

[Kapec, Perry, Raclariu, Strominger ‘17][Akhoury, Choi ‘18]

(out|S|in)
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Motivation

Why BMS representation theory?
The gravitational S-matrix is BMS invariant! [Strominger ‘14]
The equivalence between BMS and soft theorems implies that

IR divergences appear precisely because
the usual S-matrix elements fail to conserve BMS charges

(out|S|in)

1 [Kapec, Perry, Raclariu, Strominger ‘17][Akhoury, Choi ‘18]

Pushing this idea further:
states of the S-matrix should be BMS states!
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Motivation

Why BMS representation theory?
- The gravitational S-matrix is BMS invariant! [Strominger ‘14]
The equivalence between BMS and soft theorems implies that

IR divergences appear precisely because
the usual S-matrix elements fail to conserve BMS charges

(out|S|in)

1 [Kapec, Perry, Raclariu, Strominger ‘17][Akhoury, Choi ‘18]

Pushing this idea further:
states of the S-matrix should be BMS states!

" Flat space holography?
AdS/CFT duality : bulk states and boundary operators organize into the same UIRs.
Maybe worth understanding the analogue statement for UIRs in flat space !
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BMS symmetries

BMS group = symmetry group of 4D asymptotically flat spacetimes

|

4 Poincaré translations ds® = —du® — 2dudr + 2r*~.; dzdz
l, Symmetry oM , .
enhancement —I—Tdu +rC..dz° + D*C, .dudz
co BMS supertranslations 1 /4 1
+— (‘(A\Tz + ’U-az'm»B) — 82;(022022)) dudz +c.c. + - --
what was expected what was found o\ 3 4
BMS group
BMS, ~ E[1](S?) x SO(3,1)
Poincaré Bondi-Metzner-Sachs (BMS) (‘62) I

+ van der Burg

supertranslations = weight-1 densities on the

w1 T(Z, 2) celestial sphere
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Important remarks on the BMS group

= The Poincaré group sits inside BMS:
1S0(3,1) ~R* x SO(3,1) C BMS, ~ E[1](S?) % SO(3,1)

However, the inclusion is not unique

Infinitely many non-equivalent Poincaré groups inside BMS

[Ashtekar, 1984]
choice of ISO(3,1) C BMSs = choice of = ”
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Important remarks on the BMS group

= The Poincaré group sits inside BMS:
1S0(3,1) ~R* x SO(3,1) C BMS, ~ E[1](S?) % SO(3,1)

However, the inclusion is not unique

Infinitely many non-equivalent Poincaré groups inside BMS

[Ashtekar, 1984]

ChOice Of ISO(?), 1) C BMS4 = Choice Of b 77

= But, there is a canonical inclusion of translations into supertranslations

du

R3’1

TH

(_>

|_>

£[1]
T(Zv 2) — THQIJ(Za 2)

¢"(2,2) = (1 + |2, 2 + 2, —i(2 — 2),1 — [2]")
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IR divergences: a way out?

The equivalence between BMS and soft theorems implies that

Infrared divergences arise due to the impossibility
for the usual S-matrix elements to conserve BMS charges

The notion of asymptotic states needs to be improved to obtain

infrared finite amplitudes
Faddeev — Kulish (1970), Kapec — Perry — Raclariu — Strominger (2017)
Choi—Akhoury (2017), Prabhu—Satishchandran—Wald (2022).

“soft gravitons need to be added to ensure conservation of charges”

Taking this very seriously BMS particles
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QU:EII:II}%UM Poincaré

THEORY OF

(T“, M”,,) e R* % SO(3,1)

1. Define momenta as dual to translations

Pu € (R4)* <p7 T> = puTu
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QU:EII:II}%UM Poincaré

THEORY OF

(T“, M”,,) e R* % SO(3,1)

1. Define momenta as dual to translations

Pu € (R4)* <p7 T> = puTu

2. Fix an orbit of the Lorentz group O C (R4) ’

In practice fix k, € (R4)* and consider

. S0O(3,1)
Dy = kVMVMEOk ~ ‘

0 | SU2) I1SO(2) SL(2,R) SO(3,1)
Ok H3 RXSQ d83 {0#}
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Poincaré

(T“, M#,,) e R* % SO(3,1)

THE
QUANTUM

THEORY OF

1. Define momenta as dual to translations

Pu € (R4)* <pa T> = puTu

2. Fix an orbit of the Lorentz group O C (R4) ’

In practice fix k, € (R4)* and consider

S0(3,1
Pp = kvMVu c O ~ %
0, | SU©R) 1SO(2) SL(2,R) SO(3,1)
Ok H3 R x 52 ng {0#}

3. Poincaré particle = wavefunction with support

on a given orbit of the Lorentz group 50(3.1)
Or = fk;?

