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Nontrivial topology in gauge theories, and time 
dependent Dark  Energy of the Universe



Motivation: Recent observations from 
Dark Energy Spectroscopic  Instrument 

(DESI) as the QCD phenomenon 
• DESI observed a time evolving EoS

• Furthermore, the EoS shows 

• From QFT viewpoint such a 
behaviour is complete disaster: it 
contradicts Unitarity, causality, and 
other fundamental features of QFT

• Previously data had been fitted as a 
cosmological constant with              
Now it is ruled out. 
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• What such behaviour could imply in terms of the QFT?

• Our proposal is that the source of the observed Dark 
Energy (DE) is the QCD vacuum energy and tunnelling 
processes between the topological       sectors.

• The variation of the transition rate between       
sectors in expanding Universe will result in variation of 
the DE with time (DESI results).

•  How a theory with a gap (QCD) could be ever 
sensitive to arbitrary large distances? 

• A precise quantitative  answer will be given in this talk  
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• In fact, the presence of the long range forces in QFT  
had been suspected long ago by Luscher (1978) in 
paper titled “The secret long range force in quantum 
field theories with instantons”

• Technically, these long range forces can be traced to 
‘Hooft paper (1976) where IR cutoff is required to 
evaluate the zero modes determinant 

• The same IR sensitivity can be formulated in terms of 
the Veneziano ghost (1979)

• Exact computations can be carried out in exactly 
solvable “Deformed QCD” model to observe the 
algebraic sensitivity (not exponential) to the IR cutoff  



We want to argue that there is a novel type of 
energy in strongly coupled QCD.  This  energy has 
“non-dispersive” nature, and  can not be expressed 
in terms of conventional  scattering amplitudes. 

It explicitly contradicts to the “folk theorem” that 
the S-matrix contains all the information about 
all physical observables. 

All these novel effects are due to the nontrivial 
topological sectors       in the gauge systems and 
tunnelling transitions between them.   

The effect is non-local in nature, and can not be 
expressed in terms  of local curvature in gradient 
expansion. It is expressed in terms of a non-local 
characteristics of the system -the holonomy.

1. preliminary: energy in QCD   
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A convenient  way to explain the nature of new type 
of vacuum energy is  to study the topological 
susceptibility ( it is the key element in the resolution of the so-
called U(1) problem in QCD, Witten, Veneziano, 1979 ). 

        does not vanish, though                       . It has 
``wrong sign”, see below. It can  not be related to 
any physical propagating degrees of freedom. 
Furthermore, it has a pole in momentum space 

There is a massless pole (Veneziano ghost), but 
there are no any physical massless states in the 
system. 

2.  Topological susceptibility

4

the theory is restored not due to the 2⌅ periodicity of Lagrangian (7). Rather, it is restored as a result of summation
over all branches of the theory when the levels cross at ⇤ = ⌅(mod 2⌅) and one branch replaces another and becomes
the lowest energy state as discussed in [23].

Finally, the dimensional parameter which governs the dynamics of the problem is the Debye correlation length of
the monopole’s gas,

m2
⇤ ⇥ L⇥

⌅
4⌅

g

⇧2

. (8)

The average number of monopoles in a “Debye volume” is given by

N ⇥ m�3
⇤ ⇥ =

⇥ g

4⌅

⇤3 1 
L3⇥

⇧ 1, (9)

The last inequality holds since the monopole fugacity is exponentially suppressed, ⇥ ⌅ e�1/g2

, and in fact we can view
(9) as a constraint on the validity of the approximation where semiclassical approximation is justified.

B. Topological susceptibility

The topological susceptibility ⇧ which plays a crucial role in resolution of the U(1)A problem [24–29] and is defined
as follows1

⇧(⇤ = 0) =
⌃2Evac(⇤)

⌃⇤2

����
�=0

(10)

= lim
k⇥0

�
d4xeikx�T{q(x), q(0)} ,

where ⇤ is the ⇤ parameter which enters the Lagrangian (6) along with topological density operator q(x) and Evac(⇤)
is the vacuum energy density determined by (7).

