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S-matrix Bootstrap

Conformal Bootstrap

Form factor bootstrap

EFT bootstrap

Soft bootstrap

Amplitude bootstrap

Pion bootstrap

String bootstrap
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Landau bootstrap
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[your own favorite
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Dual Bootstrap

Primal Bootstrap



S-matrix Bootstrap

1) “Write down” an amplitude based on symmetries, analyticity, unitarity….
Chew, Mandelstam,… 1960s

given a theory, “bootstrap” the observable.

Multiple modern incarnations, e.g. higher-loop amplitudes from mathematical 
properties of special functions etc.

Theory Observables 



S-matrix Bootstrap

Constraints on 
Theory Space Observables 

2) Map out theory space based on symmetries, analyticity, unitarity,… 
     of amplitudes

Use observables to “bootstrap” the space of theories.
Multiple modern incarnations, e.g. weak-coupling / non-perturbative / primal /dual… 
applied to pions, super Yang-Mills, gravity, scalars, … 



This talk
Bootstrap in the context of effective field theories

Weak-coupling

Bounds on the effective couplings (Wilson coefficients) in Effective Field Theory

Constraints on spectrum 

Talk has two parts

Part 1: general ideas in bootstrap, some examples, phrased generally, but think of pions

Part 2: constraints from higher-point amplitudes on the bootstrap of 4-point amplitudes



What we know
and 
what we don’t know

?????
?????

Scale of new 
physics 
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Energy2

photon, gluons

?????

neutrinos

pions
muon

proton, neutron

…
…

.W, Z

Higgs
Top quark

electron



Low and high energy 

?????

?????

Scale of new 
physics 
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Energy2

?????

Massive spin J1

Massive spin J2

Separation of scales

Low energy physics 
”the IR”

High energy 
physics 
”the UV”

Massless particles



Low and high energy 

?????

?????

Scale of new 
physics 
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Energy2

Massless particles

?????

Massive spin J1

Massive spin J2

Separation of scales

Low energy physics 
”the IR”

High energy 
physics 
”the UV”

UV physics imprint 
on the IR physics
Þ Low energy 
      effective field theory (EFT) 
      description



Key Example

Massless Adjoint scalar 
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ωa

Large rank N
Weak coupling
Mass gap, analyticity, unitarity



Key Example
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mesons

Energy

Pions

Rho (770 MeV/c2)

f2 (1270 MeV/c2)

f4 (2050 MeV/c2)

Rho3 (1690 MeV/c2)

…
…

.

J=3

J=2

J=1

J=4

Leading Regge trajectory

Large rank N  *)
Weak coupling
Mass gap, analyticity, unitarity

Massless Adjoint scalar 
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ωa

*) Nf  vs. Nc :  for pions, need large Nc limit. Have pion triplet for Nf =2, octet of pions, kaons, eta for Nf  = 3, etc.  Keep Nf  general.   



Amplitudes

Color-ordered scattering amplitudes

<latexit sha1_base64="aDVKcJdcmqqFFgDrJ6NDTXGVJ6w="></latexit>

A4(ω
aωb → ωcωd) = A[1234]Tr(T aT bT cT d) + perms(234)
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A4[1234] = A4[2341]
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A4[1234] = A(s, u)
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A(s, u) = A(u, s)

Cyclicity                                           gives “crossing relation”   

L = LBAS + a0,0 ! 4 + a1,id2 ! 4 + a2,id4 ! 4 + . . . (49)

s =(p1 + p2)2

t =(p1 + p3)2

u =(p1 + p4)2

(50)
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Mandelstam variables

s + t + u = 0

are written in terms of the Mandelstams

All incoming

4

31

2

M

�R

Figure 1 : The 2 ! 2 scattering process studied in this paper. For di! erent choices of
four-momenta, time can ßow either horizontally or vertically (or diagonally).

The Þrst line accounts for ! 3 and ! 4 relevant interactions, while the remaining terms sim-
ply list the most general symmetric polynomials in s, t, u, to account for higher-dimension
operators in the EFT. The subscript denotes the degree in Mandelstam invariants. Symmet-
ric polynomials are easy to enumerate since their ring is freely generated by two elements:
s2 + t2 + u2 and stu (given that s + t + u = 0).

A short exercise shows that the preceding amplitude is obtained from the following ef-
fective Lagrangian in the tree approximation:

L low = "
1
2

(" µ ! )2 "
g
3!

! 3 "
#
4!

! 4

+
g2

2

!
(" µ ! )2"2 +

g3

3
(" µ" ! ! )2(" " ! )2 + 4g4

!
(" µ" ! ! )2"2 + á á á

(2.4)

As is well known, Lagrangian densities are not unique: they are deÞned modulo integration-
by-parts and Þeld redeÞnitions. One can cast any e! ective Lagrangian for a real scalar Þeld
into the form (2.4) by using Þeld redeÞnitions to eliminate, order by order in the derivative
expansion, corrections to the kinetic and cubic terms as well as appearances of" 2! . See
for example [15] for a discussion in the Standard Model context. The amplitude (2.3) is a
physical observable una! ected by such ambiguities, which is why we choose to parameterize
the coe" cients in terms of it.

Our goal is to constrain the EFT parameters gk assuming existence of an high-energy
completion which is causal and unitary, but not necessarily weakly coupled. Low-energy
interactions involving Þve or more powers of! will not be constrained by our methods, since
they are not detected by (tree-level) 2! 2 scattering. When low-energy loop corrections are
included, the detailed form of eq. (2.3) will be modiÞed, but we do not expect the number of
independent EFT parameters that we can constrain to increase. A precise deÞnition of the

Ð 4 Ð



Basic scalar exchange
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Energy2

Massless scalar 
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!
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!Massive scalar ! 2
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L I = ! Tr( "" ! )

Large |"| behavior at fixed u
<latexit sha1_base64="ThCTN801egVHpP43uNkJH7JMRtA=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSxCC1ISkeqx6sWbFewHtLFsttt26WYTdjdiCf0rXjwo4tU/4s1/47bNQVsfDDzem2Fmnh9xprTjfFuZldW19Y3sZm5re2d3z97PN1QYS0LrJOShbPlYUc4ErWumOW1FkuLA57Tpj66nfvORSsVCca/HEfUCPBCszwjWRura+cuiOolLqKNYgG6L6sEpde2CU3ZmQMvETUkBUtS69lenF5I4oEITjpVqu06kvQRLzQink1wnVjTCZIQHtG2owAFVXjK7fYKOjdJD/VCaEhrN1N8TCQ6UGge+6QywHqpFbyr+57Vj3b/wEiaiWFNB5ov6MUc6RNMgUI9JSjQfG4KJZOZWRIZYYqJNXDkTgrv48jJpnJbdSrlyd1aoXqVxZOEQjqAILpxDFW6gBnUg8ATP8Apv1sR6sd6tj3lrxkpnDuAPrM8fI8+Slg==</latexit>

A(s, u) ! O(s0)

Low-energy expansion
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)
<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

<latexit sha1_base64="jlk+stTAJ/sN+e5dBWLgDM57ZBw="></latexit>

A(s, u) = ! ! 2
!

1
s ! M 2 +

1
u ! M 2

"

<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!
<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!
<latexit sha1_base64="B0Ra3sErCq/e9EQvIiL9Gu3gJtM=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NGxHbFStuXV3AbROvILUoEB7VP0ajmOSCioN4Vjrgecmxs+wMoxwOq8MU00TTKZ4QgeWSiyo9rPFrXN0YZUxCmNlSxq0UH9PZFhoPROB7RTYRHrVy8X/vEFqwhs/YzJJDZVkuShMOTIxyh9HY6YoMXxmCSaK2VsRibDCxNh4KjYEb/XlddK9qnuNeuPhuta6LeIowxmcwyV40IQW3EMbOkAggmd4hTdHOC/Ou/OxbC05xcwp/IHz+QPmS44q</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!



EFT expansion

<latexit sha1_base64="MZuiclrb92aICNSzHGvOcaJaBzM=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WotJSkleqy6MZlBfuANi2TybQdOnkwMxFKyEe48VfcuFDErQt3/o3TNAttPXDhzDn3MvceJ2RUSNP81nJr6xubW/ltfWd3b//AODxqiyDimLRwwALedZAgjPqkJalkpBtygjyHkY4zvZn7nQfCBQ38ezkLie2hsU9HFCOppKFRKkE0jKtlK4ECRnr6qpXNBBbFoFaKBrVzWIJ95gZSwKFRMCtmCrhKrIwUQIbm0PjquwGOPOJLzJAQPcsMpR0jLilmJNH7kSAhwlM0Jj1FfeQRYcfpUQk8U4oLRwFX5UuYqr8nYuQJMfMc1ekhORHL3lz8z+tFcnRlx9QPI0l8vPhoFDEoAzhPCLqUEyzZTBGEOVW7QjxBHGGpctRVCNbyyaukXa1Y9Ur97qLQuM7iyIMTcAqKwAKXoAFuQRO0AAaP4Bm8gjftSXvR3rWPRWtOy2aOwR9onz/3EZpt</latexit>

+ a2,1su + a3,0(s3 + u3) + . . .

The effective couplings #! ," #are in one-to-one correspondence with the Wilson coefficients
<latexit sha1_base64="8pJH49+ZBiY6K3E7lGkfJ76ygQY=">AAACH3icbZDLSsNAFIYnXmu8RV26GSxCS0tJglQ3QtWNywr2Am1aJtNpO3RyYWYilNA3ceOruHGhiLjr2zhJs9DWAwMf/38OZ87vhowKaZpzbW19Y3NrO7ej7+7tHxwaR8dNEUQckwYOWMDbLhKEUZ80JJWMtENOkOcy0nInd4nfeiJc0MB/lNOQOB4a+XRIMZJK6hvVm4IoR0V4DVE/NsvmDJYSshIqiJJy9FSwF0LPLkU9uwj7Rt6smGnBVbAyyIOs6n3juzsIcOQRX2KGhOhYZiidGHFJMSMzvRsJEiI8QSPSUegjjwgnTu+bwXOlDOAw4Or5Eqbq74kYeUJMPVd1ekiOxbKXiP95nUgOr5yY+mEkiY8Xi4YRgzKASVhwQDnBkk0VIMyp+ivEY8QRlipSXYVgLZ+8Ck27YlUr1YeLfO02iyMHTsEZKAALXIIauAd10AAYPINX8A4+tBftTfvUvhata1o2cwL+lDb/ATg6nOw=</latexit>

A(s, u) = a0,0 + a1,0(s + u) + a2,0(s2 + u2)

<latexit sha1_base64="iOZzmidRDHQyycsAr+9DYpmDjXU=">AAAB+nicbVBNT8JAEN3iF+JX0aOXRmKCF9Iagh6JXjxiwldCK9kuW9iw3Ta7U5VUfooXDxrj1V/izX/jAj0o+JJJXt6bycw8P+ZMgW1/G7m19Y3Nrfx2YWd3b//ALB62VZRIQlsk4pHs+lhRzgRtAQNOu7GkOPQ57fjj65nfuadSsUg0YRJTL8RDwQJGMGipbxZdoI+QNuW07MYjdlc965slu2LPYa0SJyMllKHRN7/cQUSSkAogHCvVc+wYvBRLYITTacFNFI0xGeMh7WkqcEiVl85Pn1qnWhlYQSR1CbDm6u+JFIdKTUJfd4YYRmrZm4n/eb0EgksvZSJOgAqyWBQk3ILImuVgDZikBPhEE0wk07daZIQlJqDTKugQnOWXV0n7vOLUKrXbaql+lcWRR8foBJWRgy5QHd2gBmohgh7QM3pFb8aT8WK8Gx+L1pyRzRyhPzA+fwDbDpO/</latexit>

Tr( ! 4) <latexit sha1_base64="gGwCkPQa68s5gVxieCAfzqsKBuA=">AAACDXicbVC7TsMwFHV4lvIKMLJYFKSyVEmFCmMFC2OR+pKatHJct7XqPGTfIKqoP8DCr7AwgBArOxt/g5tmgJYjWT46595r3+NFgiuwrG9jZXVtfWMzt5Xf3tnd2zcPDpsqjCVlDRqKULY9opjgAWsAB8HakWTE9wRreeObmd+6Z1LxMKjDJGKuT4YBH3BKQEs989QB9gBJXU47uOhERAInAjvRiJ93y+ndLbs9s2CVrBR4mdgZKaAMtZ755fRDGvssACqIUh3bisBNZtOpYNO8EysWETomQ9bRNCA+U26SbjPFZ1rp40Eo9QkAp+rvjoT4Sk18T1f6BEZq0ZuJ/3mdGAZXbsKDKAYW0PlDg1hgCPEsGtznklEQE00IlVz/FdMRkYSCDjCvQ7AXV14mzXLJrpQqdxeF6nUWRw4doxNURDa6RFV0i2qogSh6RM/oFb0ZT8aL8W58zEtXjKznCP2B8fkDQNObCQ==</latexit>

Tr[( !" )2" 2]
<latexit sha1_base64="hzPxJrRq7VLtGcestL0kT1wlpPw=">AAACPHicbVA9T8MwEHX4LOWrwMhiUSHBUiUVKowVLIxFtLRSkkaO61KrjhPZF0QV9Yex8CPYmFgYQIiVGadUfJ9k6927d2ffCxPBNdj2vTUzOze/sFhYKi6vrK6tlzY2L3ScKspaNBax6oREM8ElawEHwTqJYiQKBWuHw5O83r5iSvNYNmGUMD8il5L3OSVgqKB07gG7hqypxi7e8xKigBMReFGKvxKZJwO+/yXofhd0PwX51a36QalsV+xJ4L/AmYIymkYjKN15vZimEZNABdHadewE/CwfTwUbF71Us4TQIblkroGSREz72WT5Md41TA/3Y2WOBDxhv3dkJNJ6FIVGGREY6N+1nPyv5qbQP/IzLpMUmKQfD/VTgSHGuZO4xxWjIEYGEKq4+SumA6IIBeN30Zjg/F75L7ioVpxapXZ2UK4fT+0ooG20g/aQgw5RHZ2iBmohim7QA3pCz9at9Wi9WK8f0hlr2rOFfoT19g6aWa7s</latexit>

Tr[( ! µ ! ! " )( ! µ ! ! " )" 2]
<latexit sha1_base64="Y9pqQ4kIGCXa1L/8eyq+ZArDz4A=">AAACQXicbVC7TsMwFHV4lvIqMLJYVEhlqRKECmMFC2OR+pKaUDmu21p1nMi+QVRRf42FP2BjZ2EAIVYWnLao0HIkW+eee64fx48E12Dbz9bS8srq2npmI7u5tb2zm9vbr+swVpTVaChC1fSJZoJLVgMOgjUjxUjgC9bwB1dpv3HHlOahrMIwYl5AepJ3OSVgpHau6QK7h6SqRi1ccCOigBPRdoMYzwqZFn1+MjPcTgxGK+CZ9uNLN6+dy9tFewy8SJwpyaMpKu3ck9sJaRwwCVQQrVuOHYGXpIdTwUZZN9YsInRAeqxlqCQB014yTmCEj43Swd1QmSUBj9XfEwkJtB4GvnEGBPp6vpeK//VaMXQvvITLKAYm6eSibiwwhDiNE3e4YhTE0BBCFTdvxbRPFKFgQs+aEJz5Ly+S+mnRKRVLN2f58uU0jgw6REeogBx0jsroGlVQDVH0gF7QG3q3Hq1X68P6nFiXrOnMAfoD6+sbKz2wnA==</latexit>

Tr[( ! µ ! ! " )( ! µ " )( ! ! " )" ]

Linear combs of
<latexit sha1_base64="WD03aduKAPmQAywRWQQMqClmFXE=">AAACH3icbVDLTgIxFO34RHyhLt00EhPckBli0CXRjUtMeCUwkE7pQEOnM2nvGMmEP3Hjr7hxoTHGHX9jgVkocJKmJ+fce9t7vEhwDbY9tTY2t7Z3djN72f2Dw6Pj3MlpQ4exoqxOQxGqlkc0E1yyOnAQrBUpRgJPsKY3up/5zSemNA9lDcYRcwMykNznlICRerlyB9gzJDU1aeNCJyIKOBF4HRnyq25pfndLbi+Xt4v2HHiVOCnJoxTVXu6n0w9pHDAJVBCt244dgZvMplPBJtlOrFlE6IgMWNtQSQKm3WS+3wRfGqWP/VCZIwHP1b8dCQm0HgeeqQwIDPWyNxPXee0Y/Fs34TKKgUm6eMiPBYYQz8LCfa4YBTE2hFDFzV8xHRJFKJhIsyYEZ3nlVdIoFZ1ysfx4na/cpXFk0Dm6QAXkoBtUQQ+oiuqIohf0hj7Qp/VqvVtf1veidMNKe87QP1jTX2kYoo8=</latexit>

Tr[( !!!" )2" 2]

etc

Bootstrap     =>     bounds on the 4-point Wilson coefficients ! !"# 

!"#$%&"$#'(%&'$%)'*+,,-.,,'/%-.,0



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Fixing an overall smallest
mass scale Mgap=1, 
consider scalar with 
M2=1

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

Scalar M2=1  

Scalar M2=2  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0

<latexit sha1_base64="/XKlDBLX0oQBf4L9cULwjizI26Y=">AAACEHicbZC7SgNBFIbPeo3xtmppMxhECwm7QaKNELSxESKYCyRrmJ3MJkNmL8zMCmHZR7DxVWwsFLG1tPNtnE220MQDAx//fw5nzu9GnEllWd/GwuLS8spqYa24vrG5tW3u7DZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1dZX7rgQrJwuBOjSPq+HgQMI8RrLTUM4+6nsAkwb2kcmKlaQZ2BugCTR07TW7uK2nPLFlla1JoHuwcSpBXvWd+dfshiX0aKMKxlB3bipSTYKEY4TQtdmNJI0xGeEA7GgPsU+kkk4NSdKiVPvJCoV+g0ET9PZFgX8qx7+pOH6uhnPUy8T+vEyvv3ElYEMWKBmS6yIs5UiHK0kF9JihRfKwBE8H0XxEZYp2D0hkWdQj27Mnz0KyU7Wq5entaql3mcRRgHw7gGGw4gxpcQx0aQOARnuEV3own48V4Nz6mrQtGPrMHf8r4/AFLj5wi</latexit>

a2,0

a1,0
=

1
M 2

<latexit sha1_base64="S9iic9QkFB0RTMks0SqxU4XIT/E=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXUhJtFQ3QtGNG6GCvUAbw2Q6aYdOJmFmIpSQR3Djq7hxoYhbl+58GydtFtp6YODj/8/hzPm9iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oKvPbD0RIGvI7NY6IE6ABpz7FSGnJNQ97vkA4QW5yemylaQZ2BvACTh07TW7uq6lrlq2KNSk4D3YOZZBXwzW/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kclAKD7TSh34o9OMKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLPnYTyKFaE4+kiP2ZQhTBLB/apIFixsQaEBdV/hXiIdA5KZ1jSIdizJ89D66Ri1yq122q5fpnHUQR7YB8cARucgTq4Bg3QBBg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX/K+PwBUDqcJQ==</latexit>

a3,0

a1,0
=

1
M 4



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Fixing an overall smallest
mass scale Mgap=1, 
consider scalar with 
M2=1 and 2.