+ spin (UIR of little group)
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%ﬁiﬁ“&% Poincaré BMS
=8 (7, M%) €RYxSO(3,1) (T(z,z), M“,,) e &[1](S?) x SO(3,1)

Define supermomenta as dual to supertranslations

(P, T) = /dzzPT

1. Define momenta as dual to translations

pp€ (R (p,T):=p,T" P(2,2) € (E[1])* ~ E[-3]

2. Fix an orbit of the Lorentz group O, C (R4) "

In practice fix k, € (R4)* and consider
SO(3,1)
Dy = kVMVMEOk a A

0 | SU2) I1SO(2) SL(2,R) SO(3,1)
Ok H3 RXSQ d83 {0#}

3. Poincaré particle = wavefunction with support

on a given orbit of the Lorentz group 50(3.1)
O = fk;’

+ spin (UIR of little group)

Laura Donnay @



%350%% Poincaré BMS
=8 (7, M%) €RYxSO(3,1) (T(z,z), M“,,) e &[1](S?) x SO(3,1)

Define supermomenta as dual to supertranslations

(P, T) = /dzzPT

1. Define momenta as dual to translations
*
pue®) (p,T)=p,T" P(z,2) € (E[1])* ~ E[-3]
2. Fix an orbit of the Lorentz group O C (R4) " Fix an orbit of the Lorentz group Ox C (&£[1])"
In practice fix %, € (R4)* and consider In practice fix K(z,2) € E[—3| and consider

P =k M¥, € O = 20D P(z,2) = K(2,2) - M € Ok

[McCarthy] : there are 10 possible little groups

by | SU(2) ISO(22) SL(2,R) SO(3,1) lx :5—1n§a]3(]C(,gj 2)) with mass-shell of dimensions
Orp| H> RxS*  dSs {04} Dim (Ok) € {0,3,4,5,6}

3. Poincaré particle = wavefunction with support

on a given orbit of the Lorentz group 50(3.1)
Op = =~

+ spin (UIR of little group)
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Poincaré BMS

(1%, M%) € R % SO, 1 (T(22), M¥, ) € E[1)(S?) % SO(3,1)

THE
QUANTUM

1. Define momenta as dual to translations Define supermomenta as dual to supertranslations

pu€RY) (p,T):=p,T" Pz, 3) € (EQ]) ~ E[-3]  (P,T) = /dZZPT

2. Fix an orbit of the Lorentz group Oy C (R4) " Fix an orbit of the Lorentz group Ox C (&£[1])"

In practice fix %, € (R4)* and consider In practice fix K(z,2) € E[—3| and consider

P =k M¥, € O = 20D P(z,2) = K(2,2) - M € Ok

[McCarthy] : there are 10 possible little groups

b SU(SQ) ISO(22) SL(2,R) 50(3,1) lx = stab(K(z,z)) with mass-shell of dimensions
O | H* RxS*  dSs {04} Dim (Ox) € {0,3,4,5,6}
3. Poincaré particle = wavefunction with support BMS particle = wavefunction with support on a
on a given orbit of the Lorentz group 50(3,1) given orbit of the Lorentz group o, — 508(3, 1)
! K

O =

+ spin (UIR of little group) 2 + BMS spin (UIR of BMS little group)
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But these works also raise more physics questions than they answer:
What do BMS states look like? Where is the (IR) physics?



BMS UIR



Hard BMS UIRs

It is known since Sachs (1962) and Longhi—Materassi (1999) that
usual Poincaré UIR lift to BMS reps: they give the BMS UIRs.
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Hard BMS UIRs

It is known since Sachs (1962) and Longhi—Materassi (1999) that
usual Poincaré UIR lift to BMS reps: they give the BMS UIRs.

3 . .
O(X) = f (27:l)f2po [a(p)e™ ™ + a(p)le "]

(out|S|in)
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Hard BMS UIRs

It is known since Sachs (1962) and Longhi—Materassi (1999) that
usual Poincaré UIR lift to BMS reps: they give the BMS UIRs.

3 | |
= f (2733192;90 [a(p)e™X +a(p)Te ]

(out|S|in)

= massless scalar near .
+oo ~ | -
Cb(uv C) X /0 dw [a(w,C, C)e_“”“ — G(M Cjc)Tewu}

a(p) —> ein(C’@a(p)
BMS,
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Hard BMS UIRs

It is known since Sachs (1962) and Longhi—Materassi (1999) that
usual Poincaré UIR lift to BMS reps: they give the BMS UIRs.

