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2 (ūR + ūR + q̄L + lL)

[Callan, ’84]

Surprise!



Rishi Mouland

Outline
2/22



Rishi Mouland

Outline

• An old problem: The low energy scattering of light fermions off heavy monopoles 
necessitates outgoing states with fractional occupation numbers

2/22



Rishi Mouland

Outline

• An old problem:

• A new solution:

The low energy scattering of light fermions off heavy monopoles 
necessitates outgoing states with fractional occupation numbers

The outgoing excitations are created at the edge of an open 
topological surface for a 0-form symmetry, emanating from the 
monopole. Related to states in a twisted Hilbert space

2/22



Rishi Mouland

Outline

• An old problem:

• A new solution:

• An application of these ideas in the original setting: the Standard Model!

The low energy scattering of light fermions off heavy monopoles 
necessitates outgoing states with fractional occupation numbers

The outgoing excitations are created at the edge of an open 
topological surface for a 0-form symmetry, emanating from the 
monopole. Related to states in a twisted Hilbert space

2/22



Rishi Mouland

Outline
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• A new solution:

• An application of these ideas in the original setting: the Standard Model!

• Comments and some further directions
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necessitates outgoing states with fractional occupation numbers
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 Topological solitons: ’t Hooft-Polyakov monopoles⟶

• Study scattering of massless fermions at energies much lower 
than the Higgs scale


 Monopoles very heavy⟶

• Assume monopole has an internal gap (i.e. unique ground state)

• No normalisable zero modes (i.e. no Yukawa couplings!)

• Low energy effective description: massless fermions scattering off a Dirac 
monopole, i.e. a (timelike) ’t Hooft line

Motivation from the UV
3/22
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• Carries charge  under  magnetic one-form symmetry

U(1) n
n U(1)(1)

mag

•  left-handed Weyl fermions , with charges .

• Let’s scatter them off the monopole!
N ψa qa, a = 1,…, N

• Work at tree level in , i.e. neglect gauge field fluctuations


 Free fermions scattering off a background monopole 

 (i.e. treat  as a global symmetry)

e2

⟶
U(1)
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j = j0 + 1 :

j = j0 + 2 :
⋮

j = j0 :

⋮
r

• Experience centrifugal barrier

• Paired  ⟶ ψL = eiθψRj0 = 1

2 (nqa − 1)

• Left with 2d free chiral fermion BCFT of the lowest-lying modes, and we need 
boundary conditions!

• Reaches core

• Unpaired!
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• Key idea: Boundary conditions are constrained by symmetries

• A symmetry with non-vanishing 2d ’t Hooft anomaly cannot be preserved. Two 
ways to understand this:

• Schwinger terms: 

• Symmetric mass generation

JJ ∼ 𝒜

• Folklore (with strong evidence!): The converse is true. A non-anomalous symmetry 
can be preserved 

• Takeaway:
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• Topological line  implements 


• In general, scattering  generates a  twist! i.e. one of 
L (e−2πi/5, e−2πi/5) ∈ U(1) × U(1)

ein1X1+in2X2 ℤ5 1, L, L2, L3, L4
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ψ(σ + 2π) = − eiρψ(σ)

 Identified with states in twisted Hilbert space⟶

• Can compute scaling dimension and charges. Vacuum generically has both!

• Fock space structure: Any operator at end of  = Twist vacuum + local fermion fieldsL

• Use symmetries to fix , given  

• If (rank of preserved symmetry) , then scattering completely fixed
𝒪̃out 𝒪in

≥ cL = cR

Topological junction. Simple boundary  carries no charge↔

e.g. ψ1 |0 > → ψ̃1ψ̃2 |T >
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1. Determine symmetries preserved by monopole

2. Determine 2d chiral BCFT describing lowest-lying angular momentum modes

3. Constrain (and hopefully solve!) 2d scattering using symmetries


 Scattering generically generates a topological line⟶

4. Determine 4d 0-form topological surface that reduces to this 2d topological line

5. Come and talk at CERN about it
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• Matter:

• Single global symmetry without ABJ anomaly: B − L

• A rotation of  has only a mixed anomaly with   Non-invertible  symmetry!eR U(1)Y ⟶ ℤn
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The regime of interest
E

EGUT

EEW

EQCD

• ’t Hooft-Polyakov monopoles in (some) GUT

• Massless fermions qL, lL, uR, dR, eR

• Monopoles very heavy  ’t Hooft lines in 

• Massless fermions 

• Neglect gauge field fluctuations   treated as global symmetry

→ G
qL, lL, uR, dR, eR

→ G

• Fermions massive

14/22
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F =

n1 − N
3

n2 − N
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− N
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⊕
1
2 m

− 1
2 m

⊕ (g +
N
3

+
m
2 ) ( 1

2
sin θ dθ ∧ dϕ)

n1, n2, m, g ∈ ℤ
N = n1 + n2

n1 ≥ n2 ≥ 0, m ≥ 0

• Have  magnetic 1-form symmetry, corresponding to winding 


• This monopole has charge 

U(1)(1)
mag π1(G) = ℤ

p = 2n1 + 2n2 + 3m + 6g

• In full gauge theory: Unless , monopole unstable to W-boson 
condensation. Precisely one stable monopole for each . Ask me about this!

n1, n2, m ≤ 1
p
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Preserved symmetries and solvable monopoles

• Generic monopole explicitly breaks

SU(3) × SU(2) × U(1)
ℤ6

⟶
U(1)4

ℤ6

• Some have an enhanced symmetry. In any case, rank 4 subgroup of  preservedG

• Include energy,  and    Rank 7 preserved symmetry   SU(2)rot B − L ⟶

• Upshot: Can uniquely solve scattering for monopoles with 

• Turns out there’s nine of these!