Scalar M2=1  

Scalar M2=2  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2=2  

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

<latexit sha1_base64="/XKlDBLX0oQBf4L9cULwjizI26Y=">AAACEHicbZC7SgNBFIbPeo3xtmppMxhECwm7QaKNELSxESKYCyRrmJ3MJkNmL8zMCmHZR7DxVWwsFLG1tPNtnE220MQDAx//fw5nzu9GnEllWd/GwuLS8spqYa24vrG5tW3u7DZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1dZX7rgQrJwuBOjSPq+HgQMI8RrLTUM4+6nsAkwb2kcmKlaQZ2BugCTR07TW7uK2nPLFlla1JoHuwcSpBXvWd+dfshiX0aKMKxlB3bipSTYKEY4TQtdmNJI0xGeEA7GgPsU+kkk4NSdKiVPvJCoV+g0ET9PZFgX8qx7+pOH6uhnPUy8T+vEyvv3ElYEMWKBmS6yIs5UiHK0kF9JihRfKwBE8H0XxEZYp2D0hkWdQj27Mnz0KyU7Wq5entaql3mcRRgHw7gGGw4gxpcQx0aQOARnuEV3own48V4Nz6mrQtGPrMHf8r4/AFLj5wi</latexit>

a2,0

a1,0
=

1
M 2

<latexit sha1_base64="S9iic9QkFB0RTMks0SqxU4XIT/E=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXUhJtFQ3QtGNG6GCvUAbw2Q6aYdOJmFmIpSQR3Djq7hxoYhbl+58GydtFtp6YODj/8/hzPm9iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oKvPbD0RIGvI7NY6IE6ABpz7FSGnJNQ97vkA4QW5yemylaQZ2BvACTh07TW7uq6lrlq2KNSk4D3YOZZBXwzW/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kclAKD7TSh34o9OMKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLPnYTyKFaE4+kiP2ZQhTBLB/apIFixsQaEBdV/hXiIdA5KZ1jSIdizJ89D66Ri1yq122q5fpnHUQR7YB8cARucgTq4Bg3QBBg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX/K+PwBUDqcJQ==</latexit>

a3,0

a1,0
=

1
M 4

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Scalar M2=1  

Scalar M2=2  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2=2  

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

Fixing an overall smallest
mass scale Mgap=1, 
consider scalar with 
M2=1 and 2.

<latexit sha1_base64="/XKlDBLX0oQBf4L9cULwjizI26Y=">AAACEHicbZC7SgNBFIbPeo3xtmppMxhECwm7QaKNELSxESKYCyRrmJ3MJkNmL8zMCmHZR7DxVWwsFLG1tPNtnE220MQDAx//fw5nzu9GnEllWd/GwuLS8spqYa24vrG5tW3u7DZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1dZX7rgQrJwuBOjSPq+HgQMI8RrLTUM4+6nsAkwb2kcmKlaQZ2BugCTR07TW7uK2nPLFlla1JoHuwcSpBXvWd+dfshiX0aKMKxlB3bipSTYKEY4TQtdmNJI0xGeEA7GgPsU+kkk4NSdKiVPvJCoV+g0ET9PZFgX8qx7+pOH6uhnPUy8T+vEyvv3ElYEMWKBmS6yIs5UiHK0kF9JihRfKwBE8H0XxEZYp2D0hkWdQj27Mnz0KyU7Wq5entaql3mcRRgHw7gGGw4gxpcQx0aQOARnuEV3own48V4Nz6mrQtGPrMHf8r4/AFLj5wi</latexit>

a2,0

a1,0
=

1
M 2

<latexit sha1_base64="S9iic9QkFB0RTMks0SqxU4XIT/E=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXUhJtFQ3QtGNG6GCvUAbw2Q6aYdOJmFmIpSQR3Djq7hxoYhbl+58GydtFtp6YODj/8/hzPm9iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oKvPbD0RIGvI7NY6IE6ABpz7FSGnJNQ97vkA4QW5yemylaQZ2BvACTh07TW7uq6lrlq2KNSk4D3YOZZBXwzW/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kclAKD7TSh34o9OMKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLPnYTyKFaE4+kiP2ZQhTBLB/apIFixsQaEBdV/hXiIdA5KZ1jSIdizJ89D66Ri1yq122q5fpnHUQR7YB8cARucgTq4Bg3QBBg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX/K+PwBUDqcJQ==</latexit>

a3,0

a1,0
=

1
M 4

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Fixing an overall smallest
mass scale Mgap=1, 
consider scalars with 
M2=1 and 2.

Scalar M2=1  

Scalar M2=2  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2=2  

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

<latexit sha1_base64="Mr1FuK3c9oknSNLbPBJlNn01xTs=">AAACKnicbZBNS8MwHMZTX+d8m3r0EhzCBBntlOlFmHrxOMG9wFpLmqVdWJqWJBVG2efx4lfxsoMyvPpBTLchbvMPgR/P84Tk/3gxo1KZ5thYWV1b39jMbeW3d3b39gsHh00ZJQKTBo5YJNoekoRRThqKKkbasSAo9Bhpef37zG+9ECFpxJ/UICZOiAJOfYqR0pJbuLV9gXCK3PTi3BwOM7AygDfQ9mgQlOBvoDIfmNhnzxW3UDTL5mTgMlgzKILZ1N3CyO5GOAkJV5ghKTuWGSsnRUJRzMgwbyeSxAj3UUA6GjkKiXTSyapDeKqVLvQjoQ9XcKL+vZGiUMpB6OlkiFRPLnqZ+J/XSZR/7aSUx4kiHE8f8hMGVQSz3mCXCoIVG2hAWFD9V4h7SFejdLt5XYK1uPIyNCtlq1quPl4Wa3ezOnLgGJyAErDAFaiBB1AHDYDBK3gHH+DTeDNGxtj4mkZXjNmdIzA3xvcP2Qmlrw==</latexit>

a3,0

a1,0
=

!
a2,0

a1,0

" 2

<latexit sha1_base64="/XKlDBLX0oQBf4L9cULwjizI26Y=">AAACEHicbZC7SgNBFIbPeo3xtmppMxhECwm7QaKNELSxESKYCyRrmJ3MJkNmL8zMCmHZR7DxVWwsFLG1tPNtnE220MQDAx//fw5nzu9GnEllWd/GwuLS8spqYa24vrG5tW3u7DZlGAtCGyTkoWi7WFLOAtpQTHHajgTFvstpyx1dZX7rgQrJwuBOjSPq+HgQMI8RrLTUM4+6nsAkwb2kcmKlaQZ2BugCTR07TW7uK2nPLFlla1JoHuwcSpBXvWd+dfshiX0aKMKxlB3bipSTYKEY4TQtdmNJI0xGeEA7GgPsU+kkk4NSdKiVPvJCoV+g0ET9PZFgX8qx7+pOH6uhnPUy8T+vEyvv3ElYEMWKBmS6yIs5UiHK0kF9JihRfKwBE8H0XxEZYp2D0hkWdQj27Mnz0KyU7Wq5entaql3mcRRgHw7gGGw4gxpcQx0aQOARnuEV3own48V4Nz6mrQtGPrMHf8r4/AFLj5wi</latexit>

a2,0

a1,0
=

1
M 2

<latexit sha1_base64="S9iic9QkFB0RTMks0SqxU4XIT/E=">AAACEHicbZDLSsNAFIYn9VbrLerSzWARXUhJtFQ3QtGNG6GCvUAbw2Q6aYdOJmFmIpSQR3Djq7hxoYhbl+58GydtFtp6YODj/8/hzPm9iFGpLOvbKCwsLi2vFFdLa+sbm1vm9k5LhrHApIlDFoqOhyRhlJOmooqRTiQICjxG2t7oKvPbD0RIGvI7NY6IE6ABpz7FSGnJNQ97vkA4QW5yemylaQZ2BvACTh07TW7uq6lrlq2KNSk4D3YOZZBXwzW/ev0QxwHhCjMkZde2IuUkSCiKGUlLvViSCOERGpCuRo4CIp1kclAKD7TSh34o9OMKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfLPnYTyKFaE4+kiP2ZQhTBLB/apIFixsQaEBdV/hXiIdA5KZ1jSIdizJ89D66Ri1yq122q5fpnHUQR7YB8cARucgTq4Bg3QBBg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX/K+PwBUDqcJQ==</latexit>

a3,0

a1,0
=

1
M 4

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Fixing an overall smallest
mass scale Mgap=1, 
Consider scalars with 
M2=1 and 2.

Scalar M2=1  

Scalar M2  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2 

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

<latexit sha1_base64="Mr1FuK3c9oknSNLbPBJlNn01xTs=">AAACKnicbZBNS8MwHMZTX+d8m3r0EhzCBBntlOlFmHrxOMG9wFpLmqVdWJqWJBVG2efx4lfxsoMyvPpBTLchbvMPgR/P84Tk/3gxo1KZ5thYWV1b39jMbeW3d3b39gsHh00ZJQKTBo5YJNoekoRRThqKKkbasSAo9Bhpef37zG+9ECFpxJ/UICZOiAJOfYqR0pJbuLV9gXCK3PTi3BwOM7AygDfQ9mgQlOBvoDIfmNhnzxW3UDTL5mTgMlgzKILZ1N3CyO5GOAkJV5ghKTuWGSsnRUJRzMgwbyeSxAj3UUA6GjkKiXTSyapDeKqVLvQjoQ9XcKL+vZGiUMpB6OlkiFRPLnqZ+J/XSZR/7aSUx4kiHE8f8hMGVQSz3mCXCoIVG2hAWFD9V4h7SFejdLt5XYK1uPIyNCtlq1quPl4Wa3ezOnLgGJyAErDAFaiBB1AHDYDBK3gHH+DTeDNGxtj4mkZXjNmdIzA3xvcP2Qmlrw==</latexit>

a3,0

a1,0
=

!
a2,0

a1,0

" 2

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Basic scalar exchange
<latexit sha1_base64="u4F3WYrxqhBQqUb9aTLXbaRNqmk=">AAACJ3icbVBLSwMxGMzWV62vqkcvwSK0VMpuKdWLUvXiRahgH9CuJZtm29DsgzyEsuy/8eJf8SKoiB79J6btHmx1IGGY+YbkGydkVEjT/DJSS8srq2vp9czG5tb2TnZ3rykCxTFp4IAFvO0gQRj1SUNSyUg75AR5DiMtZ3Q18VsPhAsa+HdyHBLbQwOfuhQjqaVe9vwiL45VAZ7BrssRjspdpsN9dF+Ooxt9wUwxceaMSpwXRVXI9LI5s2ROAf8SKyE5kKDey752+wFWHvElZkiIjmWG0o4QlxQzEme6SpAQ4REakI6mPvKIsKPpnjE80kofugHXx5dwqv5ORMgTYuw5etJDcigWvYn4n9dR0j21I+qHShIfzx5yFYMygJPSYJ9ygiUba4Iwp/qvEA+RbkXqaiclWIsr/yXNcsmqlqq3lVztMqkjDQ7AIcgDC5yAGrgGddAAGDyCZ/AG3o0n48X4MD5noykjyeyDORjfP9Ijo4A=</latexit>

A(s, u) =
2! 2

M 2 +
! 2

M 4 (s + u)

<latexit sha1_base64="Be7LoUua9TifOS0ISxUPdSijhRQ="></latexit>

+
! 2

M 6 (s2 + u2) +
! 2

M 8 (s3 + u3) + . . .

Fixing an overall smallest
mass scale Mgap=1, 
Consider scalars with 
M2=1 and 2.

Scalar M2=1  

Massless scalar 
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

Massive scalar M2=2  

Massive scalar M2=1  
<latexit sha1_base64="GjUI1iDOLixxUMOvDlokG9JQFuA=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrsi0TJoY2ERwTwgWcLs7N1kyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTDFsskQkqhNQjYJLbBpuBHZShTQOBLaD0e3Mbz+h0jyRj2acoh/TgeQRZ9RYqd27t9GQ9ssVt+rOQVaJl5MK5Gj0y1+9MGFZjNIwQbXuem5q/AlVhjOB01Iv05hSNqID7FoqaYzan8zXnZIzq4QkSpR90pC5+ntiQmOtx3FgkzE1Q73szcT/vG5momt/wmWaGZRs8VGUCWISMrudhFwhM2JsCWWK210JG1JFmbENlWwJ3vLJq6R1UfVq1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKDETzDK7w5qfPivDsfi2jByWeO4Q+czx8PN49o</latexit>

!

<latexit sha1_base64="Mr1FuK3c9oknSNLbPBJlNn01xTs=">AAACKnicbZBNS8MwHMZTX+d8m3r0EhzCBBntlOlFmHrxOMG9wFpLmqVdWJqWJBVG2efx4lfxsoMyvPpBTLchbvMPgR/P84Tk/3gxo1KZ5thYWV1b39jMbeW3d3b39gsHh00ZJQKTBo5YJNoekoRRThqKKkbasSAo9Bhpef37zG+9ECFpxJ/UICZOiAJOfYqR0pJbuLV9gXCK3PTi3BwOM7AygDfQ9mgQlOBvoDIfmNhnzxW3UDTL5mTgMlgzKILZ1N3CyO5GOAkJV5ghKTuWGSsnRUJRzMgwbyeSxAj3UUA6GjkKiXTSyapDeKqVLvQjoQ9XcKL+vZGiUMpB6OlkiFRPLnqZ+J/XSZR/7aSUx4kiHE8f8hMGVQSz3mCXCoIVG2hAWFD9V4h7SFejdLt5XYK1uPIyNCtlq1quPl4Wa3ezOnLgGJyAErDAFaiBB1AHDYDBK3gHH+DTeDNGxtj4mkZXjNmdIzA3xvcP2Qmlrw==</latexit>

a3,0

a1,0
=

!
a2,0

a1,0

" 2

1.#"%$',/+$$.2'34'
*+,,,"5. ',6+-+&'78.%&".,

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Allowed region

Claim: this is the only 
allowed region of any 
UV completion with
! Mass gap Mgap=1
! Positive spectral density
     (unitarity) 
! “UV boundedness”

     for $ fixed

Scalar M2=1  
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generalD dimensions, the numbersv(D )
! ,q are similarly derived from the Gegenbauers (2.5)

as

v(D )
! ,q = ( ! 1)q 1

q!
! q

! xq 2F1

!
! ", " + D ! 3,

D ! 2
2

, x
" #

#
#
#
x=0

. (2.7)

Importantly, all v(D )
! ,q are non-negative. Our analysis is inD = 10, so henceforth we drop the

superscript (D ) with the understanding that v! ,q are the 10-dimensional coe! cients unless
otherwise stated.

Changing integration variable to y = M 2/M 2
gap in (2.6), we Þnd

ak,q =
!$

! =0

%!

1
dy f ! (y) y" kv! ,q =

&
y" kv! ,q

'

1
, (2.8)

where f ! (y) = y" (D/ 2+1) n(D )
! #! (M 2

gapy) " 0 and we have introduced the compact notation

&
Q

'

µ
=

!$

! =0

%!

µ
dy f ! (y) Q(", y) . (2.9)

If µ > 1, the dispersion integral starts above the mass gap, i.e. the lowest mass-scale to
enter the dispersive integral isµM 2

gap.

Null Constraints. The SUSY crossing constraintsak,k " q = ak,q from (2.2) place con-
straints on the spectral density. It is further constrained by relations derived from the
dispersion relations at constant t (as opposed to constantu < 0 used to derive (2.6)).
These constraints are collectively referred to as the Ònull constraintsÓ and they play a key
role for the numerical computation of the bounds. We provide the explicit expressions for
the null constraints in Appendix A.1.

2.3 Simple Analytic Bounds

It follows directly from the integral ( 2.8) and the non-negativity of the v! ,q that ak,q " 0
for all k and q, and that

ak,q " ak! ,q for k < k #. (2.10)

Together with the SUSY crossing constraint,ak,k " q = ak,q, one can show [15] that ak,q # a0,0

for all k and q. Thus, the lowest-dimension operator,tr F 4, has an e" ective coupling a0,0

that, in units of the mass gap M 2
gap, is greater than all other Wilson coe! cients. It is

therefore natural to bound the higher-derivative couplings relative toa0,0:

øak,q $
ak,q

a0,0
for which 0 # øak,q # 1. (2.11)

One can derive the analytic bounds [15]

øak! /k
k,0 # øak! ,0 # øak,0 for k # k#. (2.12)
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Figure 3 : The contour deformation that converts (3.4) to ( 3.5). The contribution from
the arc at inÞnity vanishes due to Property 6. The contour around the branch cut can
be identiÞed with the discontinuity of the s-channel branch-cut. We only include a single
simple pole explicitly in the Þgure, but there can be an inÞnite number of massive simple
poles on the real positives-axis.

for all 0 " q " k. Here we used that the discontinuity of the amplitude is proportional
to its imaginary part, 9 2i Im[A(s, u)] = A(s + i ! , u) # A(s # i ! , u). There are not-channel
contributions because we work in the planar limit and nou-channel contributions because
we work at Þxedu < 0.

Next, we use the partial wave decomposition,

Im(A) = 16 "
!

! =0

(2#+ 1) Im(a! (s!)) P!

"
1 +

2u
s!

#
. (3.6)

The Legendre polynomials can be written

P!
$
1 + 2$

%
=

!!

q=0

v! ,q$q with v! ,q =

& q
a=1

'
#(#+ 1) # a(a # 1)

(

(q!)2 , (3.7)

where v! ,q $ 0 for # $ q and we deÞnev! ,q = 0 for q > #. Since the only dependence on
u enters (3.5) via the Legendre polynomials, takingq u-derivatives and then setting u = 0
picks out the coe! cient v! ,q. Hence, after a change of integration variable,s! = M 2, (3.5)
becomes

ak,q =
!

! =0

) "

M 2
gap

dM 2 %! (M 2)
"

1
M 2

# k+3

v! ,q , (3.8)

where
%! (M 2) = 16(2#+ 1) Im

$
a! (M 2)

%
. (3.9)

Unitarity requires %! (M 2) $ 0 and this places non-trivial restrictions on the ak,q.

9For simplicity of the presentation, we have absorbed single-particle contributions into the deÞnition of
the discontinuity. The single particle contributions can be treated separately, as done in Refs. [ 2, 3], but
they are eventually absorbed into the spectral function and make no practical di ! erence for the Þnal form
of the dispersive representation.
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generalD dimensions, the numbersv(D )
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Importantly, all v(D )
! ,q are non-negative. Our analysis is inD = 10, so henceforth we drop the

superscript (D ) with the understanding that v! ,q are the 10-dimensional coe! cients unless
otherwise stated.

Changing integration variable to y = M 2/M 2
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where f ! (y) = y" (D/ 2+1) n(D )
! #! (M 2
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If µ > 1, the dispersion integral starts above the mass gap, i.e. the lowest mass-scale to
enter the dispersive integral isµM 2

gap.

Null Constraints. The SUSY crossing constraintsak,k " q = ak,q from (2.2) place con-
straints on the spectral density. It is further constrained by relations derived from the
dispersion relations at constant t (as opposed to constantu < 0 used to derive (2.6)).
These constraints are collectively referred to as the Ònull constraintsÓ and they play a key
role for the numerical computation of the bounds. We provide the explicit expressions for
the null constraints in Appendix A.1.

2.3 Simple Analytic Bounds

It follows directly from the integral ( 2.8) and the non-negativity of the v! ,q that ak,q " 0
for all k and q, and that

ak,q " ak! ,q for k < k #. (2.10)

Together with the SUSY crossing constraint,ak,k " q = ak,q, one can show [15] that ak,q # a0,0

for all k and q. Thus, the lowest-dimension operator,tr F 4, has an e" ective coupling a0,0

that, in units of the mass gap M 2
gap, is greater than all other Wilson coe! cients. It is

therefore natural to bound the higher-derivative couplings relative toa0,0:

øak,q $
ak,q

a0,0
for which 0 # øak,q # 1. (2.11)

One can derive the analytic bounds [15]

øak! /k
k,0 # øak! ,0 # øak,0 for k # k#. (2.12)
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Unitarity  =>  positivity
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and so on, as outlined in (1.2). The subscript k on ak,q is associated with the derivative
order and q labels distinct operators of the same order.

Consider now2 ! 2 scattering amplitudes in maximally supersymmetric Yang-Mills theory
in D > 4 spacetime dimensions. If we restrict the external states to a 4D subspace, the
states can be decomposed into the masslessN = 4 supermultiplet and the amplitudes obey
the 4D N = 4 SUSY Ward identities. We can then reuse all the above 4D results.

Thus, in D dimensions, we consider a four-point amplitudeA(s, u) whose restriction to a
4D subspace gives the scalar amplitude (2.1). The dependence on the spacetime dimension
D enters via the partial wave decomposition

A(s, u) =
!!