3 . .
800 = [ 5L e + alp)le X

- massless scalar near .% Hard rep {out|S|in)

+00 : Nt g
o0 [ dur a6 Qe — aw, (. O] a(p)i— T a(p)

a(p) H e?’wT(CaE)a}(p) BMS,
BM54 Hard massless
- massive scalar near ¢+ P(Za 5) — Wé(z)(z — C)
k k)e e Hard massive
¢(u, ) X CL( )6 B fd2z T(ij)mél m4 y
a(k) > e (a(=.2)-p()% g (k) P(z,2)=——(q(2,%2) - p)
T
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great but
... what about soft stuff ?






Supermomenta decomposition

Key result

Hard part

P(2,2) = 202N + P(z,2)

[Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]
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Supermomenta decomposition

Key result

P(2,2) = 202N + P(z,2)

~ ‘memory’

massive case (p* < 0)
~ extra IR degrees m2

of freedom P(z,z) = I (q(2,2) - p)
N (2,%) € E[1]/R*1

-3

massless case (p2 =0)

P(z,2) = wd®(z = ()

[Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]
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Supermomenta decomposition

Key result

P(2,2) = 202N + P(z,2)

massive case (p* < 0)

Supermomenta can be projected to momenta via P(Z, 2) _ m_4 (Q’(Z, 2) . p)—B

P(z,2) — p, = /szP(z,z)qu(z,z) n

massless case (p2 =0)

Important property:

P(z,2) = wd®(z = ()

[Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]
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Su permomenta decomposition [Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]
Hard part

P(z,2) = 020/ + P(z, %)

This decomposition is unique. It is Lorentz invariant and nonlinear.
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Su permomenta decomposition [Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]
Hard part

P(z,2) = 020/ + P(z, %)

This decomposition is unique. It is Lorentz invariant and nonlinear.

Consequence:
Pl(Z,Z) PS(Zaz)
PQ(ZDZ) P4(Z,5)

Momentum conservation does not imply conservation of hard supermomentum:

pl -|-p2 == pg —I-pff Pi(z,2) + Pa(2,2) # P3(z,2) + Py(2, 2)
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Su permomenta decomposition [Bekaert, LD, Herfray '24][Bekaert, Herfray ‘25]

Hard part

P(z,2) = 020/ + P(z, %)

This decomposition is unique. It is Lorentz invariant and nonlinear.

Consequence:
Pl(Z,Z) PS(Zaz)
PQ(ZDZ) P4(Z,5)

Momentum conservation does not imply conservation of hard supermomentum:

One is forced to
consider non hard
representations

pl -|-p2 == pg —I-pff Pi(z,2) + Pa(2,2) # P3(z,2) + Py(2, 2)

Laura Donnay
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BMS wavefunctions [Bekaert, LD, Herfray '24]

) — /m» V(PP
eigenstate of the supertranslations generator

P(2,2) = 020:/ + P(z,2)
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BMS wavefunctions [Bekaert, LD, Herfray '24]

V) = [DPU(PIP)__
eigenstate of the supertranslations generator

Hard part

P(z,2) = 020:N + P(z,%)

4 )
2 . 92 . 92
U :/wdwd 2 [ DA VU (w, z;0°N ) |w, z;0°N)
N 2 " y
.:: ‘0..
seems formal but the integrals wavefunctions with support only on a given
are finite-dimensional orbit of the Lorentz group

see [Bekaert, Herfray ‘25] for explicit examples
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BMS wavefunctions [Bekaert, LD, Herfray '24]

v) = [DPUP)P)__
eigenstate of the supertranslations generator

Hard part

P(z,2) = Q202N+ P(z,2)

4 )
2 . 92 . 92
U :/wdwd 2 [ DAV V(w, z;0°N ) |w, z; 0°N)
N 2 " y
.:: ‘0‘.
seems formal but the integrals wavefunctions with support only on a given
are finite-dimensional orbit of the Lorentz group

= All BMS particles can be given a physical interpretation:

They are quantum superposition of usual particles

over the space of gravity vacua. , .
see [Bekaert, Herfray ‘25] for explicit examples
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Conclusion

= Usual QFT asymptotic states are UIR BMS* representations: the hard ones
P(z,z) = P(z,Z2)

*here we focused on gravity but of course there is
also a similar story for the gauge theory analogues
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Conclusion

= Usual QFT asymptotic states are UIR BMS* representations: the hard ones
P(z,z) = P(z,2)

they cannot by themselves fulfill supermomentum conservation

IR divergences *here we focused on gravity but of course there is
also a similar story for the gauge theory analogues
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Conclusion