It is important that the topological susceptibility ⇧ does not vanish in spite of the fact that q = ⌃µKµ is total
divergence. Furthermore, any physical state gives a negative contribution to this diagonal correlation function

⇧dispersive ⌅ lim
k⇥0

�
d4xeikx�T{q(x), q(0)} (11)

⌅ lim
k⇥0

⌥

n

�0|q|n �n|q|0 
�k2 � m2

n

⌥ �
⌥

n

|cn|2

m2
n

⇤ 0,

where mn is the mass of a physical state, k ⌃ 0 is its momentum, and �0|q|n = cn is its coupling to topological
density operator q(x). At the same time the resolution of the U(1)A problem requires a positive sign for the topological
susceptibility (12), see the original reference [26] for a thorough discussion,

⇧non�dispersive = lim
k⇥0

�
d4xeikx�T{q(x), q(0)} > 0. (12)

Therefore, there must be a contact contribution to ⇧, which is not related to any propagating physical degrees of
freedom, and it must have the “wrong” sign. The “wrong” sign in this paper implies a sign which is opposite to
any contributions related to the physical propagating degrees of freedom (11). In the framework [24] the contact
term with “wrong” sign has been simply postulated, while in refs.[25, 26] the Veneziano ghost had been introduced
into the theory to saturate the required property (12). Furthermore, as we discuss below the contact term has in
fact the structure ⇧ ⌅

⌃
d4x�4(x). The significance of this structure is that the gauge variant correlation function in

momentum space

lim
k⇥0

�
d4xeikx�Kµ(x),K⇥(0) ⌅ kµk⇥

k4
(13)

1 We use the Euclidean notations where path integral computations are normally performed.

q(x) ⇠ @µK
µ(x)

�YM =

Z
d4x hq(x), q(0)i 6= 0

�YM

@2Evac(✓)

@✓2
= �YM

To avoid confusion: This is the Wick’s T-product, not Dyson’s       



conventional physical degrees of freedom always 
contribute with sign (-) while one needs sign (+) to 
satisfy WI and resolve the U(1) problem 

Conventional terms (related to propagating degrees 
of freedom) always  produce                      behaviour 
at large distances.   

Witten simply postulated this term, while Veneziano 
assumed the unphysical field, the so-called the 
“Veneziano ghost” to saturate “wrong” sign in     .  

In some models this contact non-dispersive term with 
“wrong” sign (+) can be explicitly computed. It is 
originated from the tunnelling effects  between the  
degenerate topological sectors          of the theory.                      

8

IV. INSIGHTS FROM LATTICE SIMULATIONS AND FROM HOLOGRAPHIC PICTURE OF QCD

In this section we want to get some insights from the lattice results. The Monte Carlo simulations are normally
performed in Euclidean space. Therefore, we reformulate the low energy relations discussed in previous sections II and
III to Euclidean space time in order to make comparison with lattice results.

A. Topological susceptibility

The scalar correlation function in Euclidean space takes the form and it is negative

⌥
dx  0|T

⇤
b�s

8⇧
G2(x)

b�s

8⇧
G2(0)

⌅
|0⌦ = �4 0|b�s

8⇧
G2|0⌦ < 0, (19)

while the topological susceptibility in the Euclidean space is positive

⌃Eucl =

⌥
dx  0|T

��s

8⇧
GG̃(x)

�s

8⇧
GG̃(0)

 
|0⌦ = 1

N2
c

|Evac(⌅)| > 0. (20)

The di�erence in signs4 between these two correlation functions can be seen in Minkowski space as well, see eq. (3)
versus (6). The crucial observation here is as follows: any physical state contributes to ⌃Eucl with negative sign

⌃dispersive ⌅ lim
k�0

⌃

n

 0|q|n⌦ n|q|0⌦
�k2 � m2

n

< 0, (21)

in drastic contrast with low energy relation (20). It poses no problem for the correlation function (19) when the
physical dilaton saturates the negative sign in eq.(19). At the same time the positive physical mass m2

�0 > 0 for
the ⇤⇥ meson requires the positive sign for the topological susceptibility (20), see the original reference [33] for a
thorough discussion. Therefore, there must be a contact contribution to ⌃, which is not related to any propagating
physical degrees of freedom, and it must have a “wrong sign” (in comparison with (21) representing the conventional
dispersive contribution) to saturate the positive sign for topological susceptibility (20). In di�erent words, it must be a
non-dispersive contribution to ⌃ which is not associated with any asymptotical physical states in conventional dispersion
relations. In the framework [34] the contact term with “wrong sign” has been postulated, while in refs.[32, 33] the
Veneziano ghost had been introduced to saturate the required property (20).