! =0

n(D )
! a! (s) G(D )

!

"
1 +

2u
s

#
, (2.3)

in which a! (s) is the spectral density,n(D )
! is a dimension-dependent normalization [1, 28],

n(D )
! =

(4! )D/ 2(D + 2 " " 3)! (D + " " 3)

! ! ( D " 2
2 )! (" + 1)

, (2.4)

and G(D )
! are the D-dimensional Gegenbauer polynomials, which can be written in terms

of the hypergeometric function2F1 as

G(D )
! (x) # 2F1

$
" ", " + D " 3,

D " 2
2

,
1 " x

2

%
. (2.5)

Thus, the internally exchanged particles with spin ÔknowÕ that they ÔliveÕ inD dimensions.

2.2 Dispersive Representation

The EFT S-matrix bootstrap assumptions are unitarity (speciÞcally positivity since we are
working at tree-level), analyticity, and the Froissart-like bounds that A(s, u)/s 2 ! 0 for
|s| ! $ at Þxed u < 0 (and similarly at Þxed t < 0). In addition, we assume a mass
gap, large rank of the gauge group (e.g. only single-trace operators considered), and weak
couplings so that any running of the couplings is suppressed and we can work at tree-level
in the EFT. More detailed statements of the assumptions are given in Section 3 of [15].

Using a standard contour deformation argument, it was shown in [15] that all the Wilson
coe! cients ak,q of the amplitude (2.2) have a dispersive representation. Generalizing to
D-dimensions and redeÞning allak,q to be dimensionless, we have

ak,q =
!!

! =0

& !

M 2
gap

dM 2

M 2 n(D )
! #! (M 2)

'
M 2

gap

M 2

( k+ D/ 2

v(D )
! ,q , #! (M 2) % 0. (2.6)

Unitarity ensures positivity of the spectral density #! (s) = s(D " 4)/ 2Im
)
a! (s)

*
. In D = 4 ,

the v(4)
! ,q are the coe! cients of the Legendre polynomialsP!

)
1 + 2$

*
=

+ !
q=0 v! ,q$q. In
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Figure 3 : The contour deformation that converts (3.4) to ( 3.5). The contribution from
the arc at inÞnity vanishes due to Property 6. The contour around the branch cut can
be identiÞed with the discontinuity of the s-channel branch-cut. We only include a single
simple pole explicitly in the Þgure, but there can be an inÞnite number of massive simple
poles on the real positives-axis.

for all 0 " q " k. Here we used that the discontinuity of the amplitude is proportional
to its imaginary part, 9 2i Im[A(s, u)] = A(s + i ! , u) # A(s # i ! , u). There are not-channel
contributions because we work in the planar limit and nou-channel contributions because
we work at Þxedu < 0.

Next, we use the partial wave decomposition,

Im(A) = 16 "
!

! =0

(2#+ 1) Im(a! (s!)) P!

"
1 +

2u
s!

#
. (3.6)

The Legendre polynomials can be written

P!
$
1 + 2$

%
=

!!

q=0

v! ,q$q with v! ,q =

& q
a=1

'
#(#+ 1) # a(a # 1)

(

(q!)2 , (3.7)

where v! ,q $ 0 for # $ q and we deÞnev! ,q = 0 for q > #. Since the only dependence on
u enters (3.5) via the Legendre polynomials, takingq u-derivatives and then setting u = 0
picks out the coe! cient v! ,q. Hence, after a change of integration variable,s! = M 2, (3.5)
becomes

ak,q =
!

! =0

) "

M 2
gap

dM 2 %! (M 2)
"

1
M 2

# k+3

v! ,q , (3.8)

where
%! (M 2) = 16(2#+ 1) Im

$
a! (M 2)

%
. (3.9)

Unitarity requires %! (M 2) $ 0 and this places non-trivial restrictions on the ak,q.

9For simplicity of the presentation, we have absorbed single-particle contributions into the deÞnition of
the discontinuity. The single particle contributions can be treated separately, as done in Refs. [ 2, 3], but
they are eventually absorbed into the spectral function and make no practical di ! erence for the Þnal form
of the dispersive representation.
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A(s, u)
s

! 0 for |s| ! "



generalD dimensions, the numbersv(D )
! ,q are similarly derived from the Gegenbauers (2.5)

as

v(D )
! ,q = ( ! 1)q 1

q!
! q

! xq 2F1

!
! ", " + D ! 3,

D ! 2
2

, x
" #

#
#
#
x=0

. (2.7)

Importantly, all v(D )
! ,q are non-negative. Our analysis is inD = 10, so henceforth we drop the

superscript (D ) with the understanding that v! ,q are the 10-dimensional coe! cients unless
otherwise stated.

Changing integration variable to y = M 2/M 2
gap in (2.6), we Þnd

ak,q =
!$

! =0

%!

1
dy f ! (y) y" kv! ,q =

&
y" kv! ,q

'

1
, (2.8)

where f ! (y) = y" (D/ 2+1) n(D )
! #! (M 2

gapy) " 0 and we have introduced the compact notation

&
Q

'

µ
=

!$

! =0

%!

µ
dy f ! (y) Q(", y) . (2.9)

If µ > 1, the dispersion integral starts above the mass gap, i.e. the lowest mass-scale to
enter the dispersive integral isµM 2

gap.

Null Constraints. The SUSY crossing constraintsak,k " q = ak,q from (2.2) place con-
straints on the spectral density. It is further constrained by relations derived from the
dispersion relations at constant t (as opposed to constantu < 0 used to derive (2.6)).
These constraints are collectively referred to as the Ònull constraintsÓ and they play a key
role for the numerical computation of the bounds. We provide the explicit expressions for
the null constraints in Appendix A.1.

2.3 Simple Analytic Bounds

It follows directly from the integral ( 2.8) and the non-negativity of the v! ,q that ak,q " 0
for all k and q, and that

ak,q " ak! ,q for k < k #. (2.10)

Together with the SUSY crossing constraint,ak,k " q = ak,q, one can show [15] that ak,q # a0,0

for all k and q. Thus, the lowest-dimension operator,tr F 4, has an e" ective coupling a0,0

that, in units of the mass gap M 2
gap, is greater than all other Wilson coe! cients. It is

therefore natural to bound the higher-derivative couplings relative toa0,0:

øak,q $
ak,q

a0,0
for which 0 # øak,q # 1. (2.11)

One can derive the analytic bounds [15]

øak! /k
k,0 # øak! ,0 # øak,0 for k # k#. (2.12)
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<latexit sha1_base64="8pJH49+ZBiY6K3E7lGkfJ76ygQY=">AAACH3icbZDLSsNAFIYnXmu8RV26GSxCS0tJglQ3QtWNywr2Am1aJtNpO3RyYWYilNA3ceOruHGhiLjr2zhJs9DWAwMf/38OZ87vhowKaZpzbW19Y3NrO7ej7+7tHxwaR8dNEUQckwYOWMDbLhKEUZ80JJWMtENOkOcy0nInd4nfeiJc0MB/lNOQOB4a+XRIMZJK6hvVm4IoR0V4DVE/NsvmDJYSshIqiJJy9FSwF0LPLkU9uwj7Rt6smGnBVbAyyIOs6n3juzsIcOQRX2KGhOhYZiidGHFJMSMzvRsJEiI8QSPSUegjjwgnTu+bwXOlDOAw4Or5Eqbq74kYeUJMPVd1ekiOxbKXiP95nUgOr5yY+mEkiY8Xi4YRgzKASVhwQDnBkk0VIMyp+ivEY8QRlipSXYVgLZ+8Ck27YlUr1YeLfO02iyMHTsEZKAALXIIauAd10AAYPINX8A4+tBftTfvUvhata1o2cwL+lDb/ATg6nOw=</latexit>

A(s, u) = a0,0 + a1,0(s + u) + a2,0(s2 + u2)

Spin 1 M2=1  

Compare with 
other models:

Spin J=1 exchange

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Allowed region

Scalar M2=1  

<latexit sha1_base64="Mr1FuK3c9oknSNLbPBJlNn01xTs=">AAACKnicbZBNS8MwHMZTX+d8m3r0EhzCBBntlOlFmHrxOMG9wFpLmqVdWJqWJBVG2efx4lfxsoMyvPpBTLchbvMPgR/P84Tk/3gxo1KZ5thYWV1b39jMbeW3d3b39gsHh00ZJQKTBo5YJNoekoRRThqKKkbasSAo9Bhpef37zG+9ECFpxJ/UICZOiAJOfYqR0pJbuLV9gXCK3PTi3BwOM7AygDfQ9mgQlOBvoDIfmNhnzxW3UDTL5mTgMlgzKILZ1N3CyO5GOAkJV5ghKTuWGSsnRUJRzMgwbyeSxAj3UUA6GjkKiXTSyapDeKqVLvQjoQ9XcKL+vZGiUMpB6OlkiFRPLnqZ+J/XSZR/7aSUx4kiHE8f8hMGVQSz3mCXCoIVG2hAWFD9V4h7SFejdLt5XYK1uPIyNCtlq1quPl4Wa3ezOnLgGJyAErDAFaiBB1AHDYDBK3gHH+DTeDNGxtj4mkZXjNmdIzA3xvcP2Qmlrw==</latexit>

a3,0

a1,0
=

!
a2,0

a1,0

" 2

<latexit sha1_base64="MZuiclrb92aICNSzHGvOcaJaBzM=">AAACFHicbVDLSsNAFJ3UV42vqEs3g0WotJSkleqy6MZlBfuANi2TybQdOnkwMxFKyEe48VfcuFDErQt3/o3TNAttPXDhzDn3MvceJ2RUSNP81nJr6xubW/ltfWd3b//AODxqiyDimLRwwALedZAgjPqkJalkpBtygjyHkY4zvZn7nQfCBQ38ezkLie2hsU9HFCOppKFRKkE0jKtlK4ECRnr6qpXNBBbFoFaKBrVzWIJ95gZSwKFRMCtmCrhKrIwUQIbm0PjquwGOPOJLzJAQPcsMpR0jLilmJNH7kSAhwlM0Jj1FfeQRYcfpUQk8U4oLRwFX5UuYqr8nYuQJMfMc1ekhORHL3lz8z+tFcnRlx9QPI0l8vPhoFDEoAzhPCLqUEyzZTBGEOVW7QjxBHGGpctRVCNbyyaukXa1Y9Ur97qLQuM7iyIMTcAqKwAKXoAFuQRO0AAaP4Bm8gjftSXvR3rWPRWtOy2aOwR9onz/3EZpt</latexit>

+ a2,1su + a3,0(s3 + u3) + . . .
<latexit sha1_base64="8pJH49+ZBiY6K3E7lGkfJ76ygQY=">AAACH3icbZDLSsNAFIYnXmu8RV26GSxCS0tJglQ3QtWNywr2Am1aJtNpO3RyYWYilNA3ceOruHGhiLjr2zhJs9DWAwMf/38OZ87vhowKaZpzbW19Y3NrO7ej7+7tHxwaR8dNEUQckwYOWMDbLhKEUZ80JJWMtENOkOcy0nInd4nfeiJc0MB/lNOQOB4a+XRIMZJK6hvVm4IoR0V4DVE/NsvmDJYSshIqiJJy9FSwF0LPLkU9uwj7Rt6smGnBVbAyyIOs6n3juzsIcOQRX2KGhOhYZiidGHFJMSMzvRsJEiI8QSPSUegjjwgnTu+bwXOlDOAw4Or5Eqbq74kYeUJMPVd1ekiOxbKXiP95nUgOr5yY+mEkiY8Xi4YRgzKASVhwQDnBkk0VIMyp+ivEY8QRlipSXYVgLZ+8Ck27YlUr1YeLfO02iyMHTsEZKAALXIIauAd10AAYPINX8A4+tBftTfvUvhata1o2cwL+lDb/ATg6nOw=</latexit>

A(s, u) = a0,0 + a1,0(s + u) + a2,0(s2 + u2)

Spin 1 M2=1  

Spin 2 M2=1  

Compare with 
other models:

Spin J=1 exchange

Spin J=2 exchange

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0



Basic spin ! exchange

Large |"| behavior at fixed u

<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!
<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

%

<latexit sha1_base64="ZdpSCQgIRF3aABEYdv2URumMpTQ="></latexit>

A(s, u) = ! ! 2
!

PJ
"
1 + 2u

M 2

#

s ! M 2 +
PJ

"
1 + 2s

M 2

#

u ! M 2

$

<latexit sha1_base64="XJK9OT1AsC54n4Dmrgc2OBgfAZA=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0VoQUoiUj1WvYgXK9gPaGPZbLft0t0k7G7EEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD/iTGnH+baWlldW19YzG9nNre2dXXsvV1dhLAmtkZCHsuljRTkLaE0zzWkzkhQLn9OGP7ya+I1HKhULg3s9iqgncD9gPUawNlLHzl0U1HFcRG3FBLotqIebYsfOOyVnCrRI3JTkIUW1Y3+1uyGJBQ004ViplutE2kuw1IxwOs62Y0UjTIa4T1uGBlhQ5SXT28foyChd1AulqUCjqfp7IsFCqZHwTafAeqDmvYn4n9eKde/cS1gQxZoGZLaoF3OkQzQJAnWZpETzkSGYSGZuRWSAJSbaxJU1IbjzLy+S+knJLZfKd6f5ymUaRwYO4BAK4MIZVOAaqlADAk/wDK/wZo2tF+vd+pi1LlnpzD78gfX5A0tRkrA=</latexit>

A(s, u) ! O(sJ )

Having only spin 1 is borderline
<latexit sha1_base64="SoiJAvHIKDR8so82l0ojDYihN0A=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgVpCRFqksfG5cVrC00oUymk3boZBJmbsQS0+9w46+4caGIK8GFf+O0ZuHrwMDhnHuZe44fC67Btj+smdm5+YXFwlJxeWV1bb20sXmlo0RR1qSRiFTbJ5oJLlkTOAjWjhUjoS9Yyx+eTfzWNVOaR/ISRjHzQtKXPOCUgJG6pZobKELTk4reT/ayVGfYhQjbeOwCu4E0iFQ2Ht/q26nschnAqFsq21V7CvyXODkpoxyNbunN7UU0CZkEKojWHceOwUuJAk4Fy4puollM6JD0WcdQSUKmvXSaLcO7Rulhc4d5EvBU/b6RklDrUeibyZDAQP/2JuJ/XieB4MhLuYwTYJJ+fRQkApuck6JwjytGQYwMIVRxcyumA2LKAlNn0ZTg/I78l1zVqk69Wr84KB+f5nUU0DbaQRXkoEN0jM5RAzURRXfoAT2hZ+veerRerNev0Rkr39lCP2C9fwKEWaHE</latexit>

A(s, u)
s

! 0 for |s| ! "
Only spin J > 1 is not allowed

Assuming 
Having only spin 0 is OK

Legendre polynomials



But… what about pion scattering (at large " )?

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>ω

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>ω

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>ω

<latexit sha1_base64="PL4vN2uVc0n2AYBfurG3YPbvIoQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh14i+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBTT43Y</latexit>ω

mesons

The rho resonance is a spin 1 , next is f!  with spin 2,….

<latexit sha1_base64="XJK9OT1AsC54n4Dmrgc2OBgfAZA=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0VoQUoiUj1WvYgXK9gPaGPZbLft0t0k7G7EEvpXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD/iTGnH+baWlldW19YzG9nNre2dXXsvV1dhLAmtkZCHsuljRTkLaE0zzWkzkhQLn9OGP7ya+I1HKhULg3s9iqgncD9gPUawNlLHzl0U1HFcRG3FBLotqIebYsfOOyVnCrRI3JTkIUW1Y3+1uyGJBQ004ViplutE2kuw1IxwOs62Y0UjTIa4T1uGBlhQ5SXT28foyChd1AulqUCjqfp7IsFCqZHwTafAeqDmvYn4n9eKde/cS1gQxZoGZLaoF3OkQzQJAnWZpETzkSGYSGZuRWSAJSbaxJU1IbjzLy+S+knJLZfKd6f5ymUaRwYO4BAK4MIZVOAaqlADAk/wDK/wZo2tF+vd+pi1LlnpzD78gfX5A0tRkrA=</latexit>

A(s, u) ! O(sJ )

<latexit sha1_base64="SoiJAvHIKDR8so82l0ojDYihN0A=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgVpCRFqksfG5cVrC00oUymk3boZBJmbsQS0+9w46+4caGIK8GFf+O0ZuHrwMDhnHuZe44fC67Btj+smdm5+YXFwlJxeWV1bb20sXmlo0RR1qSRiFTbJ5oJLlkTOAjWjhUjoS9Yyx+eTfzWNVOaR/ISRjHzQtKXPOCUgJG6pZobKELTk4reT/ayVGfYhQjbeOwCu4E0iFQ2Ht/q26nschnAqFsq21V7CvyXODkpoxyNbunN7UU0CZkEKojWHceOwUuJAk4Fy4puollM6JD0WcdQSUKmvXSaLcO7Rulhc4d5EvBU/b6RklDrUeibyZDAQP/2JuJ/XieB4MhLuYwTYJJ+fRQkApuck6JwjytGQYwMIVRxcyumA2LKAlNn0ZTg/I78l1zVqk69Wr84KB+f5nUU0DbaQRXkoEN0jM5RAzURRXfoAT2hZ+veerRerNev0Rkr39lCP2C9fwKEWaHE</latexit>

A(s, u)
s

! 0 for |s| ! "has

The ``good’’ UV behavior is achieved by having in infinite sum 
over spin J states such that all the                              re-sum.                               

!""#$%&$'&('&')"$)*+",$*($-)%)"-
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But… why then 
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and not                            ???

Energy

Pions

Rho

f2

Rho5

H
H

I

J=5

J=1

J=2

J=3 Rho3

f4J=4



Bound the coupling <latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!
<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

%

<latexit sha1_base64="iap3S76jr0CvsTB8Dj3KM/NooUk=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki1WXRjcsK9gHTsWQyaRuaSYYkI5RpP8ONC0Xc+jXu/BvTdhbaeiBwOOdccu8JE860cd1vZ219Y3Nru7BT3N3bPzgsHR23tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPR7cxvP1GlmRQPZpzQIMYDwfqMYGMlf9LlNhvhyWO1Vyq7FXcOtEq8nJQhR6NX+upGkqQxFYZwrLXvuYkJMqwMI5xOi91U0wSTER5Q31KBY6qDbL7yFJ1bJUJ9qewTBs3V3xMZjrUex6FNxtgM9bI3E//z/NT0r4OMiSQ1VJDFR/2UIyPR7H4UMUWJ4WNLMFHM7orIECtMjG2paEvwlk9eJa1qxatVaveX5fpNXkcBTuEMLsCDK6jDHTSgCQQkPMMrvDnGeXHenY9FdM3JZ07gD5zPHzTVkTg=</latexit>

|! |2

<latexit sha1_base64="axbgSyF3ATT4sI9NGZ5Fk6hLaNI=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUkDIjUl1W3bisYB/QKSWTZtrQTGZI7ohl2n6CG3/FjQtF3Lpz59+YPhbaeiBwOOdecs/xIsE12Pa3lVpaXlldS69nNja3tneyu3tVHcaKsgoNRajqHtFMcMkqwEGweqQYCTzBal7veuzX7pnSPJR30I9YMyAdyX1OCRiplc1f5vVJfIxdCLGNRy6wB0j8UA1Ho4EeTGSXSx/6rWzOLtgT4EXizEgOzVBuZb/cdkjjgEmggmjdcOwImglRwKlgw4wbaxYR2iMd1jBUkoDpZjJJNMRHRmljc4d5EvBE/b2RkEDrfuCZyYBAV897Y/E/rxGDf9FMuIxiYJJOP/JjgU3OcT24zRWjIPqGEKq4uRXTLlGEgikxY0pw5iMvkuppwSkWirdnudLVrI40OkCHKI8cdI5K6AaVUQVR9Iie0St6s56sF+vd+piOpqzZzj76A+vzB7h3nQU=</latexit>

A(s, u) ! 0 for |s| ! "If

µc = 1 .05

µc = 1 .1

µc = 1 .2

! = 0
! = 1

! = 2
! = 3
! = 4

! = 5

Figure 6 : Left: The maximum of the coupling |øg1,1|2 of a spin-1 particle at the mass gap
with three di ! erent values ofµc as a function ofkmax . Right: The maximum of |øg! ,1|2 for
the given spins andµc = 1 .1. Both plots illustrate that a state with spin ! 1 > 0 at the mass
gap M gap has a coupling that is suppressed exponentially with increasingkmax .