= Usual QFT asymptotic states are UIR BMS* representations: the hard ones
P(z,z) = P(z,2)

they cannot by themselves fulfill supermomentum conservation

IR divergences *here we focused on gravity but of course there is
also a similar story for the gauge theory analogues

= A fully BMS-invariant extension of QFT has a chance to define infrared finite S-matrix elements

[ S-matrix !]

as coined by Sasha Zhiboedov
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Conclusion

= Usual QFT asymptotic states are UIR BMS* representations: the hard ones
P(z,z) = P(z,2)

they cannot by themselves fulfill supermomentum conservation

IR divergences *here we focused on gravity but of course there is
also a similar story for the gauge theory analogues

= A fully BMS-invariant extension of QFT has a chance to define infrared finite S-matrix elements

[ S-matrix !]

as coined by Sasha Zhiboedov QU ANTUM
This will necessarily require the notion of BMS particles. THEORY OF

FIELDS
[Bekaert, LD, Herfray '24] . 2
[Bekaert, Herfray ‘25] ‘P> _ ‘pv 0 ‘/V>

STEVEN WEINBERG

Asymptotic one-particle states should belong to UIRs of the BMS group
Multi-particle states should be tensor products thereof: |p;, 0% /1) @ - -+ @ |pp, 0°4;)
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Contrasting with the literature

= Dressed states (" "coherent states”, “attaching soft clouds”, etc.) [Chung ‘65][Kibble ‘68]

v IR divergences cancel in S-matrix elements but [Dollard “71][Kulish, Fadeev *70]

- the construction has an intrinsic ambiguity
- the states themselves are now IR divergent [Hannesdottir, Schwartz ‘19]
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Contrasting with the literature

= Dressed states (" "coherent states”, “attaching soft clouds”, etc.) [Chung ‘65][Kibble ‘68]

v IR divergences cancel in S-matrix elements but [Dollard “71][Kulish, Fadeev *70]

- the construction has an intrinsic ambiguity
- the states themselves are now IR divergent [Hannesdottir, Schwartz ‘19]

= Dressed states + BMS [Kapec, Perry, Raclariu, Strominger ‘17][Akhoury, Choi ‘17]

Each Fadeev-Kulish state has ‘large gauge/BMS’ charge = 0
Too restrictive! It is enough to require the total conservation of BMS charges.

Constructed eigenstates of the soft charge and showed the equivalence to FK construction.
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Contrasting with the literature

= Dressed states (" "coherent states”, “attaching soft clouds”, etc.) [Chung ‘65][Kibble ‘68]

v IR divergences cancel in S-matrix elements but [Dollard “71][Kulish, Fadeev *70]

- the construction has an intrinsic ambiguity
- the states themselves are now IR divergent [Hannesdottir, Schwartz ‘19]

= Dressed states + BMS [Kapec, Perry, Raclariu, Strominger ‘17][Akhoury, Choi ‘17]

Each Fadeev-Kulish state has ‘large gauge/BMS’ charge = 0
Too restrictive! It is enough to require the total conservation of BMS charges.
Constructed eigenstates of the soft charge and showed the equivalence to FK construction.

/From the BMS particle point of view \

the dressed state construction = shoehorn BMS states into the conventional QFT language.

Dressed states are not momentum eigenstates, and thus not supermomentum eigenstates.
They do not belong to a separable, Lorentz invariant, Hilbert space. [Prabhu, Satishchandran, Wald ’22]

- /
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McCarthy (1975):
there are 10 possible connected little groups:

Representatives ¢(z,z) := K(z, z) for the

corresponding orbits are given by :

® 4 from ng ner TABLE 2. INVARIANT VECTORS OF CONNECTED SUBGROUPS OF (7
D) =0
ISO(2) SU(2) SL(2,R) 1 o(D) = 0
D(A) D(STU(2)) D(SL(2, R))
p=K BJ)=0 BEK)=0 ¢=K(1+]z])2 ¢= K(?-‘;—’E)_3+Aaz (z—:z)
$ = Klz|-5+ 4822408 S=K(1+|)? $= K(Z_Zi)_smaz (.z_:f)
D(Z) D(P) D(Q)

- L
¢ = K|z|-8+ 4022+ Bé%°4+ B8%2+C8 ¢ = K|z|3 $=K(z-i—z) +A62(?—if)
D(IT) o(I') D(A4) D(Q)
rOpO)+ AN AN g=f)  p=fe+D) p = rp(0)
r-38(=0)+BéL0+ Bo%L § =7r88(r1) &= 2|8zt +Z1)+A0%2+ B8 § =1r3p(—0)
re'f) (z = re'd) + B0%2 408 (z = r1HiPe10)

S|

1 |

—
[}
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