The simplest way to convince yourself in necessity for a non-dispersive contribution to ⌃ with a “wrong sign” is
to compute the topological susceptibility ⌃QCD in QCD rather than in gluodynamics. The topological susceptibility
⌃QCD(mq = 0) = 0 must vanish in the chiral limit as a consequence of the Ward Identities (WI). It is very instructive to
see how it happens. If one models the contact contribution to ⌃ using the Veneziano ghost, the topological susceptibility
in Euclidean space can be represented as follows, see [9, 49] and references therein:

⌃QCD ⇤
⌥

d4x 0|T{q(x), q(0)}|0⌦QCD =
f2
�0m2

�0

4
·
⌥

d4x
�
⇥4(x) � m2

�0Dc(m�0x)
⇥

(22)

where Dc(m�0x) is the Green’s function of a free massive particle with standard normalization
⇧
d4xm2

�0Dc(m�0x) = 1.
The term proportional �Dc(m�0x) with negative sign in eq. (22) is resulted from the lightest physical ⇤⇥ state of mass
m�0 and it has a negative sign in accordance with (21). At the same time the ⇥4(x) represents the ghost contribution
with “wrong” sign which can not be associated with any physical states. The ghost’s contribution can be also thought
as the Witten’s contact term [34] not related to any propagating degrees of freedom. The topological susceptibility
⌃QCD(mq = 0) = 0 vanishes in the chiral limit as a result of exact cancellation between two terms entering (22) in
complete accordance with WI. The WI can not be satisfied if the contact term is not present in the system. When
mq ⌃= 0 the cancellation is not complete and ⌃QCD ⇧ mq q̄q⌦ in accordance with WI.

In case of “deformed QCD” considered in [40] we could explicitly compute the contact term and see that it is saturated
by the monopoles which in weak coupling regime describe the tunnelling processes between di�erent topological sectors
of the theory. While the topological sectors in case of strongly coupled 4d QCD of course still exist, we do not have

4 A warning signal with the signs: the physical degrees of freedom in Euclidean space (where the lattice computations are performed)
contribute to topological susceptibility �QCD with the negative sign, while the contact term (the Veneziano ghost) contributes with the
positive sign, in contrast with our discussions in Minkowski space, see eqs. (3), (6).

exp (�⇤QCDL)

�non�dispersive =

Z
d4x hq(x), q(0)i = 1

N2
|Evac| > 0

�
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These contributions can not be described in terms 
of conventional degrees of freedom (wrong sign); 

They are inherently non-local in nature as they 
are related to the tunnelling processes which are 
formulated in terms of the non-local large gauge 
transformation operator and holonomy; 

These terms may exhibit the long range features 
even through QCD has a gap (similar to the CM 
topological insulators); 

The effects have been explained  in terms           . 
However,  the      -dependent portion of energy             
(relevant for the cosmological applications) has 
all these unusual features due to the relation 

✓ Evac(✓)

�YM
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The topological susceptibility        as a function of r.  Wrong sign for             
     is well established phenomenon;  it has been tested on the lattice 
(plot above is from C. Bernard et al, LATTICE 2007).  This 
contribution is not related to any physical degrees of freedom, and 
can be interpreted as a contact term.   

�(r)

Contribution from 
physical degrees of 

freedom (negative sign 
with  finite width)

Contact  term  (positive sign +, 
vanishing width in continuum )

�
�(r = 0)



3. Warm up example: Maxwell system in 2d  

2D Maxwell theory is exactly solvable model. It is 
an empty theory as it does not support any 
propagating dof. Still, it has non-trivial dynamics. 

The   partition function for     vacua is known (in 
Hamiltonian approach): 

We want to reproduce               using path integral 
computations as it can be generalized to 4d system. 
Instanton configurations, topological  charge 
density Q, classical action are: 

✓

2

the standard and generically accepted arguments sug-
gesting that all physical e�ects in Maxwell theory can
be formulated in terms of physical propagating photons
which are completely described by conventional Z0. Yet,
all the e�ects discussed in the present work are formu-
lated in fundamentally di�erent terms coded by Ztop.
The point is that the standard description is not quite
complete when 4d Maxwell theory is formulated on a
non-simply connected, compact manifold. The stan-
dard “naive” argument neglects the topological sectors,
which are indeed absent when the theory is formulated
in the topologically trivial Minkowski space-time. How-
ever, these topological sectors become important when
the theory is formulated on a nontrivial manifold.