3.2 Cornering Veneziano

A single scalar exchanged at the mass gap exactly matches the Þrst massive state atM 2
gap =

1/ " ! in the open string spectrum. We know from Section2.5 there are no other states that
contribute to the Veneziano amplitude until 2M 2

gap = 2 / " !, so we now impose this string-
inspired cuto! µc = 2 : <latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="H//X4bwI3RjZ+RAOpAGes7PrqK4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIq1WXRjRuhgn1AE8NkOmmHTh7M3Ig1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hj8RXIFlfRsLi0vLK6uFteL6xubWtrmz21RxKilr0FjEsu0TxQSPWAM4CNZOJCOhL1jLH1yO/dY9k4rH0S0ME+aGpBfxgFMCWvLMfSdMvRN87TnAHiDrkWR0V/HMklW2JsDzxM5JCeWoe+aX041pGrIIqCBKdWwrATcjEjgVbFR0UsUSQgekxzqaRiRkys0m14/wkVa6OIilrgjwRP09kZFQqWHo686QQF/NemPxP6+TQnDuZjxKUmARnS4KUoEhxuMocJdLRkEMNSFUcn0rpn0iCQUdWFGHYM++PE+albJdLVdvTku1izyOAjpAh+gY2egM1dAVqqMGougRPaNX9GY8GS/Gu/ExbV0w8pk99AfG5w8KJZT7</latexit>

µ3M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+u kJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+u kJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

ak,q = |g0|2v0,q +
!

y" kv! ,q

"

2
. (3.3)

Leaving |g0|2 as a free parameter for the maximization/minimization of the Wilson coe" -
cient øa2,0 as a function of øa1,0, we obtain Figure 1. The purple region corresponds to the
bounds on theøa2,0 vs. øa1,0 region with this spectrum. The region outside the purple but
within the teal bounds is where there must be more than a scalar in the spectrum below
M 2 = 2M 2

gap. Moreover, the region within the purple space but outside of the magenta
region must have a nontrivial contribution from a scalar at the mass gapM 2

gap.

As discussed in the Introduction, the string values ofak,q are close to the boundary of the
allowed region.9 Quantitatively, the maximal values of øa1,0 and øa2,0 di! er from the string
coe" cients by just 2.8 ! 10" 3 and 2.3 ! 10" 3 for kmax " 14.

In Figure 1, the inset shows that, upon zooming in close to the string value, the bounds
sharpen as we increasekmax . Note that the lower bound on øa2,0 appears to be moving
extremely slowly with kmax . Though the space does become slightly more constrained,
there is no clear evidence that it is shrinking fast enough that the string would lie directly

9These bounds are computed in 10D. For lower dimensions,4 ! D < 10, the bounds are not as sharp
and a bit further from the string. The Veneziano amplitude is unitary only in ! 10 dimensions (for a recent
discussion, see [29]) and our numerical bootstrap can also exclude D " 11. Since D = 10 is also the critical
dimension of the superstring, it is natural do carry out the analysis in 10D.

Ð 19 Ð

Log-Linear Plot

2k = derivative order

Spin J = 0 unsuppressed 

!

3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.

Ð 18 Ð

<latexit sha1_base64="/6p0o5Lpuyz9e0glXnNxI6DIDc0=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRC9C0It4imAekCxhdtJJhszOrjOzQljyE148KOLV3/Hm3zhJ9qCJBQ1FVTfdXUEsuDau++3kVlbX1jfym4Wt7Z3dveL+QUNHiWJYZ5GIVCugGgWXWDfcCGzFCmkYCGwGo5up33xCpXkkH8w4Rj+kA8n7nFFjpVYHhSBX5K5bLLlldwayTLyMlCBDrVv86vQiloQoDRNU67bnxsZPqTKcCZwUOonGmLIRHWDbUklD1H46u3dCTqzSI/1I2ZKGzNTfEykNtR6Hge0MqRnqRW8q/ue1E9O/9FMu48SgZPNF/UQQE5Hp86THFTIjxpZQpri9lbAhVZQZG1HBhuAtvrxMGmdlr1Ku3J+XqtdZHHk4gmM4BQ8uoAq3UIM6MBDwDK/w5jw6L8678zFvzTnZzCH8gfP5A9m1jzU=</latexit>

! = J

Spin J = 1,2,3,4… exponentially suppressed

<latexit sha1_base64="/maes0J5vPV+HH28sFJN6oMPujk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbB07Ir0noRil48VrAf0i4lm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3nfTuFtfWNza3idmlnd2//oHx41NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN/O/PYTVZrF8sFMEhoIPJQsYgQbKz32RNon177r98sVz/XmQKvEz0kFcjT65a/eICapoNIQjrXu+l5iggwrwwin01Iv1TTBZIyHtGupxILqIJsfPEVnVhmgKFa2pEFz9fdEhoXWExHaToHNSC97M/E/r5ua6CrImExSQyVZLIpSjkyMZt+jAVOUGD6xBBPF7K2IjLDCxNiMSjYEf/nlVdK6cP2qW72/rNRv8jiKcAKncA4+1KAOd9CAJhAQ8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwCniY+s</latexit>

µc = 1 .1 Lowest massive state has to be a scalar
Berman, H.E. 2024

<latexit sha1_base64="a9BCX6PMrUnl2+r3zA8xMQszK0A=">AAACDnicbVC7SgNBFJ31GeMrammzGAIWEnaDRMugjWUE84BsDHcns8mQ2QczdyVhs19g46/YWChia23n3zh5FJp4YOBwzj3cuceNBFdoWd/Gyura+sZmZiu7vbO7t587OKyrMJaU 1WgoQtl0QTHBA1ZDjoI1I8nAdwVruIPrid94YFLxMLjDUcTaPvQC7nEKqKVOruAgG2LiwzB1PAk0GTtCp7swvi+lCXQS68xK004ubxWtKcxlYs9JnsxR7eS+nG5IY58FSAUo1bKtCNsJSORUsDTrxIpFQAfQYy1NA/CZaifTc1KzoJWu6YVSvwDNqfo7kYCv1Mh39aQP2FeL3kT8z2vF6F22Ex5EMbKAzhZ5sTAxNCfdmF0uGUUx0gSo5PqvJu2DbgV1g1ldgr148jKpl4p2uVi+Pc9XruZ1ZMgxOSGnxCYXpEJuSJXUCCWP5Jm8kjfjyXgx3o2P2eiKMc8ckT8wPn8AbaCc+A==</latexit>

max
|! |2

a0,0



Bound the coupling <latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!
<latexit sha1_base64="y7la9EwcVQhKrLd0Xqs2XJF6Nq0=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgasgMtra7ohuXFewD2qFkMpk2NPMgyQhl6Ee4caGIW7/HnX9j+hBU9ELI4ZxzufcePxVcaYw/rMLa+sbmVnG7tLO7t39QPjzqqCSTlLVpIhLZ84ligsesrbkWrJdKRiJfsK4/uZ7r3XsmFU/iOz1NmReRUcxDTok2VHcgjDUgw3IF29itV3EDYds1n1s1oIqdRq2BHBsvqgKrag3L74MgoVnEYk0FUarv4FR7OZGaU8FmpUGmWErohIxY38CYREx5+WLdGTozTIDCRJoXa7Rgv3fkJFJqGvnGGRE9Vr+1OfmX1s90WPdyHqeZZjFdDgozgXSC5rejgEtGtZgaQKjkZldEx0QSqk1CJRPC16Xof9Bxbadm124vKs2rVRxFOIFTOAcHLqEJN9CCNlCYwAM8wbOVWo/Wi/W6tBasVc8x/Cjr7ROvYY/V</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

!

%

<latexit sha1_base64="iap3S76jr0CvsTB8Dj3KM/NooUk=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki1WXRjcsK9gHTsWQyaRuaSYYkI5RpP8ONC0Xc+jXu/BvTdhbaeiBwOOdccu8JE860cd1vZ219Y3Nru7BT3N3bPzgsHR23tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPR7cxvP1GlmRQPZpzQIMYDwfqMYGMlf9LlNhvhyWO1Vyq7FXcOtEq8nJQhR6NX+upGkqQxFYZwrLXvuYkJMqwMI5xOi91U0wSTER5Q31KBY6qDbL7yFJ1bJUJ9qewTBs3V3xMZjrUex6FNxtgM9bI3E//z/NT0r4OMiSQ1VJDFR/2UIyPR7H4UMUWJ4WNLMFHM7orIECtMjG2paEvwlk9eJa1qxatVaveX5fpNXkcBTuEMLsCDK6jDHTSgCQQkPMMrvDnGeXHenY9FdM3JZ07gD5zPHzTVkTg=</latexit>

|! |2

If

Spin J = 0, 1 unsuppressed 

!

3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>
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|øg0|2 =
1
! 2
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! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.

Ð 18 Ð

Spin J = 2,3,4… exponentially suppressed

Lowest massive state has to be a scalar or spin 1
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A(s, u)
s

! 0 for |s| ! "
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Analytic spectrum constraints 
!

3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have
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<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.

Ð 18 Ð

<latexit sha1_base64="SoiJAvHIKDR8so82l0ojDYihN0A=">AAACG3icbVDLSsNAFJ34rPVVdelmsAgVpCRFqksfG5cVrC00oUymk3boZBJmbsQS0+9w46+4caGIK8GFf+O0ZuHrwMDhnHuZe44fC67Btj+smdm5+YXFwlJxeWV1bb20sXmlo0RR1qSRiFTbJ5oJLlkTOAjWjhUjoS9Yyx+eTfzWNVOaR/ISRjHzQtKXPOCUgJG6pZobKELTk4reT/ayVGfYhQjbeOwCu4E0iFQ2Ht/q26nschnAqFsq21V7CvyXODkpoxyNbunN7UU0CZkEKojWHceOwUuJAk4Fy4puollM6JD0WcdQSUKmvXSaLcO7Rulhc4d5EvBU/b6RklDrUeibyZDAQP/2JuJ/XieB4MhLuYwTYJJ+fRQkApuck6JwjytGQYwMIVRxcyumA2LKAlNn0ZTg/I78l1zVqk69Wr84KB+f5nUU0DbaQRXkoEN0jM5RAzURRXfoAT2hZ+veerRerNev0Rkr39lCP2C9fwKEWaHE</latexit>

A(s, u)
s

! 0 for |s| ! "

Berman (2024)

1)   

J = 0 or 1  for 

J = 0       for 
<latexit sha1_base64="axbgSyF3ATT4sI9NGZ5Fk6hLaNI=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUkDIjUl1W3bisYB/QKSWTZtrQTGZI7ohl2n6CG3/FjQtF3Lpz59+YPhbaeiBwOOdecs/xIsE12Pa3lVpaXlldS69nNja3tneyu3tVHcaKsgoNRajqHtFMcMkqwEGweqQYCTzBal7veuzX7pnSPJR30I9YMyAdyX1OCRiplc1f5vVJfIxdCLGNRy6wB0j8UA1Ho4EeTGSXSx/6rWzOLtgT4EXizEgOzVBuZb/cdkjjgEmggmjdcOwImglRwKlgw4wbaxYR2iMd1jBUkoDpZjJJNMRHRmljc4d5EvBE/b2RkEDrfuCZyYBAV897Y/E/rxGDf9FMuIxiYJJOP/JjgU3OcT24zRWjIPqGEKq4uRXTLlGEgikxY0pw5iMvkuppwSkWirdnudLVrI40OkCHKI8cdI5K6AaVUQVR9Iie0St6s56sF+vd+piOpqzZzj76A+vzB7h3nQU=</latexit>

A(s, u) ! 0 for |s| ! "

2) Consecutive spin bound: consecutive spin states can grow by at most 1 in spin at 
       each mass level, i.e. going up in the mass spectrum, there has to be a spin 1 state 
       before a spin 2 state, a spin 2 before a spin 3, etc.   
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Analytic spectrum constraints 
!

3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>
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! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.
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1)   

J = 0 or 1  for 

J = 0       for 
<latexit sha1_base64="axbgSyF3ATT4sI9NGZ5Fk6hLaNI=">AAACEXicbVDLSgMxFM3UV62vqks3wSJUkDIjUl1W3bisYB/QKSWTZtrQTGZI7ohl2n6CG3/FjQtF3Lpz59+YPhbaeiBwOOdecs/xIsE12Pa3lVpaXlldS69nNja3tneyu3tVHcaKsgoNRajqHtFMcMkqwEGweqQYCTzBal7veuzX7pnSPJR30I9YMyAdyX1OCRiplc1f5vVJfIxdCLGNRy6wB0j8UA1Ho4EeTGSXSx/6rWzOLtgT4EXizEgOzVBuZb/cdkjjgEmggmjdcOwImglRwKlgw4wbaxYR2iMd1jBUkoDpZjJJNMRHRmljc4d5EvBE/b2RkEDrfuCZyYBAV897Y/E/rxGDf9FMuIxiYJJOP/JjgU3OcT24zRWjIPqGEKq4uRXTLlGEgikxY0pw5iMvkuppwSkWirdnudLVrI40OkCHKI8cdI5K6AaVUQVR9Iie0St6s56sF+vd+piOpqzZzj76A+vzB7h3nQU=</latexit>

A(s, u) ! 0 for |s| ! "

2) Consecutive spin bound: consecutive spin states can grow by at most 1 in spin at 
       each mass level, i.e. going up in the mass spectrum, there has to be a spin 1 state 
       before a spin 2 state, a spin 2 before a spin 3, etc.   

3) Mass bounds:  given the masses, ! $ and ! $+1, of a spin J and J+1 states, the spin J+2 state
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Apply to pions 

Berman (2024)

3) Mass bounds:  given the masses, ! $ and ! $+1, of a spin J and J+1 states, the spin J+2 state
      has to appear before the upper mass bound 

(massless pions, large N limit)

State J Maximum Mass (MeV) Measured Mass (MeV) [33]

! (770) 1 - 775.3 ± 0.2

f 2(1270) 2 - 1275± 1

! 3(1690) 3 m2
f 2

/m ! = 2098 1689± 2

f 4(2050) 4 m2
! 3

/m f 2 = 2237 2018± 11

! 5(2350) 5 m2
f 4

/m ! 3 = 2411 2330± 35

f 6(2510) 6 m2
! 5

/m f 4 = 2690 2470± 50

! 7 7 m2
f 6

/m ! 5 = 2618 ??

Table 1 : A table showing the strongest bounds on the experimental masses of di! erent
QCD bound states from (1.13) relative to their physical values (the maxima are found using
the central experimental values and ignoring error). All measured values lie below the value
that would be required by (1.13) if real-world QCD obeyed our formal assumptions. The
strongest bounds always come from choosingn1 = 1 and n2 = 2 .

expression for the bound is

!M J

!M J ! n2

!

"
!M J ! n1

!M J ! n2

# n2/ (n2! n1)

for n2 > n 1 > 0, J " n2 # ÷J1 . (1.13)

The SSC additionally implies the heirarchy !M J ! n2 < !M J ! n1 < !M J . String theory, which
characteristically has linear Regge trajectories, satisÞes this bound at all spins.

1.3 Approximate Bounds on QCD

As a Òreal-worldÓ example, we can consider the spectrum of"" $ "" scattering. In
the large-N limit of QCD with massless pions, this process satisÞes our assumptions with
÷J1 = 1 [21]. If we ignore any corrections from the fact that real-world QCD hasN = 3
and that real pions are not massless, we can plug the observed masses of the lowest mass
meson resonances, the! and f mesons, into (1.13) and Þnd bounds on their masses. This
approximation is of course not precise, but our bounds are satisÞed for measured values of
the mesons. This is quite surprising, especially given that these higher mass resonances are
highly unstable, while our bounds only rigorously apply to stable massive states. Further,
the authors of [26] found that, by inputting the measured masses and spins of the! and f 2

mesons into the numerical bootstrap, there was a corner in the numerical maximum coupling
to the f 2 meson. This corner suggested the existence of a state with mass%1678MeV,
extremely close to the physical! 3 mass! Upon extracting the spectrum of the theory with
a state at that mass, they found that the theory had a leading Regge trajectory that had
states quite close that of QCD. The compatibility of the large-N QCD bootstrap with
real-world QCD suggests that our bounds might still be applicable to real-world QCD even
beyond currently measured states, at least in some approximate way.

We list the masses and their bounds in Table1 along with the experimentally deter-
mined values for the masses of the states [33]. The experimental values are at least 80%

Ð 7 Ð
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So far
Dispersion relations 1) Bound the Wilson coefficients&#! ,"   => CONVEX allowed regions

# 2) Derive spectrum constraints 
 

Talk has two parts

Part 1: general ideas in bootstrap, some examples, phrased generally, but think of pions

Part 2: constraints from higher-point amplitudes on the bootstrap of 4-point amplitudes

"#$%&'()'*+,(-.)/'0(12'0.34'5#1(6.)#'7./*%.1%&('#)&'!*$3.)'"%1-#)



Setting the stage: Rule out. But not rule in?

Scalar M2=1  

Spin 1 M2=1  
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In this case, we could span the allowed region
by the basic scalar exchange amplitudes.

That is not always the case.
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a1,0

IST

J=1

J=0

ssIST

1<-.2'N<7

E%7'1<-.2'N<7

Scalar M2=1  

Spin 1 M2=1  

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="1NKoIpRIJbCQ8funthErpc/KuH4=">AAACAHicbZDLSsNAFIZPvNZ6i7pw4WawCC6kJCrVZdGNywr2Am0Ik+mkHTqZhJmJUEI2voobF4q49THc+TZO2i609YeBj/+cw5nzBwlnSjvOt7W0vLK6tl7aKG9ube/s2nv7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho9ui3n6kUrFYPOhxQr0IDwQLGcHaWL592AslJhn2s4szJ88LcAvw7YpTdSZCi+DOoAIzNXz7q9ePSRpRoQnHSnVdJ9FehqVmhNO83EsVTTAZ4QHtGhQ4osrLJgfk6MQ4fRTG0jyh0cT9PZHhSKlxFJjOCOuhmq8V5n+1bqrDay9jIkk1FWS6KEw50jEq0kB9JinRfGwAE8nMXxEZYpOINpmVTQju/MmL0DqvurVq7f6yUr+ZxVGCIziGU3DhCupwBw1oAoEcnuEV3qwn68V6tz6mrUvWbOYA/sj6/AEJ7ZYQ</latexit>a3,0

a1,0 IST

<latexit sha1_base64="JsFKW7AALC5ZI2Xe9/om8CMIC3A=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDGwrAbJNoIURsthIh5QV7MTmaTIbMPZu6KYdlPsPFXbCwUsbW082+cPAqNHrjcwzn3MnOPHQiuwDS/jMTc/MLiUnI5tbK6tr6R3tyqKj+UlFWoL3xZt4lignusAhwEqweSEdcWrGYPLkZ+7Y5JxX2vDMOAtVzS87jDKQEtddL7Z+0msHuIrm7LMT7FTUcSGllxlFWH1+38QTYct7iTzpg5cwz8l1hTkkFTlDrpz2bXp6HLPKCCKNWwzABaEZHAqWBxqhkqFhA6ID3W0NQjLlOtaHxQjPe00sWOL3V5gMfqz42IuEoNXVtPugT6atYbif95jRCck1bEvSAE5tHJQ04oMPh4lA7ucskoiKEmhEqu/4ppn+hIQGeY0iFYsyf/JdV8zirkCjdHmeL5NI4k2kG7KIssdIyK6BKVUAVR9ICe0At6NR6NZ+PNeJ+MJozpzjb6BePjG6+hmxg=</latexit>

A IST =
1

(s ! M 2)(u ! M 2)

1<-.2'N<7

1<-.2'
=$

Positivity => convex allowed regions

Infinite Spin Tower 



Rule out. But not ruled in?

