Quasiparticle second-order hydrodynamics at finite
chemical potential
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Motivations

Hydrodynamics as an intermediate step between the initial and final stages

* The main equations are rather solid:

{aﬂT”" =0 } (also Lau]” o O}, BES high density systems?)

AHY = gtV —utuY

* The equation of state is enough for ideal hydrodynamics:

{T”" = EutuV — ?A”"} {]“ - pu”]

(6 degrees of freedom, 5 conservation equations, 1 EOS)

* The viscous corrections are still needed (AdS-CFT, experiments...)



Motivations

It would be nice to have a single, consistent way to extract hydrodynamics

T MAA I A

* General decomposition (ideal and non-ideal part):

{T”" = Eutu¥V — (P + IDA*Y +7T‘“’} {]“ =pu”+v”}

 Hydrodynamics = how to treat the rest,

eg Ty 7:[<”v> -+

V= 2n ot

+ --- (other second order terms)

 Complications using the same framework as the EOS (integrals of commutators)




How to fix the transport coefficients?
(kinetic theory would be handy)

The relativistic Boltzmann equation

(p . u) 5 Teq ( 3 ) ; covariant momentum integral
p-df =C|f] =— T of | = f= o -u) p - 0fo (zn)3fdp2®(po)5(p —m)dzefjp
\ ' J
|
RTA

after some algebra

(Hppv)
also THY = f p” pv f = Tt = f pHpVSf = —1,, }(jpﬂ-pu) [p- (e PPW)]| =2 (1pq Br) T*
p p
» :

any ways to extend, see G Denicol, J.Phys. G41 (2014) no.12, 124004

.__p-Vf  Clf]
@‘@.@ | > exact equations




How to fix the transport coefficients?
(kinetic theory would be handy)

Ok ) = A1 . AL g a convenient basis Pl = J (p - w)" pHarkif
p

for instance |E = fz, :wav) — —(:P + H)Aﬂv + HY = fﬂv;

a popular decomposition of the degrees of freedom [ Uy = Uty + 0y + Wy, + 3 HAW}

lots of self interactions in the exact evolution

. 5 5
PO 4 B = 2(P + Mo +20(P + A — 2 m# = 21" + 21y ™

1
—Vof Y — (045 + 2 000p) 775

L T, G Vujanovich, J Noronha, U Heinz, Phys. Rev. D 99, 016009 A Jaiswal, R Ryblewski, M Strickland, Phys. Rev. C 90, 044908
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Shortcomings of the relativistic kinetic theory
(thermodynamic consistency)

Ideal equation of state {? = 2 P; = Tz N; } (in the Boltzmann limit)
i i

Quasiparticles instead (a historic look) & . a
uwv _—_ mTH Uv
Medium dependent mass(-es) T o Tkin + B
o )
Needs a bag (to fit the EOS &
g ( ) ] 1 , Of (P u?)
pha,f; +=0,M} — = — Sf:
Non-equilibrium bag too S 2 apu Teq J

(local conservation of charges)

Misunderstandings? (positivity of the f;, fp pt ., C; = 0)  strongly interacting liquid??
L T, AJaiswal, R Ryblewski, Phys. Rev. D 95, 054007
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Digression about quantum field theory
(and how kinetic theory stems from it)

Quantum operators {Tuv _ tr(ﬁ Tuv), JH = tr ( ) j”) }

From the A ~
_ K uy
Lagrangian density — z _LO,i + Lint |one has Z T T Tlnt
i
Ry scelers { To' = f d'pptp* Wx,p),  J*=gq f d*p p*W(xp), }

2
with W(x, p) = (27.[)4

J d*v e P tr(p ®T(x + v/2)D(x — v/2))

* Relativistic Kinetic Theory. Principles and Applications - De Groot, S.R. et al.