When one attempts to remove all unphysical degrees
of freedom by a gauge fixing, the physics related to pure
gauge configurations describing the topological sectors of
the theory does not go away; instead, this physics reap-
pears in a much more complicated form where the so-
called Gribov’s ambiguities [11] emerge in Maxwell sys-
tem formulated on a compact manifold [12–15], see some
comments on this matter in concluding section V. In this
work we opt to keep some gauge freedom and study these
topological sectors explicitly, rather than deal with (tech-
nically complicated) analysis of the Gribov’s copies.

The structure of our presentation is as follows. In the
next section II, we review the relevant parts of the two di-
mensional Maxwell “empty” theory which does not have
any physical propagating degrees of freedom. Still, it
demonstrates a number of very nontrivial topological fea-
tures present in the system. In section III we generalize
our computations for 4d Maxwell theory defined on four
torus. We find two types of novel contributions to the en-
tropy in this system. First contribution with a negative
sign is very similar to topological entanglement entropy
well-studied in topologically ordered condensed matter
systems. The second contribution with a positive sign
results from emergent degeneracy which occurs when the
system is placed into a background of external magnetic
field which resembles a behaviour of topological insula-
tors with ⇥ = ⇤.

II. MAXWELL THEORY IN TWO
DIMENSIONS AS TOPOLOGICAL QFT

The 2d Maxwell model has been solved numerous times
using very di�erent techniques, see e.g.[16–18]. It is
known that this is an “empty” theory in a sense that it
does not support any propagating degrees of freedom in
the bulk of space-time. It is also known that this model
can be treated as a conventional topological quantum
field theory (TQFT). In particular, this model can be
formulated in terms of the so-called “BF” action involv-
ing no metric. Furthermore, this model exhibits many
other features such as fractional edge observables which
are typical for TQFT, see e.g.[17]. We emphasize on these
properties of the 2d Maxwell theory because the topolog-

ical portion of the partition function Ztop in our descrip-
tion of 4d Maxwell system, given in section III, identically
the same as the partition function of 2d Maxwell system.
As we already mentioned such a relation between the
two di�erent systems is a result of decoupling of physical
propagating photons from the topological sectors in 4d
system.
Our goal here is to review this “empty” 2d Maxwell

theory with nontrivial dynamics of the topological sectors
when conventional propagating degrees of freedom are
not supported by this system.

A. Partition function

We consider 2d Maxwell theory defined on the Eu-
clidean torus S1 ⇥ S1 with lengths L and � respectively.
In the Hamiltonian framework we choose a A0 = 0 gauge
along with ⌅1A1 = 0. This implies that A1(t) is the only
dynamical variable of the system with E = Ȧ1.
The spectrum for ⇥ vacua is well known [16] and it is

given by En(⇥) = 1
2

�
n+ �

2⇥

⇥2
e2L, such that the corre-

sponding partition function takes the form

Z(V, ⇥) =
⇤

n⇥Z
e�

e2V
2 (n+ �

2⇥ )
2

, (1)

where V = �L is the two-volume of the system.
We want to reproduce (1) using a di�erent approach

based on Euclidean path integral computations because
it can be easily generalized to similar computations 4d
Maxwell theory defined on 4 torus. Our goal here is to
understand the physical meaning of (1) in terms of the
path integral computations.
To proceed with path integral computations one con-

siders the “instanton” configurations on two dimensional
Euclidean torus with total area V = L� described as
follows [18]:

⌅
d2x Q(x) = k, eE(k) =

2⇤k

V
, (2)

where Q = e
2⇥E is the topological charge density and k

is the integer-valued topological charge in the 2d U(1)
gauge theory, E(x) = ⌅0A1 � ⌅1A0 is the field strength.
The action of this classical configuration is

1

2

⌅
d2xE2 =

2⇤2k2

e2V
. (3)

This configuration corresponds to the topological charge
k as defined by (2). The next step is to compute the
partition function defined as follows

Z(⇥) =
⇤

k⇥Z

⌅
DA(k)e�

1
2

�
d2xE2+

�
d2xL� , (4)

where ⇥ is standard theta parameter which defines the |⇥⇤
ground state and which enters the action with topological
density operator