<latexit sha1_base64="zLNt0mS1/APOsM3xFBVl90eSZRU=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGFlKRIdVl047KCtYU2lMl00g6dTMLMRCghG1/FjQtF3PoY7nwbJ20W2npg4OPce7lzjx9zprTjfFulldW19Y3yZmVre2d3z94/eFBRIgltk4hHsutjRTkTtK2Z5rQbS4pDn9OOP7nJ651HKhWLxL2extQL8UiwgBGsjTWwj/qBxCTFg7R+7mRZDm4OA7vq1JyZ0DK4BVShUGtgf/WHEUlCKjThWKme68TaS7HUjHCaVfqJojEmEzyiPYMCh1R56eyADJ0aZ4iCSJonNJq5vydSHCo1DX3TGWI9Vou13Pyv1kt0cOWlTMSJpoLMFwUJRzpCeRpoyCQlmk8NYCKZ+SsiY2wS0SazignBXTx5GR7qNbdRa9xdVJvXRRxlOIYTOAMXLqEJt9CCNhDI4Ble4c16sl6sd+tj3lqyiplD+CPr8wcIXJYP</latexit>a2,0

a1,0

<latexit sha1_base64="gUXl9HQ3mCoC7sIdMcX/ruaotU0=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzfBIrgoJSlSXRbduKxgL9CGMJlO2qGTSZiZCCVk46u4caGIWx/DnW/jpM1CW38Y+PjPOZw5vx8zKpVtfxultfWNza3ydmVnd2//wDw86sooEZh0cMQi0feRJIxy0lFUMdKPBUGhz0jPn97m9d4jEZJG/EHNYuKGaMxpQDFS2vLMk2EgEE6RlzZqTpbl4NTsLPPMql2357JWwSmgCoXanvk1HEU4CQlXmCEpB44dKzdFQlHMSFYZJpLECE/RmAw0chQS6abzAzLrXDsjK4iEflxZc/f3RIpCKWehrztDpCZyuZab/9UGiQqu3ZTyOFGE48WiIGGWiqw8DWtEBcGKzTQgLKj+q4UnSCeidGYVHYKzfPIqdBt1p1lv3l9WWzdFHGU4hTO4AAeuoAV30IYOYMjgGV7hzXgyXox342PRWjKKmWP4I+PzBwnrlhA=</latexit>a2,1

a1,0

IST

J=1

J=0

ssIST

1<-.2'N<7

<latexit sha1_base64="JsFKW7AALC5ZI2Xe9/om8CMIC3A=">AAACEHicbVC7SgNBFJ2NrxhfUUubwSDGwrAbJNoIURsthIh5QV7MTmaTIbMPZu6KYdlPsPFXbCwUsbW082+cPAqNHrjcwzn3MnOPHQiuwDS/jMTc/MLiUnI5tbK6tr6R3tyqKj+UlFWoL3xZt4lignusAhwEqweSEdcWrGYPLkZ+7Y5JxX2vDMOAtVzS87jDKQEtddL7Z+0msHuIrm7LMT7FTUcSGllxlFWH1+38QTYct7iTzpg5cwz8l1hTkkFTlDrpz2bXp6HLPKCCKNWwzABaEZHAqWBxqhkqFhA6ID3W0NQjLlOtaHxQjPe00sWOL3V5gMfqz42IuEoNXVtPugT6atYbif95jRCck1bEvSAE5tHJQ04oMPh4lA7ucskoiKEmhEqu/4ppn+hIQGeY0iFYsyf/JdV8zirkCjdHmeL5NI4k2kG7KIssdIyK6BKVUAVR9ICe0At6NR6NZ+PNeJ+MJozpzjb6BePjG6+hmxg=</latexit>

A IST =
1

(s ! M 2)(u ! M 2)

In general, we don’t know if

! a set of Wilson coeffs that are “not ruled out” 
      can be “ruled in” 
---  or ---
! If any “allowed” Wilson coeffs from the 4-point 
      actually arise in a sensible theory that also 
      has 5- and higher-point amplitudes who 
      correctly factorize into lower-point amplitudes,
      including the 4-point amplitude. 

Infinite Spin Tower 

E%7'1<-.2'N<7



Higher-point amplitudes
<latexit sha1_base64="iDCqQPLE7doGWkKTJzvK2Oa2Z78=">AAACIXicbVDLSsNAFJ34rPVVdelmsAguJCQi6kbwsXFZxdpCU8JkeqtjJ5MwcyOWkF9x46+4caGIO/FnnD4Wvg4MnHvOvdy5J0qlMOh5H87E5NT0zGxprjy/sLi0XFlZvTJJpjnUeSIT3YyYASkU1FGghGaqgcWRhEbUOx34jTvQRiTqEvsptGN2rURXcIZWCisHAcI95hdgijA3YS5uXbegh9Qrgm16HCpLj8NchX5BAxQxmFG5U4SVqud6Q9C/xB+TKhmjFlbeg07CsxgUcsmMafleiu2caRRcQlEOMgMp4z12DS1LFbPL2vnwwoJuWqVDu4m2TyEdqt8nchYb048j2xkzvDG/vYH4n9fKsHvQzoVKMwTFR4u6maSY0EFctCM0cJR9SxjXwv6V8humGUcbatmG4P8++S+52nH9PXfvfLd6dDKOo0TWyQbZIj7ZJ0fkjNRInXDyQJ7IC3l1Hp1n5815H7VOOOOZNfIDzucXKt6iRA==</latexit>

Ressij.. =0 An = An 1 ! An 2

This makes it straightforward to reconstruct higher-point scalar theory 
EFT amplitudes from the bottom-up, e.g.

A"####=                              +                           +  

9.+2"$#'%&2.& =$/<7'(&%*'B:/7';?O P:/7'6%$7+67'7.&*,

However, a bootstrap directly on higher-point amplitudes is elucive



Higher-point amplitudes
But!!
If we want the n-point amplitudes to have specific properties 

e.g.
supersymmetry, soft theorems, KK & BCJ relations,
special kinematic properties,… 

then imposing the symmetries at higher-point may generate nonlinear
relationships among the 4-point Wilson coefficients. 

89'54%):';<:'89';%1&%1$,4%%'=>?>>@

Then simply adding amplitudes may no longer be possible
-- and hence the allowed bootstrap region need not be convex.



Hidden Zeros

0/%)#1+,,%&"(2)+3$*",45%#)'-)))))))))))))))/+6%)+)$%14*"+&)$&'$%&,78)
<latexit sha1_base64="O4qAA3RjVBbvTFPh+sm3x/L5uwg=">AAAB+nicbVBNT8JAEN3iF+JX0aOXRmKCF9KqQY9ELx4x4SuhlWyXLWzYbpvdqUoqP8WLB43x6i/x5r9xgR4UfMkkL+/NZGaeH3OmwLa/jdzK6tr6Rn6zsLW9s7tnFvdbKkokoU0S8Uh2fKwoZ4I2gQGnnVhSHPqctv3R9dRv31OpWCQaMI6pF+KBYAEjGLTUM4su0EdIG3JSduMhuzs76Zklu2LPYC0TJyMllKHeM7/cfkSSkAogHCvVdewYvBRLYITTScFNFI0xGeEB7WoqcEiVl85On1jHWulbQSR1CbBm6u+JFIdKjUNfd4YYhmrRm4r/ed0EgksvZSJOgAoyXxQk3ILImuZg9ZmkBPhYE0wk07daZIglJqDTKugQnMWXl0nrtOJUK9Xb81LtKosjjw7RESojB12gGrpBddREBD2gZ/SK3own48V4Nz7mrTkjmzlAf2B8/gDZiZO+</latexit>

Tr( ! 3)

,/%7)/+6%)9%&'#)"()1%&,+"():"(%3+,"1)1'(-"24&+,"'(#

<latexit sha1_base64="hjBBVWTMHRY6TrhUoU1fnABUD4Y="></latexit>

A5 = 1
s12 s45

+ cyclic = 0 for s13 = s14 = 0

<latexit sha1_base64="L972k8hBz05gnz/AtcF6wRDIJz0="></latexit>

A4 = ! 1
s ! 1

u = t
su = 0 for t = 0

+$2'646-"6

+(5)#"3"*+&*7)-'&)/"2/%&)$'"(,#;

>&Q+$":R+*.2K'S+%K'C%$#K'?"#<."&.2%'!FTFG0
>&Q+$":R+*.2K'?"#<."&.2%'!FTFB0



Hidden Zeros
<'&%'6%&=)#,+&,"(2)+,)>?$,=),/%),&%%)+3$*",45%#)/+6%)
('( ?,&"6"+*)@@#$*",,"(2AA)$&'$%&,"%#)

+(5)#"3"*+&*7)-'&)/"2/%&)$'"(,#

Ð shared a broad class ofhidden zerosÐ simple loci in kinematic space where the amplitude
vanishes. These were Þrst understood in the context of Tr(! 3) theory, since the respective
amplitudes can be formulated geometrically through the canonical form of a polytope living
in kinematic space Ð the ABHY associahedron

Arkani-Hamed:2017mur
[32]. From this viewpoint, the zeros of the

amplitude correspond to limits where the polytope collapses in dimension, and these are
straightforward to derive.

Additionally, looking at these limits via the geometry suggested that near the zero the
amplitude also has a predictable behaviour, in particular, it becomes the product of lower-
point amplitudes Ð these are calledsplits

Arkani-Hamed:2023swr,Arkani-Hamed:2024fyd
[30, 31]. As a consequence of unitarity, tree-level

amplitudes factorize on the locus where an internal propagator goes on-shell, however these
new splits correspond to kinematicsaway from poles where a similar factorization happens.

In a pure Tr( ! 3) theory, these hidden zeros and splits can be described in a remark-
ably simple way. A generic n-point amplitude can be written as a sum over color-ordered
amplitudes

Elvang:2013cua
[33]

A n =
!

perms !

A n [1! (2 . . . n)]Tr[ Ta1 T ! (a2 á á áTan ) ] , (1.1)

where g is the three point coupling and the scalars transform in the adjoint of a group with
generatorsTa. HE It seems to me that we do NOT want to strip o ! the g-factors
The color ordering

A n[12. . . n] (1.2)

receives contributions only from planar channels such that, for example, the four point Tr(! 3)
amplitude can be written

A 4[1234] = A 4(s, u) =
g2

s
+

g2

u
(1.3) eq:A4

where we order the momenta cyclically and have chosen the convention

s = ! (p1 + p2)2 , t = ! (p1 + p3)2 , u = ! (p1 + p4)2 (1.4)

with all momenta outgoing. The associatedhidden zeroof the 4-point amplitude (2.1) is then
given by the locuss + u = 0 " ! t = 0, for which A 4(s, ! s) = 0.

The 5-point color-ordered amplitude is

A 5[12345] =
g3

s12s123
+ cyclic . (1.5)

This amplitude vanishes on the hidden zero locuss13 = s14 = 0 as well as on the cyclic
permutations of these constraints. As explained in

Arkani-Hamed:2023swr
[30], starting from these 5-point zero we

can derive the simplest type of split factorization by relaxing one of the hidden zero constraints
Ð these are calledskinny zero factorization Ð from which we get:

A 5

"
"
"
s13 =0

= A 4(s12, s15) # A 4(s23, s34),

A 5

"
"
"
s14 =0

= A 4(s12, s15) # A 4(s45, s34),
(1.6) eq:5ptSplit

Ð 3 ÐB$*",#)))CD)))E"55%()F%&'#



<latexit sha1_base64="OufUzkit5Cp1bnvM3Nw6JRVf2EE="></latexit>

A5 =
g3

s12s123
+

g3

s23s234
+

g3

s34s345
+

g3

s45s451
+

g3

s51s512

<latexit sha1_base64="S/QOlkWymK9vvBveyn2sRdWE7O0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmV6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq637mVS+n/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/m5U3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQ0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QOywI8r</latexit>s123

<latexit sha1_base64="Hv+G7ny0SYMpyw/KovbpwotE04s=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSpLoRim5cVrAPaGOYTKftNJNkmJkIJXTlxl9x40IRt36DO//GaZqFth64l8M59zJzj8cZlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUUC0waOGKRaHtIEkZD0lBUMdLmgqDAY6Tl+ddTv/VAhKRReKfGnDgBGoS0TzFSWnLNQ+kmdORP4CUscZfCU8jdUdr9k/uKaxatspUCLhI7I0WQoe6aX91ehOOAhAozJGXHtrhyEiQUxYxMCt1YEo6wjwako2mIAiKdJD1jAo+10oP9SOgKFUzV3xsJCqQcB56eDJAaynlvKv7ndWLVv3ASGvJYkRDPHurHDKoITjOBPSoIVmysCcKC6r9CPEQCYaWTK+gQ7PmTF0mzUrar5ertWbF2lcWRBwfgCJSADc5BDdyAOmgADB7BM3gFb8aT8WK8Gx+z0ZyR7eyDPzA+fwC+V5a/</latexit>

sijk = ( pi + pj + pk )2

<latexit sha1_base64="iwxqWvXzmIWDRQ441sqj8Lar6nc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkKZKVLdCEU3LivYB7TjkEnTNm0mE5KMUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evrqJYYlLDEYtkM0CKMMpJTVPNSFNIgsKAkUYwvJ74jQciFY34nR4J4oWox2mXYqSN5NsHyk/oYAwvYUH4FJ5C4Q9O7ku+nXeKzhRwkbgpyYMUVd/+anciHIeEa8yQUi3XEdpLkNQUMzLOtWNFBMJD1CMtQzkKifKS6f1jeGyUDuxG0hTXcKr+nkhQqNQoDExniHRfzXsT8T+vFevuhZdQLmJNOJ4t6sYM6ghOwoAdKgnWbGQIwpKaWyHuI4mwNpHlTAju/MuLpF4quuVi+fYsX7lK48iCQ3AECsAF56ACbkAV1AAGj+AZvII368l6sd6tj1lrxkpn9sEfWJ8/YSuUaQ==</latexit>

sij = ( pi + pj )2

<latexit sha1_base64="vYRBG+R60foDl/2lBqXmWukiQrA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtUj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2nqQ1i5mg3LFrbpzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4bWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXql69Wr+/rDRu8jiKcAKncA4eXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdBro7w</latexit>s23

<latexit sha1_base64="5RVH4Wzs02SNu2jEkztx68QNJwU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EqhePFewHtEvJptk2NJusSVYoS/0RXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhjcTv/lIlWZS3JtRTP0I9wULGcHGSq2r7hl6QpeoWyy5ZXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9N7x+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOGnTMSJoYLMFoUJR0aiyfOoxxQlho8swUQxeysiA6wwMTaigg3Bm395kTROyl6lXLk7LVWvszjycACHcAwenEMVbqEGdSDA4Rle4c15cF6cd+dj1ppzspl9+APn8wctzo7F</latexit>
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<latexit sha1_base64="OufUzkit5Cp1bnvM3Nw6JRVf2EE="></latexit>

A5 =
g3

s12s123
+

g3

s23s234
+

g3

s34s345
+

g3

s45s451
+

g3

s51s512

<latexit sha1_base64="S/QOlkWymK9vvBveyn2sRdWE7O0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmV6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq637mVS+n/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/m5U3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQ0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QOywI8r</latexit>s123

<latexit sha1_base64="Hv+G7ny0SYMpyw/KovbpwotE04s=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSpLoRim5cVrAPaGOYTKftNJNkmJkIJXTlxl9x40IRt36DO//GaZqFth64l8M59zJzj8cZlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUUC0waOGKRaHtIEkZD0lBUMdLmgqDAY6Tl+ddTv/VAhKRReKfGnDgBGoS0TzFSWnLNQ+kmdORP4CUscZfCU8jdUdr9k/uKaxatspUCLhI7I0WQoe6aX91ehOOAhAozJGXHtrhyEiQUxYxMCt1YEo6wjwako2mIAiKdJD1jAo+10oP9SOgKFUzV3xsJCqQcB56eDJAaynlvKv7ndWLVv3ASGvJYkRDPHurHDKoITjOBPSoIVmysCcKC6r9CPEQCYaWTK+gQ7PmTF0mzUrar5ertWbF2lcWRBwfgCJSADc5BDdyAOmgADB7BM3gFb8aT8WK8Gx+z0ZyR7eyDPzA+fwC+V5a/</latexit>

sijk = ( pi + pj + pk )2

<latexit sha1_base64="vYRBG+R60foDl/2lBqXmWukiQrA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtUj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2nqQ1i5mg3LFrbpzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4bWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXql69Wr+/rDRu8jiKcAKncA4eXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdBro7w</latexit>s23

<latexit sha1_base64="bIp6CkGEpD6pbnsQrTXLw/NP7AA=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoCCVJpbosunFZwT6gjWEynbRDJw9mJkIJ+Q83/oobF4q4Elz4N06TLLT1wnDPOfde7tzjRowKaRjfWmlldW19o7xZ2dre2d3T9w+6Iow5Jh0cspD3XSQIowHpSCoZ6UecIN9lpOdOr+f13gPhgobBnZxFxPbROKAexUgqydEtOPQ4wsn4vlETTmJa6ZlKViM9TZOcw5zDjKmcOnrVqBtZwGVgFqAKimg7+udwFOLYJ4HEDAkxMI1I2gnikmJG0sowFiRCeIrGZKBggHwi7CS7LYUnShlBL+TqBRJm6u+JBPlCzHxXdfpITsRibS7+VxvE0ru0ExpEsSQBzhd5MYMyhHOj4IhygiWbKYAwp+qvEE+Q8koqOyvKBHPx5GXQtepms968Pa+2rgo7yuAIHIMaMMEFaIEb0AYdgMEjeAav4E170l60d+0jby1pxcwh+BPa1w8iF5+e</latexit>

g3(s12 + s23)
s12s23s123

<latexit sha1_base64="vGV4VhkJRW3yhdtrQzz5n+5GfYI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyxCRShJleqy6MZlBfuANoTJdNIOnUzCzESoIV/ixoUibv0Ud/6N0zYLbT1wuYdz7mXuHD9mVCrb/jYKa+sbm1vF7dLO7t5+2Tw47MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn9zO/O4jEZJG/EFNY+KGaMRpQDFSWvLMclV6qVPPznWrX2Rnnlmxa/Yc1ipxclKBHC3P/BoMI5yEhCvMkJR9x46VmyKhKGYkKw0SSWKEJ2hE+ppyFBLppvPDM+tUK0MriIQurqy5+nsjRaGU09DXkyFSY7nszcT/vH6igms3pTxOFOF48VCQMEtF1iwFa0gFwYpNNUFYUH2rhcdIIKx0ViUdgrP85VXSqdecRq1xf1lp3uRxFOEYTqAKDlxBE+6gBW3AkMAzvMKb8WS8GO/Gx2K0YOQ7R/AHxucPKzuSJA==</latexit>

(s12 + s23)
<latexit sha1_base64="fz0Mbk3T5U06mZ782Gsz/nKevGc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRKV6kYounFZwT6gDWEynbRDJ5MwcyOGkP6KGxeKuPVD3Pk3TtsstHpg4HDOvdwzx485U2DbX0ZpZXVtfaO8Wdna3tndM/cPOipKJKFtEvFI9nysKGeCtoEBp71YUhz6nHb9yc3M7z5QqVgk7iGNqRvikWABIxi05JnVAdBHyIJI5lPlZc5ZfmV7Zs2u23NYf4lTkBoq0PLMz8EwIklIBRCOleo7dgxuhiUwwmleGSSKxphM8Ij2NRU4pMrN5uFz61grQ0sH0E+ANVd/bmQ4VCoNfT0ZYhirZW8m/uf1Ewgu3YyJOAEqyOJQkHALImvWhDVkkhLgqSaYSKazWmSMJSag+6roEpzlL/8lndO606g37s5rzeuijjI6REfoBDnoAjXRLWqhNiIoRU/oBb0aU+PZeDPeF6Mlo9ipol8wPr4B4leU7Q==</latexit>

for s13 = 0

<latexit sha1_base64="5RVH4Wzs02SNu2jEkztx68QNJwU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EqhePFewHtEvJptk2NJusSVYoS/0RXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhjcTv/lIlWZS3JtRTP0I9wULGcHGSq2r7hl6QpeoWyy5ZXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9N7x+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOGnTMSJoYLMFoUJR0aiyfOoxxQlho8swUQxeysiA6wwMTaigg3Bm395kTROyl6lXLk7LVWvszjycACHcAwenEMVbqEGdSDA4Rle4c15cF6cd+dj1ppzspl9+APn8wctzo7F</latexit>