Amsterdam, Netherlands: North-Holland ( 1980)




Digression about quantum field theory
(and how kinetic theory stems from it)

TH = z Té‘fz’ + Tt {Té“’ = fd“p prp"Wx,p),  J*= qjd‘*p pHFW(x, p),}
L

W(x, k) = - f d%v e Y tr (ﬁ EIST(x + v/Z)EI\D(x _ v/Z)) overdetermined system
(2m) of equations
4 I
in- 1
Zrom t.“he Klein-Gordon {_hQ _ (kQ _ mQCQ) + 1hk - 8} W(CE‘; k) —
quation 4

 T.S. Biro and A. Jakovac, Emergence of Temperature in Examples and Related Nuisances in Field Theory,
Springer Briefs in Physics (2019)

e Relativistic Kinetic Theory. Principles and Applications - De Groot, S.R. et al. Amsterdam, Netherlands: North-Holland
( 1980) 9




Better to introduce quasiparticles here
(without assuming the kinetic limit)

Single weight
for the current

therefore

Ansatz

From the baryon number conservation Lq j d*p C, =0 J

Wb (x, p) =

20(pp)6(p? — M%(x)) f(x,p)

+ i 20(-P)8(p” = M2(x)) f7(x, ~p)

no approximation!

\_

)

9 d>p _ B _
]“=qjd4pp”Wb=q(27f)3f phf,  fT=f1-f1
/ oft  (pow .,
U
D - 6f+ + — 0 M? — P Sfi the first approximation
0Py Teq
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Better to introduce quasiparticles here
(without assuming the kinetic limit)

g

W(x,pn) = 20(py)6 (% — m?(x)) f1l(x, .
Ry baryon (x,p) 213 (Do) (p () f(x,p) convenient,
carriers, also n (29)3 20(—pg)8(p?2 — m2(x)) f2(x,—p)| Mo necessary
T
" = f d*p ptp?(W + Wp) + BH = f pip” f +f pkpY f* + B
p q
. i wa
p-u
and also p-0f +50,m?>——=— of the second one
2 dp, Teq 2

N
-

u
now, instead (')uB“V+T—“(SB“V+m0"mj f+M6VMf f+ = ( J
€q p q

\_ 11




Thermodynamics fixes the equilibrium bag

density fixes one mass

fo-

= (e9% + ¢79%) e~ FP'W)
fO = e_ﬂ(p'u)

p*M*(a,p)
ﬁ3

qg
p =po = sinh(qa)

KZ(IBM(Q:,B)) — peq(“ =u/T,=1/T)

the sum of energy and pressure fixes the other, their subtraction fixes the equilibrium bag

Eo(a,f) + Pola, f) = Eeq(@, ) + Peq(a, B)

geq(aug) R fPeq(a,[)’) — EO(aiﬁ) —:Po(a,ﬁ) + 2 BO(a'ﬁ)

L T, AJaiswal, R Ryblewski, Phys. Rev. D 95, 054007
A Daher, LT, A Jaiswal and R Ryblewski arxiv:2412.06024

Bétc;/ = By(a, B)g"’

after the mases are fixed

12



Dynamics fixes the non-equilibrium bag

{ aMBMv _|_u_“53uv +‘mavmj f+ M(?VMJ fr=0 J four-momentum
p q

Teq conservations
w.hile, from the . 0VB, + mavmf fo + MaVMf f0+ -0
Gibbs-Duhem relations p q
choosing the specific non-equilibrium bag |6B*Y = byg*¥ + b*uV + bVu#, b-u=20
. b . . :
by + =b-u—(6-b)+mmf5f+MMf5f+=0
Teq p p second
: b* N order
bk + — = —VHtby — Ob* — (b - Dut + mV*m | §f+ MVEM | 6fT =0
eq 4 p

L T, AJaiswal, R Ryblewski, Phys. Rev. D 95, 054007
A Daher, LT, A Jaiswal and R Ryblewski arxiv:2412.06024 13



Second order viscous hydrodynamics
(like the previous paper)

Keeping all the native self-interactions from the generalization of

. 5 5
PO 4 B = 2(P + Mo +20(P + A — 2014 = 2mg's " + 21y ™

3
1
—Va f(lﬂ)(v) — (O-a,B + g@Aa'B) fc_zguv

as well as the v*evolution, plugging an approximation for thefand f=*
in the non-hydrodynamic tensors. Namely

* First order approximation in the gradients (from 6f = —1.,|[p - dfy + mdmad, fo|(p - 1))

HY I1 yH

: 0 —»——, Vha - —.

e Make the substitution (first order equations) | o*¥ -
Al ¢ Kp

(the latter is to avoid mathematical instabilities)

L T, AJaiswal, R Ryblewski, Phys. Rev. D 95, 054007
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Second order viscous hydrodynamics