L� = i⇥

⌅
d2x Q(x) = i⇥

e

2⇤

⌅
d2x E(x). (5)
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the standard and generically accepted arguments sug-
gesting that all physical e�ects in Maxwell theory can
be formulated in terms of physical propagating photons
which are completely described by conventional Z0. Yet,
all the e�ects discussed in the present work are formu-
lated in fundamentally di�erent terms coded by Ztop.
The point is that the standard description is not quite
complete when 4d Maxwell theory is formulated on a
non-simply connected, compact manifold. The stan-
dard “naive” argument neglects the topological sectors,
which are indeed absent when the theory is formulated
in the topologically trivial Minkowski space-time. How-
ever, these topological sectors become important when
the theory is formulated on a nontrivial manifold.

When one attempts to remove all unphysical degrees
of freedom by a gauge fixing, the physics related to pure
gauge configurations describing the topological sectors of
the theory does not go away; instead, this physics reap-
pears in a much more complicated form where the so-
called Gribov’s ambiguities [11] emerge in Maxwell sys-
tem formulated on a compact manifold [12–15], see some
comments on this matter in concluding section V. In this
work we opt to keep some gauge freedom and study these
topological sectors explicitly, rather than deal with (tech-
nically complicated) analysis of the Gribov’s copies.

The structure of our presentation is as follows. In the
next section II, we review the relevant parts of the two di-
mensional Maxwell “empty” theory which does not have
any physical propagating degrees of freedom. Still, it
demonstrates a number of very nontrivial topological fea-
tures present in the system. In section III we generalize
our computations for 4d Maxwell theory defined on four
torus. We find two types of novel contributions to the en-
tropy in this system. First contribution with a negative
sign is very similar to topological entanglement entropy
well-studied in topologically ordered condensed matter
systems. The second contribution with a positive sign
results from emergent degeneracy which occurs when the
system is placed into a background of external magnetic
field which resembles a behaviour of topological insula-
tors with ⇥ = ⇤.
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All integrals in this partition function are gaussian and
can be easily evaluated using the technique developed in
[18]. The result is

Z(V, ⇥) =
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2⇤

e2V

⇥

k⇤Z
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2⇥2k2

e2V
+ik�, (6)

where the expression in the exponent represents the clas-
sical instanton configurations with action (3) and topo-
logical charge (2), while the factor in front is due to the
fluctuations, see [1] with some technical details and rel-
evant references. While expressions (1) and (6) look dif-
ferently, they are actually identically the same, as the
Poisson summation formula states:
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Therefore, we reproduce the original expression (1) using
the path integral approach.

The crucial observation for our present study is that
this naively “empty” theory which has no physical prop-
agating degrees of freedom, nevertheless shows some very
nontrivial features of the ground state related to the
topological properties of the theory. These new proper-
ties are formulated in terms of di�erent topological vac-
uum sectors of the system |k↵ which have identical phys-
ical properties as they connected to each other by large
gauge transformation operator T commuting with the
Hamiltonian [T , H] = 0. As explained in details in [1]
the corresponding dynamics of this “empty” theory rep-
resented by partition function (7) should be interpreted
as a result of tunnelling events between these “degener-
ate” winding |k↵ states which correspond to one and the
same physical state.

It is known that this model can be treated as TQFT,
e.g. supports edge observables which may assume the
fractional values, and shows many other features which
are typical for a TQFT, see [17] and references therein.
The presence of the topological features of the model
can be easily understood from observation that entire
dynamics of the system is due to the transitions between
the topological sectors which themselves are determined
by the behaviour of surface integrals at infinity

�
Aµdxµ.

These sectors are classified by integer numbers and they
are not sensitive to specific details of the system such
as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to specific
geometrical details, and can be treated as TQFT.

Important point we would like to make is that our anal-
ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that

this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.
Before we proceed with computations of the topologi-

cal entropy we make a short detour on properties of the
topological susceptibility in this model, as it plays an
important role in our discussions of the entropy.