A5 =
L

F
G

B

P
U'''646-"6

<latexit sha1_base64="zVPia6XMmnpm7sYKnALMub6b2PI=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQ+qptCrRuXFewD2hAm00k7dDIJMxOhxODGX3HjQhG3foU7/8ZJm4W2HrhwOOde7r3HixiVyrK+jYXFpeWV1cJacX1jc2vb3NltyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsbXWd++54ISUN+p8YRcQI04NSnGCktueb+AF655706HTy4iXQT+zStWimswqJrlqyyNQGcJ3ZOSiBHwzW/ev0QxwHhCjMkZde2IuUkSCiKGUmLvViSCOERGpCuphwFRDrJ5IUUHmmlD/1Q6OIKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfIvnYTyKFaE4+kiP2ZQhTDLA/apIFixsSYIC6pvhXiIBMJKp5aFYM++PE9aJ2W7Uq7cnpVq9TyOAjgAh+AY2OAC1MANaIAmwOARPINX8GY8GS/Gu/ExbV0w8pk98AfG5w9GvJVv</latexit>

gA5

!
!
!
s13 =0

=
<latexit sha1_base64="wCVY0a2tuUT9jVTkL4/Y2NRZeBI=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgKiRt+siu6MZlBfuANpbJdNIOnTyYmQglZOHGX3HjQhG3foQ7/8bpQ1DRA5d7OOdeZu7xYkaFNM0PLbe2vrG5ld8u7Ozu7R/oh0cdESUckzaOWMR7HhKE0ZC0JZWM9GJOUOAx0vWmF3O/e0u4oFF4LWcxcQM0DqlPMZJKGupFOPA5wun4xs5SMUytcgZVK1eyrDDUS6ZhVh27XoamUTUtx64o4jgNu1aFlmEuUAIrtIb6+2AU4SQgocQMCdG3zFi6KeKSYkaywiARJEZ4isakr2iIAiLcdHFEBk+VMoJ+xFWFEi7U7xspCoSYBZ6aDJCciN/eXPzL6yfSb7gpDeNEkhAvH/ITBmUE54nAEeUESzZTBGFO1V8hniAVilS5zUP4uhT+Tzplw6oZtSu71DxfxZEHRXACzoAF6qAJLkELtAEGd+ABPIFn7V571F601+VoTlvtHIMf0N4+AeIQl6U=</latexit>

g4

s12s23

<latexit sha1_base64="a+HdKU7d+/hTVYcnzV56g9ycVZc=">AAACOXicbVDNS8MwHE3n16xfVY9egkMQhNFuc3ocevE4wX3AVkeapVtYmpYkFUbpv+XF/8Kb4MWDIl79B8zWHnTzQcjjvfcj+T0vYlQq234xCiura+sbxU1za3tnd8/aP2jLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIx5tcz/zOAxGShvxOTSPiBmjEqU8xUloaWM2zvi8QTkb3tTSRg6RSTaG+nPM0NResai2zKsuWjsMskQ6skl2254DLxMlJCeRoDqzn/jDEcUC4wgxJ2XPsSLkJEopiRlKzH0sSITxBI9LTlKOASDeZb57CE60MoR8KfbiCc/X3RIICKaeBp5MBUmO56M3E/7xerPxLN6E8ihXhOHvIjxlUIZzVCIdUEKzYVBOEBdV/hXiMdCdKl23qEpzFlZdJu1J26uX6ba3UuMrrKIIjcAxOgQMuQAPcgCZoAQwewSt4Bx/Gk/FmfBpfWbRg5DOH4A+M7x8jrqyM</latexit>

+
g4

s23s15
+

g4

s34s12
+

g4

s15s34

<latexit sha1_base64="iwxqWvXzmIWDRQ441sqj8Lar6nc=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARKkKZKVLdCEU3LivYB7TjkEnTNm0mE5KMUMYu/BU3LhRx62+4829M21lo64ELh3Pu5d57AsGo0o7zbWWWlldW17LruY3Nre0de3evrqJYYlLDEYtkM0CKMMpJTVPNSFNIgsKAkUYwvJ74jQciFY34nR4J4oWox2mXYqSN5NsHyk/oYAwvYUH4FJ5C4Q9O7ku+nXeKzhRwkbgpyYMUVd/+anciHIeEa8yQUi3XEdpLkNQUMzLOtWNFBMJD1CMtQzkKifKS6f1jeGyUDuxG0hTXcKr+nkhQqNQoDExniHRfzXsT8T+vFevuhZdQLmJNOJ4t6sYM6ghOwoAdKgnWbGQIwpKaWyHuI4mwNpHlTAju/MuLpF4quuVi+fYsX7lK48iCQ3AECsAF56ACbkAV1AAGj+AZvII368l6sd6tj1lrxkpn9sEfWJ8/YSuUaQ==</latexit>

sij = ( pi + pj )2



<latexit sha1_base64="OufUzkit5Cp1bnvM3Nw6JRVf2EE="></latexit>

A5 =
g3

s12s123
+

g3

s23s234
+

g3

s34s345
+

g3

s45s451
+

g3

s51s512

<latexit sha1_base64="S/QOlkWymK9vvBveyn2sRdWE7O0=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkmV6rHoxWMF+wFtKJvtpF262YTdjVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZq637mVS+n/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/m5U3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeONnXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQ0YbgLb+8SlrViler1B6uyvXbPI4CnMIZXIAH11CHe2hAExiM4Rle4c1JnBfn3flYtK45+cwJ/IHz+QOywI8r</latexit>s123

<latexit sha1_base64="Hv+G7ny0SYMpyw/KovbpwotE04s=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQEUpSpLoRim5cVrAPaGOYTKftNJNkmJkIJXTlxl9x40IRt36DO//GaZqFth64l8M59zJzj8cZlcqyvo3c0vLK6lp+vbCxubW9Y+7uNWUUC0waOGKRaHtIEkZD0lBUMdLmgqDAY6Tl+ddTv/VAhKRReKfGnDgBGoS0TzFSWnLNQ+kmdORP4CUscZfCU8jdUdr9k/uKaxatspUCLhI7I0WQoe6aX91ehOOAhAozJGXHtrhyEiQUxYxMCt1YEo6wjwako2mIAiKdJD1jAo+10oP9SOgKFUzV3xsJCqQcB56eDJAaynlvKv7ndWLVv3ASGvJYkRDPHurHDKoITjOBPSoIVmysCcKC6r9CPEQCYaWTK+gQ7PmTF0mzUrar5ertWbF2lcWRBwfgCJSADc5BDdyAOmgADB7BM3gFb8aT8WK8Gx+z0ZyR7eyDPzA+fwC+V5a/</latexit>

sijk = ( pi + pj + pk )2

<latexit sha1_base64="vYRBG+R60foDl/2lBqXmWukiQrA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtUj0WvXisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tEEdoikkvVDbCmnAnaMsxw2o0VxVHAaSeY3GZ+54kqzaR4MNOY+hEeCRYygo2V2nqQ1i5mg3LFrbpzoFXi5aQCOZqD8ld/KEkSUWEIx1r3PDc2foqVYYTTWamfaBpjMsEj2rNU4IhqP51fO0NnVhmiUCpbwqC5+nsixZHW0yiwnRE2Y73sZeJ/Xi8x4bWfMhEnhgqyWBQmHBmJstfRkClKDJ9agoli9lZExlhhYmxAJRuCt/zyKmnXql69Wr+/rDRu8jiKcAKncA4eXEED7qAJLSDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wdBro7w</latexit>s23

<latexit sha1_base64="bIp6CkGEpD6pbnsQrTXLw/NP7AA=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0WoCCVJpbosunFZwT6gjWEynbRDJw9mJkIJ+Q83/oobF4q4Elz4N06TLLT1wnDPOfde7tzjRowKaRjfWmlldW19o7xZ2dre2d3T9w+6Iow5Jh0cspD3XSQIowHpSCoZ6UecIN9lpOdOr+f13gPhgobBnZxFxPbROKAexUgqydEtOPQ4wsn4vlETTmJa6ZlKViM9TZOcw5zDjKmcOnrVqBtZwGVgFqAKimg7+udwFOLYJ4HEDAkxMI1I2gnikmJG0sowFiRCeIrGZKBggHwi7CS7LYUnShlBL+TqBRJm6u+JBPlCzHxXdfpITsRibS7+VxvE0ru0ExpEsSQBzhd5MYMyhHOj4IhygiWbKYAwp+qvEE+Q8koqOyvKBHPx5GXQtepms968Pa+2rgo7yuAIHIMaMMEFaIEb0AYdgMEjeAav4E170l60d+0jby1pxcwh+BPa1w8iF5+e</latexit>

g3(s12 + s23)
s12s23s123

<latexit sha1_base64="vGV4VhkJRW3yhdtrQzz5n+5GfYI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyxCRShJleqy6MZlBfuANoTJdNIOnUzCzESoIV/ixoUibv0Ud/6N0zYLbT1wuYdz7mXuHD9mVCrb/jYKa+sbm1vF7dLO7t5+2Tw47MgoEZi0ccQi0fORJIxy0lZUMdKLBUGhz0jXn9zO/O4jEZJG/EFNY+KGaMRpQDFSWvLMclV6qVPPznWrX2Rnnlmxa/Yc1ipxclKBHC3P/BoMI5yEhCvMkJR9x46VmyKhKGYkKw0SSWKEJ2hE+ppyFBLppvPDM+tUK0MriIQurqy5+nsjRaGU09DXkyFSY7nszcT/vH6igms3pTxOFOF48VCQMEtF1iwFa0gFwYpNNUFYUH2rhcdIIKx0ViUdgrP85VXSqdecRq1xf1lp3uRxFOEYTqAKDlxBE+6gBW3AkMAzvMKb8WS8GO/Gx2K0YOQ7R/AHxucPKzuSJA==</latexit>

(s12 + s23)
<latexit sha1_base64="fz0Mbk3T5U06mZ782Gsz/nKevGc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRKV6kYounFZwT6gDWEynbRDJ5MwcyOGkP6KGxeKuPVD3Pk3TtsstHpg4HDOvdwzx485U2DbX0ZpZXVtfaO8Wdna3tndM/cPOipKJKFtEvFI9nysKGeCtoEBp71YUhz6nHb9yc3M7z5QqVgk7iGNqRvikWABIxi05JnVAdBHyIJI5lPlZc5ZfmV7Zs2u23NYf4lTkBoq0PLMz8EwIklIBRCOleo7dgxuhiUwwmleGSSKxphM8Ij2NRU4pMrN5uFz61grQ0sH0E+ANVd/bmQ4VCoNfT0ZYhirZW8m/uf1Ewgu3YyJOAEqyOJQkHALImvWhDVkkhLgqSaYSKazWmSMJSag+6roEpzlL/8lndO606g37s5rzeuijjI6REfoBDnoAjXRLWqhNiIoRU/oBb0aU+PZeDPeF6Mlo9ipol8wPr4B4leU7Q==</latexit>

for s13 = 0

<latexit sha1_base64="5RVH4Wzs02SNu2jEkztx68QNJwU=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVrV6EqhePFewHtEvJptk2NJusSVYoS/0RXjwo4tW/481/Y9ruQVsfDDzem2FmXhBzpo3rfju5peWV1bX8emFjc2t7p7i719AyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhjcTv/lIlWZS3JtRTP0I9wULGcHGSq2r7hl6QpeoWyy5ZXcKtEi8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6LnQSTWNMhrhP25YKHFHtp9N7x+jIKj0USmVLGDRVf0+kONJ6FAW2M8JmoOe9ifif105MeOGnTMSJoYLMFoUJR0aiyfOoxxQlho8swUQxeysiA6wwMTaigg3Bm395kTROyl6lXLk7LVWvszjycACHcAwenEMVbqEGdSDA4Rle4c15cF6cd+dj1ppzspl9+APn8wctzo7F</latexit>

A5 =
L

F
G

B

P
U'''646-"6

<latexit sha1_base64="zVPia6XMmnpm7sYKnALMub6b2PI=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQ+qptCrRuXFewD2hAm00k7dDIJMxOhxODGX3HjQhG3foU7/8ZJm4W2HrhwOOde7r3HixiVyrK+jYXFpeWV1cJacX1jc2vb3NltyTAWmDRxyELR8ZAkjHLSVFQx0okEQYHHSNsbXWd++54ISUN+p8YRcQI04NSnGCktueb+AF655706HTy4iXQT+zStWimswqJrlqyyNQGcJ3ZOSiBHwzW/ev0QxwHhCjMkZde2IuUkSCiKGUmLvViSCOERGpCuphwFRDrJ5IUUHmmlD/1Q6OIKTtTfEwkKpBwHnu4MkBrKWS8T//O6sfIvnYTyKFaE4+kiP2ZQhTDLA/apIFixsSYIC6pvhXiIBMJKp5aFYM++PE9aJ2W7Uq7cnpVq9TyOAjgAh+AY2OAC1MANaIAmwOARPINX8GY8GS/Gu/ExbV0w8pk98AfG5w9GvJVv</latexit>

gA5

!
!
!
s13 =0

=
<latexit sha1_base64="wCVY0a2tuUT9jVTkL4/Y2NRZeBI=">AAACBHicdVDLSsNAFJ3UV62vqMtuBovgKiRt+siu6MZlBfuANpbJdNIOnTyYmQglZOHGX3HjQhG3foQ7/8bpQ1DRA5d7OOdeZu7xYkaFNM0PLbe2vrG5ld8u7Ozu7R/oh0cdESUckzaOWMR7HhKE0ZC0JZWM9GJOUOAx0vWmF3O/e0u4oFF4LWcxcQM0DqlPMZJKGupFOPA5wun4xs5SMUytcgZVK1eyrDDUS6ZhVh27XoamUTUtx64o4jgNu1aFlmEuUAIrtIb6+2AU4SQgocQMCdG3zFi6KeKSYkaywiARJEZ4isakr2iIAiLcdHFEBk+VMoJ+xFWFEi7U7xspCoSYBZ6aDJCciN/eXPzL6yfSb7gpDeNEkhAvH/ITBmUE54nAEeUESzZTBGFO1V8hniAVilS5zUP4uhT+Tzplw6oZtSu71DxfxZEHRXACzoAF6qAJLkELtAEGd+ABPIFn7V571F601+VoTlvtHIMf0N4+AeIQl6U=</latexit>

g4

s12s23

<latexit sha1_base64="a+HdKU7d+/hTVYcnzV56g9ycVZc=">AAACOXicbVDNS8MwHE3n16xfVY9egkMQhNFuc3ocevE4wX3AVkeapVtYmpYkFUbpv+XF/8Kb4MWDIl79B8zWHnTzQcjjvfcj+T0vYlQq234xCiura+sbxU1za3tnd8/aP2jLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIx5tcz/zOAxGShvxOTSPiBmjEqU8xUloaWM2zvi8QTkb3tTSRg6RSTaG+nPM0NResai2zKsuWjsMskQ6skl2254DLxMlJCeRoDqzn/jDEcUC4wgxJ2XPsSLkJEopiRlKzH0sSITxBI9LTlKOASDeZb57CE60MoR8KfbiCc/X3RIICKaeBp5MBUmO56M3E/7xerPxLN6E8ihXhOHvIjxlUIZzVCIdUEKzYVBOEBdV/hXiMdCdKl23qEpzFlZdJu1J26uX6ba3UuMrrKIIjcAxOgQMuQAPcgCZoAQwewSt4Bx/Gk/FmfBpfWbRg5DOH4A+M7x8jrqyM</latexit>

+
g4

s23s15
+

g4

s34s12
+

g4

s15s34

<latexit sha1_base64="KA3YfNTQsal/Z6wvitc6a1DgWt4=">AAACXXicdVHNT8IwHO2mKExE1IMHL43EBA+SbSB6MSF68YiJfCSApCvdaOg+0nYmZOGf9KYX/xXLWIwCvqTJy3u/149XJ2JUSNP80PSd3dzefr5gHBQPS0fl45OuCGOOSQeHLOR9BwnCaEA6kkpG+hEnyHcY6Tmzx6XfeyNc0DB4kfOIjHzkBdSlGEkljcvyfuhQz6tCA17DocsRTrxXe5GIcWLZi4WxId4oMY1cGf8m7fqWZL3xkxyXK2bNTAE3iZWRCsjQHpffh5MQxz4JJGZIiIFlRnKUIC4pZkRtGwsSITxDHhkoGiCfiFGStrOAl0qZQDfkagUSpurvRIJ8Iea+oyZ9JKdi3VuK27xBLN27UUKDKJYkwKuD3JhBGcJl1XBCOcGSzRVBmFN1V4inSHUi1YcYqgRr/cmbpGvXrGat+dyotB6yOvLgHFyAKrDALWiBJ9AGHYDBpwa0gmZoX3pOL+ql1aiuZZlT8Af62TciNrEr</latexit>

=
!

!
g2

s12
!

g2

s15

"!
!

g2

s23
!

g2

s34

"
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= A4(s12, s15)A4(s23, s34)
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sij = ( pi + pj )2



EFTs with Hidden Zero Splitting

We are going to bootstrap unitary EFTs with Hidden Zero Splits

This is a proto-type example to demonstrate how 
information from higher-point amplitudes can further carve out
the allowed space of Wilson coefficients in the 4-point amplitude



4-point 
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f (s, u) = f (u, s)
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A4(s, u) = ! t f (s, u)

Most general EFT ansatz

'""$()
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Zero-subtracted dispersion relations for all #!%" 
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A4(s, u) = ! t f (s, u)

Convex (as usually) 



5-point

Ð shared a broad class ofhidden zerosÐ simple loci in kinematic space where the amplitude
vanishes. These were Þrst understood in the context of Tr(! 3) theory, since the respective
amplitudes can be formulated geometrically through the canonical form of a polytope living
in kinematic space Ð the ABHY associahedron

Arkani-Hamed:2017mur
[32]. From this viewpoint, the zeros of the

amplitude correspond to limits where the polytope collapses in dimension, and these are
straightforward to derive.

Additionally, looking at these limits via the geometry suggested that near the zero the
amplitude also has a predictable behaviour, in particular, it becomes the product of lower-
point amplitudes Ð these are calledsplits

Arkani-Hamed:2023swr,Arkani-Hamed:2024fyd
[30, 31]. As a consequence of unitarity, tree-level

amplitudes factorize on the locus where an internal propagator goes on-shell, however these
new splits correspond to kinematicsaway from poles where a similar factorization happens.

In a pure Tr( ! 3) theory, these hidden zeros and splits can be described in a remark-
ably simple way. A generic n-point amplitude can be written as a sum over color-ordered
amplitudes

Elvang:2013cua
[33]

A n =
!

perms !

A n [1! (2 . . . n)]Tr[ Ta1 T ! (a2 á á áTan ) ] , (1.1)

where g is the three point coupling and the scalars transform in the adjoint of a group with
generatorsTa. HE It seems to me that we do NOT want to strip o ! the g-factors
The color ordering

A n[12. . . n] (1.2)

receives contributions only from planar channels such that, for example, the four point Tr(! 3)
amplitude can be written

A 4[1234] = A 4(s, u) =
g2

s
+

g2

u
(1.3) eq:A4

where we order the momenta cyclically and have chosen the convention

s = ! (p1 + p2)2 , t = ! (p1 + p3)2 , u = ! (p1 + p4)2 (1.4)

with all momenta outgoing. The associatedhidden zeroof the 4-point amplitude (2.1) is then
given by the locuss + u = 0 " ! t = 0, for which A 4(s, ! s) = 0.