Obtaining
2
i) 4 T—n’”“’ = T—n oMV — 271/(1” wV + (- n)(f‘ oV 4+ Opm O T + A g I Y
eq eq
+T 5, VEOV -y VBV — AZ;VA [lm, (AM vB +AMP v“)]
. 1 { .
N+ —Il=—-——20 +5HH o11 +AHTL’ (O':T[) — Trnv (UV) +1HV (0 'V)
Teq Teq

5
+ng, V- V)a + 3 V- V)

5 (1) 1 u_ b o ol u Ky —ap u u
v +T—v —T—V a+ 7,q [u +an(VH—Aaaﬁn )+5W8v + ¢, [IV*a
eq eq

+Aﬁvﬁ[lvn (HA“E — n‘“’)] — 1y vy + ity

15



Summary and outlook

* We generalized the quasiparticle treatment for u # 0
e Second order transport coefficients, thermodynamic consistency

* Link to quantum field theory, and possible further generalizations

Thank you for your attention!



Back up slides



Simplest case: free streaming

Exact solutions in 1+1 dimensions

w = zk% — tk?

/

W (t, 2 kY b, k) = 6(

k? —m? N (k)2 — (k#)% . k% —m?
-+ COS (2&3\/(}{0)2 — (k?)z) feven(k{]: k'T: k ) =+ \/ k2 — m?2 sin | 2w (kﬂ)z — (kz)g

.

ko)ﬁ(kz)/dg |:€—é(t1/4mr%+52_z€)A(é.; kT) I ei(t\/ri'm%—l—f?_zS) A* (5, kT):|

\

) Foda(ko, k1, k)

/

Proper classical limit

/

\.

S 3,
THY (J_’I) — /d4k kp,kpvv(m’ :lf) small & y / ( d P

o d.‘Bp
7= | kW (e k) Swmalln f
f (2, k) (27h)3EL /¢

Qﬂ-h)BE'p/C p,upzx [f(.li'p) + f(l: p)

P [f(:r:,p) - f(:r:,p)] -

.

\

)

10.1103/PhysRevD.108.076022
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Simplest case: free streaming

Classical limit of the exact solutions :

w =

|

w
A

/
0(x)0(2 — x)
(2me)

O(x)0(2—Xx)

cos (0X) foven (X

o

e sin (%) foaa (3

d /
KC. by, k7 ) i) —O (x) / cos (wy )feven (X \/m + ( )2:kT:kz)

0T

d:’
K,k k) —— Ox)/ sin ( ux)fodd(x' \/m + (k*)2, kp, k7

~

.

Proportional to the real | e e

and imaginary (odd) part of the Fourier transform foad (

-

: feven (%akaz) = 2Re
ven in w)

M |

sk, ky) = 2Im

.

d’l}j’, f (/&'qu k‘T) kz) €_HIN§

A
. Hfl
d'?.}:', f (’CIT’.. k‘TI kz) e_aL’w €

10.1103/PhysRevD.108.076022
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Simplest case: free streaming

Classical limit of the exact solutions

h—0

lim [(2@)3 W (a, k:)] x O(k* —

2 _ 2 i
m2) k2 —m Particles

=2 |——— s W y _
X k2 —m2 (similar for the antiparticles

)

{(2@)3 W+ = 0(k°)0 (k>

4 — ,2)\2
mzcz)( 4??’1;)() [cos (uhk) fe‘,en(ko kr, k* )+5111( )fodd(ko kr., k* )}
2

27T

)

|

/

.

dx
— g
£

=

(

xr

€

1

,. | e—0 .
)L(I:) = f dy g (y;ye.p1--) U(ye) = ¥(0) f dy g(y: 0,p1,-++),

xr g
- Q(Eéi&pl ) iMS( )fdyg(y;U,pl,---).

\

)

10.1103/PhysRevD.108.076022
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Simplest case: free streaming

] k2 — m?2 . . h W
Numerical results {XZZ\/kZ—m% A=Tyrg, =t W_Zl
4 k= w? 4 k2 4 2
Jw, br) = eXp{——T — } — fo—oor L _2T X
L 30 213 20§73 Jeven T30 TPl a2 22
/
P =
B T¢ 7 r1oN\3 [ T wArs ‘ wATe 5 o107 —w? 2 —icw
O e e (25) (2] el e ()
\.