B. Topological susceptibility

The topological susceptibility ⌅ is defined as follows,

⌅ ⇤ lim
k⇥0

⇤
d2x eikx ⌦TQ(x)Q(0)↵ , (8)

where Q is topological charge density operator normal-
ized according to eq.(2). The ⌅ measures response of
the free energy to the introduction of a source term de-
fined by eq. (5). The computations of ⌅ in this simple
“empty” model can be easily carried out as the partition
function Z(⇥) defined by (4) is known exactly (7). To
compute ⌅ we should simply di�erentiate the partition
function twice with respect to ⇥. It leads to the following
well known expression for ⌅ which is finite in the infinite
volume limit [18, 19]

⌅(V ⌃ ⌥) = � 1

V
· �

2lnZ(⇥)

�⇥2
|�=0 =

e2

4⇤2
. (9)

A typical value of the topological charge k which satu-
rates the topological susceptibility ⌅ in the large volume
limit is very large, k ⌅

�
e2V ⇧ 1.

Few comments are in order. First, any physical state
contributes to ⌅ with negative sign

⌅dispersive ⌅ lim
k⇥0

⇥

n

⌦0| e
2⇤E|n↵⌦n| e

2⇤E|0↵
�k2 �m2

n

< 0, (10)

while (9) has a positive sign. Therefore, this non-
dispersive (contact) term (9) can not be identified ac-
cording to (10) with any contribution from any asymp-
totic state even when physical degrees are freedom, such
as fermions, are included into the system. This term has
a fundamentally di�erent, non-dispersive nature. In fact
it is ultimately related to di�erent topological sectors as
our computation (9) shows. Secondly, the integrand for
the topological susceptibility (8) demonstrates a singular
behaviour

⌦Q(x)Q(0)↵ = e2

4⇤2
�2(x), (11)

which is a not specific property of this “empty” theory,
but in fact a very generic feature which is present in many
gauge theories; it represents the contact term which is
not related to any propagating degrees of freedom. In
particular, such singular behaviour (11) is known to occur
in QCD and its modifications, and well supported by the
QCD lattice Monte Carlo simulations, see [19] for the
details and related references.
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These sectors are classified by integer numbers and they
are not sensitive to specific details of the system such
as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to spe-
cific geometrical details, and can be treated as TQFT.
The simplest way to analyze the corresponding topologi-
cal features of the system is to introduce the topological
susceptibility � and study its property, see next subsec-
tion.
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lar behaviour, see [2, 14, 15] for the details and related
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It represents the non-dispersive contact term which can
not be related to any propagating degrees of freedom. In

this simplest case of the 2d Maxwell system this comment
is quite obvious as 2d Maxwell theory does not support
any propagating degrees of freedom. The �

2(x) function
in (10) should be understood as total divergence related
to the infrared (IR) physics, rather than to ultraviolet
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
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as a result of tunnelling events between these “degener-
ate” winding |ki states which correspond to one and the
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It is known that this model can be treated as TQFT,
e.g. supports edge observables which may assume the
fractional values, and shows many other features which
are typical for a TQFT, see [13] and references therein.
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can be easily understood from observation that entire
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the topological sectors which themselves are determined
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as geometrical shape of the system. Therefore, it is not
really a surprise that the system is not sensitive to spe-
cific geometrical details, and can be treated as TQFT.
The simplest way to analyze the corresponding topologi-
cal features of the system is to introduce the topological
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.
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respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
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these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
section IV. As we argue below our auxiliary fields will
play the same role as emergent Berry’s connection in CM
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Is this constant non-dispersive contribution  to 
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In other words, the non-dispersive contact term (10) is
determined by IR physics at arbitrary large distances
rather than UV physics which can be erroneously as-
sumed to be a source of �2(x) behaviour in (10). The
computations of this contact term in terms of the delo-
calized instantons (2) explicitly show that all observables
in this system are originated from the IR physics.
One should also remark that the same contact term (9)

and its local expression (10) can be also computed using
the auxiliary ghost field, the so-called Kogut-Susskind
(KS) ghost, as it has been originally done in ref. [16],
see also [2, 15] for relevant discussions in the present con-
text. This description in terms of the KS ghost implicitly
takes into account the presence of topological sectors in
the system. The same property is explicitly reflected by
summation over topological sectors k 2 Z in direct com-
putations (4,6) without introducing any auxiliary fields.
Important point we would like to make is that our anal-

ysis of the topological portion Ztop of the partition func-
tion for 4d Maxwell system defined on T4 assumes exactly
the same form (7) as a result of decoupling of propagating
photons from the topological part of the partition func-
tion, as will be discussed in section III. As a result of this
decoupling the topological portion of the 4d Maxwell sys-
tem behaves very much in the same way as 2d “empty”
theory. Therefore, one should not be very surprised that
this 4d system also demonstrates some topological fea-
tures, similar to 2d system reviewed in this section.
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respective directions. It provides the IR regularization of
the system. This section plays a supplementary role as
we want to review the previously known results on the
vacuum structure of this system. We want to reproduce
these known results on Maxwell vacuum using a di↵erent
technique based on the auxiliary fields developed in next
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4. Definition of the Gravitating Energy