The 5-point color-ordered amplitude is

A 5[12345] =
g3

s12s123
+ cyclic . (1.5)

This amplitude vanishes on the hidden zero locuss13 = s14 = 0 as well as on the cyclic
permutations of these constraints. As explained in

Arkani-Hamed:2023swr
[30], starting from these 5-point zero we

can derive the simplest type of split factorization by relaxing one of the hidden zero constraints
Ð these are calledskinny zero factorization Ð from which we get:

A 5

"
"
"
s13 =0

= A 4(s12, s15) # A 4(s23, s34),

A 5

"
"
"
s14 =0

= A 4(s12, s15) # A 4(s45, s34),
(1.6) eq:5ptSplit

Ð 3 Ð

Imposing hidden zeros (A"  vanishes for s$%=s$&=0) does not constrain 
4-point Wilson coefficients ak,q, but…

Impose the splits

order-by-order in the Mandelstam expansion 

A"####=                              +                           +  
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5-point

We now proceed to match the polynomial contributions. Moving all terms to one side of
the equation, (2.4) requires the vanishing of

0 = g2
!!

n=1

X n" 1
2,4

n!
! nA C

4 (X 1,3, X 2,5)
! X n

1,3
+ g2

!!

n=1

X n" 1
1,3

n!
! nA C

4 (X 2,4, X 3,5)
! X n

2,4
(2.14) 5ptmaster

+ g2 ÷A C
4 (X 1,3, X 2,4) ! gA C

5

"
X 2,4 = X 1,4 + X 2,5

#
+ A C

4

"
X 1,3, X 2,5

#
A C

4

"
X 2,4, X 3,5

#
.

Equation (2.14) is now solved order-by-order in theX -expansion. At the lowest orders, we
Þnd

O(X 0) : w0,0 = 3ga0,0 , O(X 1) : w1,0 = 2ga1,0 , (2.15)

so this fully Þxes the Þrst two 5-point Wilson coe! cients.
The next order, O(X 2), is more interesting. This is the lowest order for which nonlinear

constraints on the 4-point Wilson coe! cients ak,q arise. Including selectO(X 2) mononomials
in the expansion of from (2.14), we Þnd

0 =X 2
2,5

$
g2a2,0 + g2a2,1 ! gw2,0

%
+ X 1,3X 2,5

$
2g2a2,0 + 2g2a2,1 ! 2gw2,2

%

+ X 2,5X 3,5
$
a2

0,0 ! gw2,1
%

+ X 2
1,3

$
5g2a2,0 ! 2gw2,0 ! gw2,1

%
+ . . .

(2.16)

The vanishing of the Þrst three coe! cients Þx the three 5-point Wilson coe! cients w2,j .
Then setting the X 2

1,3-coe! cient to zero gives a nontrivial relation among the 4-point Wilson
coe! cients a2,0, a2,1, and a2

0,0. With these relations, all other O(X 2) terms on the right hand
side of (2.14) vanish. Thus, at this order we determined

w2,0 = w2,2 =
5
2

g a2,0 !
1
2g

a2
0,0 , w2,1 =

a2
0,0

g
, a2,1 =

3
2

a2,0 !
1

2g2 a2
0,0 , (2.17)

It may seem surprising that constraints on the 4-point coe! cients ak,q arise from the poly-
nomial terms in (2.14) when the 5-point ansatz (2.8) per construction includes all cyclic
polynomial terms with free coe! cients wi,j . However, the product A 4 " A 4 on the RHS of
the splitting formula ( 2.4) and the particular kinematic limit taken breaks the cyclic sym-
metry. Thus, there is a larger class of local polynomials that can be produced in the special
kinematic limit from the terms in A 4 " A 4 and the polynomials terms from A (1)

5 than from
the particular kinematic limit of the cyclic polynomials in A C

5 .
So far we have worked only with the Þrst 5-point split (2.4). However, as we extend the

analysis to higher orders in the momentum expansion, we have to impose both 5-point splits,
(2.4) and (2.5), to derive all the constraints.4 Working up to O(X 14), we Þnd that all ak,q are
Þxed except theak,0 which remain as the only free parameters in the low-energy ansatz of the
4-point EFT amplitude. The nonlinear constraints for k = 2 , 3, 4, 5, 6 are listed explicitly in
Table 1. If g2 is counted as a single power of anak,q-coe! cient, then the nonlinear constraints
are homogeneous in powers ofak,q.

4The remaining 5-point splits are related to these two by cyclic permutations, so they are all automatically
satisÞed since our 5 point ansatz is cyclically invariant.

Ð 9 Ð

k Non-linear constraints on ak,q

2 a2,1 = 3
2a2,0 ! 1

2g2 a2
0,0

3 a3,1 = 2a3,0 ! 1
g2 a1,0a0,0.

4 a4,1 = 5
2a4,0 ! 1

g2 a0,0a2,0 ! 1
2g2 a2

0,0 , a4,2 = 10
3 a4,0 ! 1

g2 a2
1,0 ! 3

2g2 a2,0a0,0 + 1
6g4 a3

0,0

5
a5,1 = 3a5,0 ! 1

g2 a2,0a1,0 ! 1
g2 a3,0a0,0 ,

a5,2 = 5a5,0 ! 5
2g2 a2,0a1,0 ! 2

g2 a3,0a0,0 + 1
2g4 a1,0a2

0,0

6

a6,1 = 7
2a6,0 ! 1

g2 a3,0a1,0 ! 1
g2 a4,0a0,0 ! 1

2g2 a2
2,0 ,

a6,2 = 7a6,0 ! 3
2g2 a2

2,0 ! 3
g2 a3,0a1,0 ! 5

2g2 a4,0a0,0 + 1
2g4 a2

1,0a0,0 + 1
2g4 a2,0a2

0,0

a6,3 = 35
4 a6,0 ! 17

8g2 a2
2,0 ! 4

g2 a3,0a1,0 ! 10
3g2 a4,0a0,0 + 1

g4 a2
1,0a0,0 + 3

4g4 a2,0a2
0,0 ! 1

24g6 a4
0,0

Table 1: Nonlinear constraints on the 4-point Wilson coe! cients, ak,q , up to k = 6, from imposingtab:Constraintsk6
the 5-point splits (2.4)-(2.5).

Up to and including O(X 4), all 5-point coe! cients wi,j are also Þxed in terms of the 4-
point Wilson coe! cients ak,q, but this is not the case at higher orders. SpeciÞcally, atO(X 5),
25 of the 26 independent Wilson coe! cients are Þxed in terms of theak,qÕs while a singlesingle
unÞxed 5-point local term. We can understand this freedom in the parameterization because
O(X 5) is Þrst order at which there exists a cyclically symmetric polynomial in the X i,j that
vanishes at the locus of the splits (1.6), and therefore it drops out of all the constraints. At
higher orders, any cyclic invariant polynomials times this O(X 5) will be left free.

A natural question is whether the splitting conditions at 6- and higher point further
constrain the ak,qÕs andwi,j Õs. As we discuss in appendixA, the 6-point splits (e.g. A 6 "
A 5 # A 4) do not impose any new constraints between theak,qÕs, but they let us Þx certain
5-point coe! cients.

For the rest of this paper we solely focus on the non-linear constraints we obtain from
the two split factorizations of A 5 " A 4 # A 4 given in (2.4)-(2.5). Before proceding to the
dispersion relations, let us pause to discuss standard examples of crossing symmetric scalar
amplitudes in the context of nonlinear constraints in Table 1.

2.3 Example Amplitudes
sec:examps

In the Introduction, we discussed the beta function amplitude (1.10). Comparing it to our
general low-energy expansion, we haveg2 = 1 / ! !. It is easy to see that its lowest-order
Wilson coe! cients (1.11) satisfy the nonlinear constraints found from the 5-point splitting
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This fixes all the 5-point contact terms completely up to O(s&) and in addition
we find nonlinear constraints among the 4-point Wilson coefficients

etc.    In fact, only the ak,0 remain free.
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To implement this into the bootstrap, solve for g!  to get

with Þxed-t, and so the contour deformation for bk,k picks up a contribution from inÞnity.
Therefore, we must eliminate thebk,k coe! cient from (3.6) to have convergent null relations,
which gives us the null constraint

0 = ak,q !
!

k
q

"
ak,0 !

k! 1#

q! = q

(! 1)q!
!

q"

q

"
bk,q! +

!
k
q

" k! 1#

q! =0

(! 1)q!
bk,q! . (3.8) asfrombs1sdr

Together, these Þxed-u and Þxed-t null constraints carve out the space of amplitudes satisfying
the low-energy hidden zero constraintA 4(s, ! s) = 0.

3.2 Linearizing Constraints and Basic Bounds

The splitting conditions on the low-energy coe! cients can also be treated as constraints on
the spectral density f j (y). However, there are two technical issues which present independent
challenges for implementing the constraints given in1 directly. The Þrst, which is overcome
simply, is that the three point coupling of the massless states,g, appears in the constraints.
This three point coupling cannot be written dispersively with our assumed Regge behaviour,
and so we cannot write a dispersion relation using the exact constraints given in Table1.
Instead, we must Þrst eliminate g2 from these equations, and only then can we proceed to
write down new null constraints. We choose to do this by using thek = 2 null constraint to
solve for g2:

g2 =
a0,0

2a2,1 ! 3a2,0
. (3.9)

We can then replaceg2 in the higher k conditions and get constraints purely in terms of the
Wilson coe! cients.

The second issue is that the nonlinearity means the bootstrap with splitting conditions
cannot be phrased directly as a semideÞnite optimization problem: the conditions do not
correspond to the semideÞnite positivity of matrices. In fact, the splitting conditions are not
even convex. In order to implement these splitting conditions in general, then, we would need
to use some generic, non-convex optimization scheme.6

In this paper, we resolve this issue in a more modest way; we Þx certain combinations of
coe! cients and, given the splitting constraints involving coe! cients up to somekmax , we then
impose only the constraints which are linear in terms of unÞxed coe! cients. For example,
the only constraint at kmax = 3 is

0 =
3a2,0 ! 2a2,1

a0,0
a1,0 ! 2a3,0 + a3,1 , (3.10)

6For example, one could bound the space with the splitting conditions imposed directly on the Wilson
coe! cients using the analytic bounds described in

Arkani-Hamed:2020blm,Chiang:2021ziz
[5, 8]. However, this method quickly becomes computation-

ally ine! cient and it is also not known how to implement the Þxed- t null constraints purely in terms of ak,q

coe! cients.
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We now proceed to match the polynomial contributions. Moving all terms to one side of
the equation, (2.4) requires the vanishing of

0 = g2
!!

n=1

X n" 1
2,4

n!
! nA C

4 (X 1,3, X 2,5)
! X n

1,3
+ g2

!!

n=1

X n" 1
1,3

n!
! nA C

4 (X 2,4, X 3,5)
! X n

2,4
(2.14) 5ptmaster

+ g2 ÷A C
4 (X 1,3, X 2,4) ! gA C

5

"
X 2,4 = X 1,4 + X 2,5

#
+ A C

4

"
X 1,3, X 2,5

#
A C

4

"
X 2,4, X 3,5

#
.

Equation (2.14) is now solved order-by-order in theX -expansion. At the lowest orders, we
Þnd

O(X 0) : w0,0 = 3ga0,0 , O(X 1) : w1,0 = 2ga1,0 , (2.15)

so this fully Þxes the Þrst two 5-point Wilson coe! cients.
The next order, O(X 2), is more interesting. This is the lowest order for which nonlinear

constraints on the 4-point Wilson coe! cients ak,q arise. Including selectO(X 2) mononomials
in the expansion of from (2.14), we Þnd

0 =X 2
2,5

$
g2a2,0 + g2a2,1 ! gw2,0

%
+ X 1,3X 2,5

$
2g2a2,0 + 2g2a2,1 ! 2gw2,2

%

+ X 2,5X 3,5
$
a2

0,0 ! gw2,1
%

+ X 2
1,3

$
5g2a2,0 ! 2gw2,0 ! gw2,1

%
+ . . .

(2.16)

The vanishing of the Þrst three coe! cients Þx the three 5-point Wilson coe! cients w2,j .
Then setting the X 2

1,3-coe! cient to zero gives a nontrivial relation among the 4-point Wilson
coe! cients a2,0, a2,1, and a2

0,0. With these relations, all other O(X 2) terms on the right hand
side of (2.14) vanish. Thus, at this order we determined

w2,0 = w2,2 =
5
2

g a2,0 !
1
2g

a2
0,0 , w2,1 =

a2
0,0

g
, a2,1 =

3
2

a2,0 !
1

2g2 a2
0,0 , (2.17)

It may seem surprising that constraints on the 4-point coe! cients ak,q arise from the poly-
nomial terms in (2.14) when the 5-point ansatz (2.8) per construction includes all cyclic
polynomial terms with free coe! cients wi,j . However, the product A 4 " A 4 on the RHS of
the splitting formula ( 2.4) and the particular kinematic limit taken breaks the cyclic sym-
metry. Thus, there is a larger class of local polynomials that can be produced in the special
kinematic limit from the terms in A 4 " A 4 and the polynomials terms from A (1)

5 than from
the particular kinematic limit of the cyclic polynomials in A C

5 .
So far we have worked only with the Þrst 5-point split (2.4). However, as we extend the

analysis to higher orders in the momentum expansion, we have to impose both 5-point splits,
(2.4) and (2.5), to derive all the constraints.4 Working up to O(X 14), we Þnd that all ak,q are
Þxed except theak,0 which remain as the only free parameters in the low-energy ansatz of the
4-point EFT amplitude. The nonlinear constraints for k = 2 , 3, 4, 5, 6 are listed explicitly in
Table 1. If g2 is counted as a single power of anak,q-coe! cient, then the nonlinear constraints
are homogeneous in powers ofak,q.

4The remaining 5-point splits are related to these two by cyclic permutations, so they are all automatically
satisÞed since our 5 point ansatz is cyclically invariant.
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k Non-linear constraints on ak,q

2 a2,1 = 3
2a2,0 ! 1

2g2 a2
0,0

3 a3,1 = 2a3,0 ! 1
g2 a1,0a0,0.

4 a4,1 = 5
2a4,0 ! 1

g2 a0,0a2,0 ! 1
2g2 a2

0,0 , a4,2 = 10
3 a4,0 ! 1

g2 a2
1,0 ! 3

2g2 a2,0a0,0 + 1
6g4 a3

0,0

5
a5,1 = 3a5,0 ! 1

g2 a2,0a1,0 ! 1
g2 a3,0a0,0 ,

a5,2 = 5a5,0 ! 5
2g2 a2,0a1,0 ! 2

g2 a3,0a0,0 + 1
2g4 a1,0a2

0,0

6

a6,1 = 7
2a6,0 ! 1

g2 a3,0a1,0 ! 1
g2 a4,0a0,0 ! 1

2g2 a2
2,0 ,

a6,2 = 7a6,0 ! 3
2g2 a2

2,0 ! 3
g2 a3,0a1,0 ! 5

2g2 a4,0a0,0 + 1
2g4 a2

1,0a0,0 + 1
2g4 a2,0a2

0,0

a6,3 = 35
4 a6,0 ! 17

8g2 a2
2,0 ! 4

g2 a3,0a1,0 ! 10
3g2 a4,0a0,0 + 1

g4 a2
1,0a0,0 + 3

4g4 a2,0a2
0,0 ! 1

24g6 a4
0,0

Table 1: Nonlinear constraints on the 4-point Wilson coe! cients, ak,q , up to k = 6, from imposingtab:Constraintsk6
the 5-point splits (2.4)-(2.5).

Up to and including O(X 4), all 5-point coe! cients wi,j are also Þxed in terms of the 4-
point Wilson coe! cients ak,q, but this is not the case at higher orders. SpeciÞcally, atO(X 5),
25 of the 26 independent Wilson coe! cients are Þxed in terms of theak,qÕs while a singlesingle
unÞxed 5-point local term. We can understand this freedom in the parameterization because
O(X 5) is Þrst order at which there exists a cyclically symmetric polynomial in the X i,j that
vanishes at the locus of the splits (1.6), and therefore it drops out of all the constraints. At
higher orders, any cyclic invariant polynomials times this O(X 5) will be left free.

A natural question is whether the splitting conditions at 6- and higher point further
constrain the ak,qÕs andwi,j Õs. As we discuss in appendixA, the 6-point splits (e.g. A 6 "
A 5 # A 4) do not impose any new constraints between theak,qÕs, but they let us Þx certain
5-point coe! cients.

For the rest of this paper we solely focus on the non-linear constraints we obtain from
the two split factorizations of A 5 " A 4 # A 4 given in (2.4)-(2.5). Before proceding to the
dispersion relations, let us pause to discuss standard examples of crossing symmetric scalar
amplitudes in the context of nonlinear constraints in Table 1.

2.3 Example Amplitudes
sec:examps

In the Introduction, we discussed the beta function amplitude (1.10). Comparing it to our
general low-energy expansion, we haveg2 = 1 / ! !. It is easy to see that its lowest-order
Wilson coe! cients (1.11) satisfy the nonlinear constraints found from the 5-point splitting
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This fixes all the 5-point contact terms completely up to O(s&) and in addition
we find nonlinear constraints among the 4-point Wilson coefficients

etc.    In fact, only the ak,0 remain free.
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A4(s, u) =
! (! ! !s)! (! ! !u)
! (! ! !s ! ! !u)

V.&*+$K'R;K'?"#<."&.2%'!7%'+//.+&0'

<latexit sha1_base64="mEY3l2a9wjuCdQZvLwDNQTK2UFU=">AAACGnicbVDLSgMxFM3UV62vUZdugkVo0ZaZItWNUHTjsoJ9QDuWTJppQzMP8hDKMN/hxl9x40IRd+LGvzFtZ1FbDyScnHMvN/e4EaNCWtaPkVlZXVvfyG7mtrZ3dvfM/YOmCBXHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzRzcRvPRIuaBjcy3FEHB8NAupRjKSWeqbtFcSZKsIrWIJdjyMcDx4qSSxUcjr/LtglUdSXKiY9M2+VrSngMrFTkgcp6j3zq9sPsfJJIDFDQnRsK5JOjLikmJEk11WCRAiP0IB0NA2QT4QTT1dL4IlW+tALuT6BhFN1viNGvhBj39WVPpJDsehNxP+8jpLepRPTIFKSBHg2yFMMyhBOcoJ9ygmWbKwJwpzqv0I8RDoQqdPM6RDsxZWXSbNStqvl6t15vnadxpEFR+AYFIANLkAN3II6aAAMnsALeAPvxrPxanwYn7PSjJH2HII/ML5/AQ9Cnmw=</latexit>

f (s, u) = !
g2

su
+

g2

(1 ! s)(1 ! u)

<latexit sha1_base64="/5SVOil3v/KvoKE5Tqp0LV2fDEM="></latexit>! ! 3

! 2
,

6
" 2

"
! (0.73076, 1.6449)



Spectrum

!

3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
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! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.

Ð 18 Ð

J = 0       for 
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A(s, u) ! 0 for |s| ! "

Recall from earlier in the talk

So, for the bootstrap of f(s,u), the lowest mass state can only be a scalar 

Let’s assume then that we have a scalar at the mass gap and then a cutoff up to the next 
possible massive state.

Inspired by the string, take the cutoff to be 2. 

