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Topological nodal Cooper 
pairing

The pairing monopole charges: nodes with Δqch ≡ qch − q′￼ch ≠ 0 ⇒ g ≠ 0

g ∼ ∑
N

∮CN

dt ⋅ ∇kθ = 2Δqch

C1

C2 Fermi 
sphere

|Δ |

qch, q′￼ch = ± 1/2

qch

μ

k

μ

k
q′￼ch

The pairing gap function: Δ = |Δ |eiθ



• Three light flavors: Spin-0 (Color flavor locking phase) 
• Finite strange quark mass 
      Fermi momentum mismatch 
      Single flavor pairings (uu, dd, ss) or (ss with ud (2SC)) 

- Color antisymmetric (attractive channel) 
- Spin symmetric (Pauli principle) 
✓Spin-1 CSC

Color Superconductivity (CSC)
u

d s
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Puzzles in spin-1 CSC
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?
g = 2Δqch ≡ 2(qch − q′￼ch)

Generic nodes for qch ≠ q′￼ch

Li and Haldane (2018)  
Murakami and Nagaosa (2003) 
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What are missing?

• Condensed-matter works: Limited to spin (chirality) contribution 
• Generalization including color degrees of freedom: 

 

Consequences: 

1.  can be cancelled by the color contribution  

  (Fully gaped phases) 

2. Novel manifestation of : existence of topological gapless 

quasiparticles as  

g = 2(Δqch + Δqc) ⇔ 2Δqch = g + Δqgapless,c

Δqch Δqc

g = 0

Δqch ≠ 0

Δqgapless,c ≠ 0
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• Mean-field (BdG) Hamiltonian: 

 

- Gap matrix:  

- Eigenmodes (gapped or gapless):  ; ; 

  with -fold degeneracy 

(  Eigenvalues of color matrix problem)

M ∼ (spin)RL ⊗ (color antisymmetric)

(uϕλ(k̂) , vϕ′￼λ(k̂))
T

Ek = (k − μ)2 + |λ |2 Δ2
0

ϕλ(k̂) = c(k̂) ⊗ ξR(k̂) , ϕ′￼λ(k̂) = c′￼(k̂) ⊗ ξL(k̂) Nλ

Color wave function Weyl basis λ :

QCD with one flavor



Non-Abelian Berry connection

• Degeneracy in wave functions 

  for gapped/gapless modes, likewise  

•    and  

Spin:  (as normal Weyl fermions);   Color:  

• Berry curvature and monopole charges:  

 and 

Aλ,mn = − iϕ†
λ,m ∇kϕλ,n /Nλ A′￼λ,mn

ϕ, ϕ′￼∼ (spin) ⊗ (color) Aλ,mn = (δmnAR + Ac,mn)/Nλ A′￼λ,mn

AR , AL
⃗A c,mn = − ic†

m
⃗∇kcn

q =
1

4π ∫FS
dS ⋅ tr B = qch + qc q′￼= q′￼ch + q′￼c
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1. Gauge invariant “momentum space” velocity field:  
 

2. Circulation around nodes: 

 

Reverse the loop and use Stokes’ law: 

  Chirality + Color 

u ≡ ∇kα − tr (A − A′￼), α = − i(log det ϕ′￼†M†ϕ)/Nλ ∼ (phase of the gap matrix)

g ≡
1

2π ∑
N

∮CN

dt ⋅ u

g =
−1
2π ∬FS

dS ⋅ (∇k × u) = 2Δq = 2(q − q′￼) = 2(Δqch + Δqc)

(Δqc ≡ qc − q′￼c)

C1

C2

Gap characteristics
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Polar vs CSL: Circulation
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Chirality̶Color Cancellation  Fully Gapped CSL
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Berry flux by chirality and color helicity

g = 2 g = 0



Novel Manifestation of Δqch

• Gapless quasiparticles appear when nodes close 

• Completeness of the color wave functions ( ) yields 

  

 
• Unconventional Berry monopole charges:  

 

Nλqc + qgapless,c = 0

2Δqch = g + Δqgapless,c

Scenario A (Conventional) Scenario B (Novel)

Li and Haldane (2018) 
 Murakami and Nagaosa (2003) 

✓No nodes 
✓Topological gapless quasiparticles

2Δqch = g 2Δqch = Δqgapless,c , g = 0

qgapless = qgapless,c + qch =
3
2

≠ qch =
1
2

, q′￼gapless = −
3
2
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Summary

• Interplay between Berry curvature and spin-1 color superconductivity 
• Generalized formula: 

 

 
• Chirality same vs opposite pairing: same symmetry breaking patterns but 

different topological properties of gap nodes and gapless quasiparticles

g = 2(Δqch + Δqc) ⇔ 2Δqch = g + Δqgapless,c

Scenario A (Conventional) Scenario B (Novel)

Li and Haldane (2018) 
 Murakami and Nagaosa (2003) 

✓No nodes 
✓Gapless quasiparticles 
✓Unconventional Berry monopole 
charges

2Δqch = g 2Δqch = Δqgapless,c , g = 0
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