10.1103/PhysRevD.108.076022
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06}

Simplest case: free streaming

Numerical results

&=0

The (non-trivial part of the) integrand of P,

._10.

w=wiA =wl(TyTp)

10.1103/PhysRevD.108.076022 22
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free streamin
Numericql results

Simplest case
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Simplest case: free streaming

R e e e e e e e e e e e o e e e e T s N ‘\ =0 :
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E csgaeeee 7 . < ] 528, <5~ =2 1

0g0f T e L _ 1

T a P aall g 13F s
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"gla.. 085— o ol - ioc 5 — (_Q \s 1]
& E - g (3 g ~\~
& | - 17 12f S - ]
0.80[ o - B s :.

I e Soa g _7 e L |

Fos e =0 E R e el — 3 ..

075l 0 L.t sedees =05 B T e TN e g =]

[ = ||| e = I '.

o70F .- - == &=tl3 P TR A S o v b S 0 AT R 1

[ ” ----- £=2 1.0 ............................... 1
------------------------------- 06 0.8 1.0 12 14 16 18 2.0

0.6 0.8 1.0 12 14 16 18 20
/T
T
10.1103/PhysRevD.108.076022 24



https://doi.org/10.1103/PhysRevD.108.076022

Exact solutions for the Wigner distribution

2
S(k2 2, W
* Conformal equation of state (equilibrium), W,, = Z(ZETR)S) T() kr+z
* Constant shear-viscosity over entropy ratio: T = 51/T
* 1 =3/(4m)
e 79 =1/4fm/c, T, = 0.6 GeV, two possible initial conditions:
1 2
. 2 _ vzz —T—O\/ =k'12‘+‘:_}_2 ) :PO _j)eq
IS0 — e 2750 o 0
0
(21)3V 2o
8
vz —l o-=kz+W2 :PTQ _:Peq.
Oa — 2 e_ZT(Z)G e TO\/ i T% [1 — 3P2 v ] I i
(277:)3\/277:0' TO\/E :Pl(,) = _:Peq.

10.1103/PhysRevD.108.036015
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Resummed moments

Making use of regularized moments

d*k

U1 Us —
n (.X', () - (277,')4

(k - w)" e SewW? lua) .. )y (x, k) == well defined set of equations

Particularly convenient, their version in the Bjorken (0+1)-d symmetric expansion,
wWithRTA k-0 W = —(k -u)/tp OW

(L = ghaton

n= ¢, Zﬂl ZﬂZ‘n , TTL — 51--.,11211“:82“1 Z.“Zn xaxﬁ
: 1 eq. 2n+1 1.
Ly+—Ly—Ly") = — Ly +—LLpyq
TR T
) 1 eq. 2n+1 1.
Tn"'a(Tn_Tn ) =— Tn+;LTn+1

_4

10.1103/PhysRevD.108.036015

LIf] =2 Q) - L o)

one can integrate the equations in ¢

26
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Hydrodynamics

Hydrodynamic expansion

LIf]1=2¢ F(O) - L 4 F(3)

. (€+pr
T

E=

.1 3
PL+— (P, —-P)=—-P,+-R
L T(L ) T L T L

R

.1 1
Pr+—(Pr—P)=—-Pr +-R
T T(T ) 7’_T T T

R

systematically improvable

1
(1) ,
set of scalar equations...

1w

€= Ly(z,{ = 0)
PL=L d{'Li(z,{")

Pr = L d{' Ty (7,q")

P |
R + — RV =

...to test against the exact solutions TR

|
RV + — R =

\_ i

=[O, A= e

_ 2n+1 (n) 1 (n+1)

R.7+—R
T i T T

. 2n + 3 (n) 1 (n+1)

R+ =R

T /

10.1103/PhysRevD.108.036015
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Hydrodynamics

What can we say for the isotropic case

g=_5+PL

T 1 (1) OP
PL+—(P,—z&)=——P,+-R B g
L R( L7 3 ) LTI, P 1o

5P

bt (Pp—2g P+ RD ol
TTR(TB)_TTTTeq Trw0

T . . . .