V.&*+$K'R;K'?"#<."&.2%'!7%'+//.+&0'
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3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>
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<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>
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<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
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<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>
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<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>
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<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.
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<latexit sha1_base64="EC3r8XmRbgcwJvW3zZRMlJu29Fw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK9gPaJeSTbNtaJJdk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WCmMfUFHkkWMoKNlbp9kQwIuq4NyhW36s6BVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+Or93hs6sMkRhpGxJg+bq74kUC62nIrCdApuxXvYy8T+vl5jwyk+ZjBNDJVksChOOTISy59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeqXr1av7+oNG7yOIpwAqdwDh5cQgPuoAktIMDhGV7hzXl0Xpx352PRWnDymWP4A+fzByHVj2Q=</latexit>

µc = 2
<latexit sha1_base64="z8PdVvycZtgIN73rbNz1Sn4nnoc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRT14rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mXR37bmDcsWtunOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88lMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2hdVr1atPVxWGjd5HEU4gVM4Bw/q0IB7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+APqrjY8=</latexit>

D = 10

Already at kmax=3
the allowed region
bifurcates (purple)

kmax=6 is shown in blue

V.&*+$K'R;K'?"#<."&.2%'!7%'+//.+&0'
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3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>
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<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>
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<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>
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<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>
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<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>
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<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.
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<latexit sha1_base64="EC3r8XmRbgcwJvW3zZRMlJu29Fw=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktUr0IRS8eK9gPaJeSTbNtaJJdk6xQlv4JLx4U8erf8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxmfueJKs0i+WCmMfUFHkkWMoKNlbp9kQwIuq4NyhW36s6BVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+Or93hs6sMkRhpGxJg+bq74kUC62nIrCdApuxXvYy8T+vl5jwyk+ZjBNDJVksChOOTISy59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeqXr1av7+oNG7yOIpwAqdwDh5cQgPuoAktIMDhGV7hzXl0Xpx352PRWnDymWP4A+fzByHVj2Q=</latexit>

µc = 2
<latexit sha1_base64="z8PdVvycZtgIN73rbNz1Sn4nnoc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9kVab0IRT14rGA/oF1KNs22oUl2SbJCWfoXvHhQxKt/yJv/xmy7B219MPB4b4aZeUHMmTau++0U1tY3NreK26Wd3b39g/LhUVtHiSK0RSIeqW6ANeVM0pZhhtNurCgWAaedYHKb+Z0nqjSL5KOZxtQXeCRZyAg2mXR37bmDcsWtunOgVeLlpAI5moPyV38YkURQaQjHWvc8NzZ+ipVhhNNZqZ9oGmMywSPas1RiQbWfzm+doTOrDFEYKVvSoLn6eyLFQuupCGynwGasl71M/M/rJSa88lMm48RQSRaLwoQjE6HscTRkihLDp5Zgopi9FZExVpgYG0/JhuAtv7xK2hdVr1atPVxWGjd5HEU4gVM4Bw/q0IB7aEILCIzhGV7hzRHOi/PufCxaC04+cwx/4Hz+APqrjY8=</latexit>

D = 10

Already at kmax=3
the allowed region
Bifurcates (purple)

kmax=6 is shown in blue

Y%%*'"$
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3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have

<latexit sha1_base64="8g0oF6w8iDY7CaOvP68x7gxvq5o=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVFJtUcqk6IdHImcCmYYZjJ1FI4pBjOxzfzvz2EyrNpHgwkwSDmAwFixglxkqtHnLe9/vlilf15nBXiZ+TCuRo9MtfvYGkaYzCUE607vpeYoKMKMMox2mpl2pMCB2TIXYtFSRGHWTza6fumVUGbiSVLWHcufp7IiOx1pM4tJ0xMSO97M3E/7xuaqLrIGMiSQ0KulgUpdw10p297g6YQmr4xBJCFbO3unREFKHGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJFB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+ADiujuo=</latexit>

! 1
<latexit sha1_base64="WRJmALfYpEeyFZim+ompa3rLjLA=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVI9FLx4r2FpoQ9lsJ+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTjm5n/8IRK81jem0mCfkSHkoecUWOldg+F6Nf65Ypbdecgq8TLSQVyNPvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n82un5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rwys+4TFKDki0WhakgJiaz18mAK2RGTCyhTHF7K2EjqigzNqCSDcFbfnmVtGtVr16t311UGtd5HEU4gVM4Bw8uoQG30IQWMHiEZ3iFNyd2Xpx352PRWnDymWP4A+fzBzoyjus=</latexit>

! 2

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="D65qJF2y7yR6ppYY3qYxDJvTPhQ=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9ar42nOAPUDWJ8n4ruqZZatiTYEXiZ2TMsrR8MwvpxfTNGQRUEGU6tpWAm5GJHAq2LjkpIolhA5Jn3U1jUjIlJtNrx/jY630cBBLXRHgqfp7IiOhUqPQ150hgYGa9ybif143heDczXiUpMAiOlsUpAJDjCdR4B6XjIIYaUKo5PpWTAdEEgo6sJIOwZ5/eZG0qhW7VqndnJbrF3kcRXSIjtAJstEZqqMr1EBNRNEjekav6M14Ml6Md+Nj1low8pl99AfG5w8IkpT6</latexit>

µ2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="Uf6egtGJC4dglywgzTSUVKkpAv4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4KkmV6rHoxYtQwX5AG8Nmu2mXbjZhd1Isof/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7t2weHTR2nirIGjUWs2gHRTHDJGsBBsHaiGIkCwVrB8Gbqt0ZMaR7LBxgnzItIX/KQUwJG8m37HN/5XWBPkPVJMnms+HbJKTsz4GXi5qSEctR9+6vbi2kaMQlUEK07rpOAlxEFnAo2KXZTzRJCh6TPOoZKEjHtZbPLJ/jUKD0cxsqUBDxTf09kJNJ6HAWmMyIw0IveVPzP66QQXnkZl0kKTNL5ojAVGGI8jQH3uGIUxNgQQhU3t2I6IIpQMGEVTQju4svLpFkpu9Vy9f6iVLvO4yigY3SCzpCLLlEN3aI6aiCKRugZvaI3K7NerHfrY966YuUzR+gPrM8f5zKTNg==</latexit>

3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2
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! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.
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3.1 Bootstrapping the Spectrum at the Mass Gap

Consider a spin! 1 particle at the mass gap. Using (2.19), we have
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3M 2
gap

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0
<latexit sha1_base64="VNzcZTu1Gbujo3FRxAn81416+iE=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGiV6EoBePEcwDkiXMTnqTIbOz68ysEEJ+wosHRbz6O978GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWandRiF7l2usVS27ZnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yv3dKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+RMuk9SgZItFYSqIicnsedLnCpkRY0soU9zeStiQKsqMjahgQ/CWX14lzUrZq5ar9xel2k0WRx5O4BTOwYNLqMEd1KEBDAQ8wyu8OY/Oi/PufCxac042cwx/4Hz+AC9oj20=</latexit>

! 2 = 1

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="qqKSJiEwWZbidgUyMeooZoUQkCI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3TpZhN2J0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEph0HW/ncLa+sbmVnG7tLO7t39QPjxqmSTTjDdZIhPdCajhUijeRIGSd1LNaRxI3g5GtzO//cS1EYl6xHHK/ZhGSoSCUbTSQ9R3++WKW3XnIKvEy0kFcjT65a/eIGFZzBUySY3pem6K/oRqFEzyaamXGZ5SNqIR71qqaMyNP5mfOiVnVhmQMNG2FJK5+ntiQmNjxnFgO2OKQ7PszcT/vG6G4bU/ESrNkCu2WBRmkmBCZn+TgdCcoRxbQpkW9lbChlRThjadkg3BW355lbQuql6tWru/rNRv8jiKcAKncA4eXEEd7qABTWAQwTO8wpsjnRfn3flYtBacfOYY/sD5/AHzyY2Z</latexit>g0
<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="CFUpWeTnD8ptgxsyLEHg0WWpCnY=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ac0oWy2k3bpZhN2N0IJ/RtePCji1T/jzX/jts1Bqw8GHu/NMDMvTAXXxnW/nNLa+sbmVnm7srO7t39QPTzq6CRTDNssEYnqhVSj4BLbhhuBvVQhjUOB3XByO/e7j6g0T+SDmaYYxHQkecQZNVbyfRRi4BFfInEH1Zpbdxcgf4lXkBoUaA2qn/4wYVmM0jBBte57bmqCnCrDmcBZxc80ppRN6Aj7lkoaow7yxc0zcmaVIYkSZUsaslB/TuQ01noah7YzpmasV725+J/Xz0x0HeRcpplByZaLokwQk5B5AGTIFTIjppZQpri9lbAxVZQZG1PFhuCtvvyXdC7qXqPeuL+sNW+KOMpwAqdwDh5cQRPuoAVtYJDCE7zAq5M5z86b875sLTnFzDH8gvPxDZzDkMU=</latexit>

! 1 != 0

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="U1oId/bUuieN5c9B7QAt7gs4ZJw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mKVI9FL16ECvYD2hg22027dLMJu5NiCf0nXjwo4tV/4s1/47bNQVsfDDzem2FmXpAIrsFxvq3C2vrG5lZxu7Szu7d/YB8etXScKsqaNBax6gREM8ElawIHwTqJYiQKBGsHo5uZ3x4zpXksH2CSMC8iA8lDTgkYybftKr7ze8CeIBuQZPpY9e2yU3HmwKvEzUkZ5Wj49levH9M0YhKoIFp3XScBLyMKOBVsWuqlmiWEjsiAdQ2VJGLay+aXT/GZUfo4jJUpCXiu/p7ISKT1JApMZ0RgqJe9mfif100hvPIyLpMUmKSLRWEqMMR4FgPuc8UoiIkhhCpubsV0SBShYMIqmRDc5ZdXSatacWuV2v1FuX6dx1FEJ+gUnSMXXaI6ukUN1EQUjdEzekVvVma9WO/Wx6K1YOUzx+gPrM8f5Z+TNQ==</latexit>

2M 2
gap

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

<latexit sha1_base64="cTyp1+EP4DoJrrQnqWfh/knMopc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIUvXisYD+gDWWznbRLN5u4uxFK6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbqd+6wmV5rF8MOME/YgOJA85o8ZK7S4K0fOu3V6p7FbcGcgy8XJShhz1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns3gk5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzyMy6T1KBk80VhKoiJyfR50ucKmRFjSyhT3N5K2JAqyoyNqGhD8BZfXibN84pXrVTvL8q1mzyOAhzDCZyBB5dQgzuoQwMYCHiGV3hzHp0X5935mLeuOPnMEfyB8/kDLF6Paw==</latexit>

! 1 = 0

<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap

<latexit sha1_base64="nZ6/vmh6sBuMyQ59IVItHIl+ngI=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVZIi1Y1QdOOygn1AE8NkOmmHTiZhZiLUNGs3/oobF4q49Qvc+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDXx2/dESBrxWzWKiRuiPqcBxUhpyTMPx46PRNrPPGt8V4UX0AkEwqmdpc4DUcirZp5ZtirWFHCR2DkpgxwNz/xyehFOQsIVZkjKrm3Fyk2RUBQzkpWcRJIY4SHqk66mHIVEuun0lQwea6UHg0jo4gpO1d8TKQqlHIW+7gyRGsh5byL+53UTFZy7KeVxogjHs0VBwqCK4CQX2KOCYMVGmiAsqL4V4gHSWSidXkmHYM+/vEha1Ypdq9RuTsv1yzyOIjgAR+AE2OAM1ME1aIAmwOARPINX8GY8GS/Gu/Exay0Y+cw++APj8wehQpo+</latexit>

|øg0|2 =
1
! 2

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0
<latexit sha1_base64="IbqP+qT9kqDGK44XL3gDd0y+diw=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g0WPQixchgnlAsgmzk9lkyOyDmV41LPkPLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm7mt/PbO7t5+4eCwoaNEMV5nkYxUy6OaSxHyOgqUvBUrTgNP8qY3up76zQeutIjCexzH3A3oIBS+YBSN1L3tdZA/YTqg8aRb7hWKdsmegSwTJyNFyFDrFb46/YglAQ+RSap127FjdFOqUDDJJ/lOonlM2YgOeNvQkAZcu+ns6gk5NUqf+JEyFSKZqb8nUhpoPQ480xlQHOpFbyr+57UT9C/dVIRxgjxk80V+IglGZBoB6QvFGcqxIZQpYW4lbEgVZWiCypsQnMWXl0mjXHIqpcrdebF6lcWRg2M4gTNw4AKqcAM1qAMDBc/wCm/Wo/VivVsf89YVK5s5gj+wPn8AosiSng==</latexit>

M 2
gap

<latexit sha1_base64="fhCmvY7Eqg1Q7RieBzb5yfv8j9g=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5IUqS6LbtwIFewDmhgm00k7dPJg5kasofgrblwo4tb/cOffOG2z0NYDFw7n3Mu99/iJ4Aos69soLC2vrK4V10sbm1vbO+buXkvFqaSsSWMRy45PFBM8Yk3gIFgnkYyEvmBtf3g58dv3TCoeR7cwSpgbkn7EA04JaMkzD5ww9Si+9hxgD5D1STK+q3pm2apYU+BFYuekjHI0PPPL6cU0DVkEVBCluraVgJsRCZwKNi45qWIJoUPSZ11NIxIy5WbT68f4WCs9HMRSVwR4qv6eyEio1Cj0dWdIYKDmvYn4n9dNITh3Mx4lKbCIzhYFqcAQ40kUuMcloyBGmhAqub4V0wGRhIIOrKRDsOdfXiStasWuVWo3p+X6RR5HER2iI3SCbHSG6ugKNVATUfSIntErejOejBfj3fiYtRaMfGYf/YHx+QNVtZUr</latexit>

µcM 2
gap
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! 1

ak,q = |g! 1,1|2v! ,q +
!

y! kv! ,q

"

µc
. (3.1)

The coupling |g! 1,1|2 is a variable that can be optimized on the same footing as the Wilson
coe! cients.

To examine the di" erent options for the choice of spin! 1, we compute the maximum allowed
value for the coupling of the massive state to the massless states relative to thetr F 4 coupling
a0,0. SpeciÞcally, we maximize

|øg! 1,1|2 =
|g! 1,1|2

a0,0
. (3.2)

To enforce that the spin ! 1 state is the only state at the mass gap, we set the cuto" µcM 2
gap

to be above the mass gap, e.g.µc > 1. For non-zero spin,! 1 > 0, we Þnd that the maximum
allowed value of|øg! 1,1|2 decreases quickly as the cuto" µc increases. It is expected that all
non-zero spin couplings go to zero asµc ! " because there is no single-spin! > 0 exchange
amplitude (analogous to (2.24)) compatible with the Froissart bound.

However, even just above the mass gap, e.g. forµc = 1 .1, we Þnd that max
#
|g! 1,1|2

$
decreases

towards 0 exponentially fast with increasingkmax . This is illustrated in Figure 6 for ! 1 =
1, 2, 3, 4, 5, indicating that in the limit of including constraints from arbitrarily high orders
in the derivative expansion, kmax ! " , having a single state with non-zero spin is not
allowed: its coupling to the massless states is exponentially suppressed. This implies that
bounds on the Wilson coe! cients øak,q will not be sensitive to a non-zero spin state at the
mass gap.

In contrast, for a spin 0 state, the maximum allowed coupling|øg0,1|2 is constant as a function
of kmax and has no suppression, as also shown in Figure6 for µc = 1 .1. Thus, we conclude
that if the spectrum only has one state at the mass gapM 2

gap, that state has to be a scalar!

We also checked the generalized scenario in which we allowed two states at the mass gap,
a scalar and either a spin one or two exchange. There, withµc = 1 .1, the maxima of the
allowed couplings for the spin 1 and 2 states are larger than those given on the right side
of Figure 6, but they are still are decreasing exponentially withkmax .

Studying the scalar coupling as a function ofµc shows that the maximal value of |øg0,1|2

decreases monotonically. Atµc = 1 , it takes the value (777# 1120 ln(2)) $ 0.6752, which
matches the scalar coupling of the IST model (2.22) and as µc ! " , |øg0,1|2 asymptotes
toward 1/ 2, which is the normalized scalar coupling of the SSE model (2.24). There are no
particular features in that plot that points to any special values of the cuto" µc.
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µc = 1 .1

Figure 3: Left: The ( a1,0/a 0,0, X ) allowed region in 4d with X Þxed and cuto! µc = 11/ 10 for
kmax = 4 (blue), 6 (turquoise), and 8 (purple). The dashed black and gray lines are for the string
amplitude with ! !M 2

gap ! 10/ 11 and the inÞnite spin tower with M 2
gap /M 2 ! 10/ 11.

Right: Zooming in near the string amplitude with ! !M 2
gap = 1 (black dot). The green island is for

kmax = 8 with both X and a1,0/a 0,0 Þxed.fig:Zoom4d

A Fixing local terms at 5 and 6 points
app:LocalTerms

As explained in section2.1, in the process of deriving the non-linear constraints among the
4-point Wilson coe" cients coming from the 5-point splits, we were also able to Þx most of the
5-point Wilson coe" cients, wk,q. In this appendix, we come back to this point and discuss
the local terms Þxed at 5- and 6-points by imposing splits.

Starting at 5-points, imposing (2.4)-(2.5) Þx all local terms up order X 5. In the 5-point
column of table 2, we present a counting of the number of Wilson coe" cients at di! erent
orders in X (#locals), as well as the number that remain unÞxed after imposing (2.4)-(2.5)
(column 5pt Splits). Interestingly, we see that at order X 5 we have a single unÞxed Wilson
coe" cient, and at higher orders this number increases just like the number of local terms
starting at order X 0 (top part of #locals column). This suggests that after we Þnd a free
polynomial at order X 5, we can multiply it by any possible lower local term, of order X q, to
produced an unÞxed term at orderX 5+ q. LetÕs start by understanding the origin of the free
local term at order X 5.

As explained in section2.1, the 5-point splitting happens when we set a dot product of
non-adjacent momenta to zero Ð which we call non-planar invariants. For example, setting
s1,3 = 0 leads to (2.4), and s1,4 = 0 leads to (2.5), and we have similar (cyclically related)
splits when we set,s2,4, s2,5 or s3,5 to zero. These non-planar invariants can be expressed in
terms of the planar ones,X i,j , as follows:

si,j = 2pi ápj = " X i,j " X i +1 ,j +1 + X i,j +1 + X i +1 ,j . (A.1)
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Upshot

The shrinking island indicates that 
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of the class of EFTs with hidden zero splits
(without an infinite spin tower at the mass gap)

Strong outcome of basic higher-point input 

Is something similar perhaps true if instead of hidden zeros we assume supersymmetry?
[$2.&'"$5.,7"#+7"%$'!R;K'R.&2.&,68..K'\%&+-.,0



Summary

Two parts

Part 1: general ideas in bootstrap, some examples, phrased generally, but think of pions

Part 2: constraints from higher-point amplitudes on the bootstrap of 4-point amplitudes
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Figure 4: The (X, Y ) with the more generic Regge behaviour atkmax = 4. The gray region is
allowed when the splitting constraints are not imposed, while the blue region is allowed with the
splitting constraints but without spectrum input. Finally, because the orange region is non-convex
and we have to do a double scan, we simple show it as a collection of points which are allowed with
µc = 2. We scanned over points in an equidistant grid of points, so any point equally spaced from the
orange points but not shown is disallowed.fig:2sdrXY

It is then convenient to redeÞneX and Y such that

X =
3a2,0 ! 2a2,1

a1,0
(B.9)

Y =
2a3,0 ! a3,1

a1,0
, (B.10)

which allow us to linearize the constraints starting at k = 4.
In Figure 4, we show thekmax = 4 allowed region in 10 dimensions without the splitting

constraints (gray), with splitting constraints but no spectrum input (blue), and with both
splitting constraints and cuto! µc = 2 with a scalar and vector allowed at the gap (orange
dots), the only Þnite spins which can contribute to ÷A 4

Berman:2024kdh,Berman:2024owc
[34, 35]. As in low kmax with d = 4

and µc = 1 .1 case we discussed in section4.1.2, we see that the region with spectrum input
has not bifurcated.

In section 4.1.2, we saw that increasing the number of constraints always lead to bifur-
cation: at large enoughkmax , the allowed region became disconnected with an island around
the string amplitude. Here, however, as we increasekmax , the allowed region shrinks, but
we cannot deÞnitively show that it bifurcates. In particular, because we always have to do
a double scan overX and Y to linearize the constraints, there is always a chance that when
we run a grid of points, some thin allowed region escapes out of that grid. We did not worry
too much about this in the previous cases because we could show the region bifurcated with
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