cL = cR ≤ 7
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F =

1
3

1
3

− 2
3

⊕
1
2

− 1
2

⊕ ( 1
6 ) ( 1

2
sin θ dθ ∧ dϕ)  symm ⟶ SU(2) × U(1)3

⟶ (l+
L

l−
L )

Feels no 
magnetic flux

No chiral 
mode

Feels magnetic 
flux −1

 right-
moving mode
j0 = 0

• From all 15 fermions, only 4 + 4 chiral modes (i.e. ). All spinless ( )cL = cR = 4 j0 = 0

Ingoing (i.e. left-movers) Outgoing (i.e. right-movers)
qa,+

L , d3
R, eR q−

L , ua
R, l−

L
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R + ū1
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• Endpoint of  Twist vacuum   (in this case, vacuum actually 2-fold degenerate!)L ⟶ T
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eR ⟶
1
2 (ū1

R + ū1
R + q̄3,−

L + l−
L ) eR ⟶ T + l−

L

• Note,  carries charges . Should be quantised in ,  respectively!


• Non-anomalous  preserved. But anomalous  and  fractionalised


• Generic feature of scattering into topological lines

T B = L = − 1
2

1
3 ℤ ℤ

B − L B L
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• Only higher orders in  can single out the correct onee2
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The IR theory had the right tools all along. The required states 
are created by open topological surfaces emanating from the 
monopole

• Physics lesson: These new states allow us to preserve all non-anomalous 
symmetries, while generically fractionalising some anomalous ones!

• Punchline: If we have magnetic monopoles, then we have exotic matter with 
fractional charges
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• Examples where the only viable 4d surface is non-invertible

• E.g.  fermions in QED scattering off a charge  monopole preserving an 


 Twist lives in a chiral  with a non-trivial ABJ anomaly!

• Expected for general scattering in Standard Model

N n > 2 SU(N)
⟶ U(1)
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 Scattering generically generates a topological line⟶
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• Sometimes even this fails: no (invertible) 2d line does the trick

• Generically arises whenever left- and right-movers carry different -ality under some 

non-Abelian symmetry we want to preserve

• E.g. the charge 3 monopole of the  GUT


 Find an ingoer of spin . But all outgoers have integer spin!

N

SU(5)
⟶ 1/2

Surprise!
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Some more further directions
• Effect of gauge field fluctuations

• Generically generates a centrifugal barrier for some naively barrier-less modes

• Minimal set of free chiral modes protected by index theorems

• Detailed picture of full gauge theory scenario lacking

• Localising charge and energy 
• We understand how to scatter each a.m. sector independently

• How should we think about forming localised wavepackets from our exotic outgoing 

states?

• Remaining scattering puzzles. Two scenarios:

• Boring: Symmetric boundary conditions exist, and just require fancier 2d twist operators 
• Exciting: UV theory somehow breaks symmetry at some scale


 Non-simple boundary condition needed, corresponding to additional UV fermions!⟶

22/22
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Backup slides
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Symmetric mass generation
New routes to tricky 2d boundary conditions

• Suppose we have come UV theory with tuneable parameter 

• For one value, flow in the IR to a trivially gapped phase

• For another value, flow to  free Dirac fermions


• If we can do this while preserving some (necessarily non-anomalous!) symmetry , 
this is symmetric mass generation


• Simply tune parameter to one value in  and the other in 

•  Dynamically generates -preserving boundary conditions! 

• Example: Single Dirac fermion. Can preserve  or  with simple mass terms


• Know: How to do SMG for generic symmetries of Dirac fermions


• Don’t know: How to “read off” boundary conditions (i.e. topological line attachments)

N

G

x < 0 x > 0
⟶ G

U(1)V U(1)A
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Theory self-maps
New routes to tricky 2d boundary conditions

• Start with  left-moving Weyl fermions, and gauge some (necessarily non-
anomalous, and thus discrete!) symmetry

• Chosen correctly  Theory just mapped back to itself


• Do this gauging just in 

•  Generate a non-invertible topological interface at  (Tambara-Yamagami)


• Local operators pick up a topological line attachment as they pass through


• Now fold to get a theory of  Dirac fermions

• Interface becomes interesting boundary condition. Can e.g. get 3450 boundary 

conditions precisely this way!

• Know: Exactly which discrete gauging gives -preserving b.c.s for Abelian 

• Don’t know: What to do for non-Abelian !

N

⟶

x < 0
⟶ x = 0

N

G G
G
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Unstable monopoles
• How do fields feel about the monopole?

• Scalars (spin ): Not interested! Get bounced back by centrifugal barrier


• Fermions (spin ): Friendly. Lowest-lying mode feels no potential


• Gauge fields (spin ):


• Only have to worry in non-Abelian theory: have charged off-diagonal W-bosons


• Physics: monopole surrounded by W-boson condensate, magnetic charge screened


• Only protected quantity: magnetic 1-form symmetry. In Standard Model, precisely 
1 stable monopole for each 1-form charge !

• Reasonable assumption: all unstable monopoles in this class flow to the stable 

one in the IR

0
1
2

1

p = 3N = 2m + 6g

They love it! For , lowest-lying mode experiences 
attractive potential  signals instability

n ≥ 2
⟶
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More exotic 4d surfaces

• Got lucky in the Standard Model: there was a 4d surface (in fact two!) that worked


• Consider  Dirac fermions of unit charge, and ’t Hooft line of magnetic charge 


• Mild additional assumptions  Natural candidate for 2d twist


• Problem: Twist acts in 4d as





• Has ABJ anomaly! But fear not: it’s a discrete rotation in 


 Required open topological surface generates a non-invertible symmetry!

Nf n

⟶

Ψi ⟶ e
2πi
nNf

γ5

Ψi

U(1)A

⟶



Thanks again!