: 6P, [6P §PL\ 6P, sP.P.  sP. &P
6P ='[dS5'P:> A 2 i I — (—L)z Ll = L=} L
L h L P oy = Maximum if 0 = 0, =y B PP, P, B,

5 8 6+6Py s 8Py
—— =) o
g e  &+Pg £ P,

..but for the trace anomaly & — 2Py — P, = —3II —=—1




El 8exact

Comparisons with the exact solutions

= 11.00
s\:-..‘."'"--.,_‘_ j :
\\ S R — 10.98 1010
\\ \-""'--—... - _ (_Q 1
40.96 -
\ QI:J 0.05
\ ~
exact \ 10.94 gﬁ 1000
—— hydro N : «Q 1
NLO g 10.92 .
— N — \ " -
———— ™~ . -0.05
R :
| | I
0.5 1 5 10 0.5 1 5 10
fm/c] 1fm/c]
311 I1
(E—=2Pr —P)/E=—F=—3
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Comparisons with the exact solutions

fast convergence for the
pressure anisotropy too

PLIPT

[fm/c]
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Comparisons for the anisotropic initial conditions

8/ 8exact

B e 1.00 ) _ ___H-«-—-———*g—-_—_-,_?___-ﬁ.-g-__-ﬂ::-ﬂ:_JO 00
N e ' Meeo-""" - e T
\\ ..'.“""""'--u-...___“____t --__--____—__j \ \‘ ~\-.,,,:: __________ ; __,o" /r/ / 1
\\ S I— VKT \\ N, P // _
. ' © |\ N\ 7 1
\ \""-----..__ ' 3 \ N~ // _ 0.05
exacc \ T/ — S exact
\ Jogs T |\ /
——— hydro \ (9\] \ / —— hydro
—— NLO \\ - @ |\ // —-— NLO  1_0.10
| —-—-- NNLO N 1°%4 \\ / —-—-- NNLO
------ NNNLO S _ \ // ~===-= NNNLO
0(>10) T—— 4092 N 0(>10) ] 015
0.5 1 5 10 0.5 1 5 10
1ffmic] 1ffm/c]

similar conclusions
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Comparisons for the anisotropic initial conditions

reasonable approximation
for the pressure anisotropy
from the start

similar conclusions

PLIPr

0.5 1 5 10
[fm/c]
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—
R

[

—

lg(x) + h(x)] dx +

lim f (g, x)dx # lim
£—0 -0

~0 )

J

rg(x)dx + f h(x)dx

r f(e,x)dx

-

1

(a+p)?

0 1
fod“ [(a+ﬁ)2=a“<

1
a+pf

)

[ ax[-ag(e-pm)| = —a, (j dx o~ (@B —
0 0

1
B

1
a+pf

)

/
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Particles interacting with external fields

Boltzmann-Vlasov equation P - Jf + m0, ma(p)f + qFaﬁpﬁa&)Jc = —C|/f]

Immediate (but problematic) generalization

f#l-.-us _|_ C;:Lilﬂzs — ,r.ua }'??5”1 s v fau1 ‘s _|_ (,r, L 1) VO(UB FO(B‘U,l ‘Mg

i (1 — 1) FI5 ™ 4 s moUm Frey i)
_Q(T—l) Eafffg s _qsgaﬁpa(ul}wz ps)B

Moments with large negative r needed, infrared catastrophe!
arXiv:1808.06436 2



https://arxiv.org/abs/1808.06436v1

f,,lflm'us _ .7:,,S”1>m<”8>

ARV = gtv —utuY

Pr e = <I>,,<f"1>'”<”8>

§ (o

- (Feon )00 = —ggermtn pr2ntg gu, By — qlr — 1) Ea f 32371 — g s B0 f 12
+mri (r— 1) fRUH s mT Wiy f 2R )
+r e f o Su(ﬂlfm fs)

_Vaf Hl} f,ul s Svgu(‘”fﬁfg”'“s)"‘

+(r — 1)vauf>’ / ?fgl e

é%ul)..(lujg) 4 ((I)coll_)<#l>”'<#s> S {8 E(ngblm...ﬂs) . 25 ( ¢ap,1 s - mi @Tl”'”s)}

1 dv
_ M (g gz He) g cpoadu ghe: ps) gag’upB }
\/_/ \/v — &2 {
/ 62 ,L'Lagb(fﬂl”'ﬂs _‘_Sa(luav@lfz”'#s _‘_252 ’iLa av (13“#1 v @1 (p1) (qu
U -
0 qblfl g VO/LL M1 ¢ﬂL2 s ) 2§2VQ/LL ¢Oé5m
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