We assume that the relevant (gravitating) energy 
which enters the Friedman’s equation is the 
difference                                      similar to 
computations of the Casimir energy, when the 
difference      is observed. This assumption was, in 
fact, originally formulated by Zeldovich in 1967. 

We can not (by technical reasons) to perform the  
computations in FLRW background.  However, we 
can proceed with computations in a toy model 
formulated on hyperbolic space               when role 
of                     plays  parameter 

We want to argue that a nontrivial holonomy 
generates a linear correction                in contrast 
with conventional expectation 
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Historical comments: many people from different 
fields had advocated (after Zeldovich, 1967 )  a 
similar idea on the RHS for the Friedman’s 
equation  

                                      

James Bjorken (particle physics), 2001,                             
Ralf Schuetzhold (GR), PRL, 2002;                                                    
Grisha Volovik (CM physics), 2008 +many more  

I personally adopted this idea in 2009, mostly 
due to the intense (and never ending) discussions 
with Grisha Volovik in the relation with  his 
COSLAB (Cosmology in a Laboratory) activities. 
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5. Holonomy and the linear correction    
in hyperbolic space   

Normally it is expected that all corrections due to 
the time-dependent (curved) background are 
proportional to the local curvature 

We want to test these ideas  in gauge theories with 
nontrivial holonomy. In this case corrections are 
not reduced to the local observables. The IR 
regularization plays key role in all computations.  

Specifically, we compute the ratio which explicitly 
shows the linear correction  
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If one assumes that  the same effect to persist in 
our FLRW Universe one should replace                to 
arrive (very close to the observed value):                                           

The driving force for the deSitter behaviour is not 
a local dynamical DE field         . Rather, the driving 
force should be thought as a Casimir type vacuum 
energy generated by tunnelling transitions 
between different topological sectors 
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Q:       How a system with a gap could be ever 
sensitive to arbitrary large distances?

A1: The long range order in gapped QCD is similar 
to Aharonov -Casher effect. If one inserts an 
external charge into superconductor  when 
electric field is screened                  a neutral 
magnetic fluxon will be still sensitive to external 
charge at arbitrary large distances. This is the so-
called “non-dispersive” contribution.    

A2: Long range order in the system emerges because 
the large gauge transformation operator  and 
holonomy are non-local operators sensitive to far 
IR-physics, similar to “modular operator” in 
Aharonov -Casher effect. Locality argument does 
not apply.
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The plots from A. Yamamoto, arxiv 1405.6665. 
1. The expansion in Euclidean space-time was 

parametrized by the “imaginary” Hubble constant      
when the lattice action is positively defined;  

2. Red curve         describes the particle production 
rate per unit volume per unit time in the 
background     ; 

3. The linear dependence on     has been computed,  
                          . It strongly supports our arguments. 
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6. Time dependent DE and DESI (Dark 
Energy Spectroscopic Instrument) 

very surprised (unexpected) results

The dependence of the vacuum energy as a function 
of time has been recently observed by DESI 
collaboration, which explicitly shows that DE is 
NOT a cosmological constant  

In our framework it is anticipated: when the system 
deviates from exact de Sitter state the vacuum 
energy also starts to depend on time  

all effects are non-perturbative in nature 

Effect is similar to topological susceptibility with 
non-dispersive contact term which cannot be 
expressed in terms of any local degrees of freedom 
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The main tendency (from our approach)  is 
consistent with all recent DESI observations: 

1. It is not a cosmological constant, but it cannot 
be described by a local EFT (phantom behaviour) 

2. EoS could assume the values above w=-1as 
observed; 

3. EoS could assume a negative values below w=-1 
as observed.  Such behaviour  is inconsistent with   
QFT when DE is a local quantum field        . 

4. There is no any contradiction with Unitarity or 
causality in our framework as  the EoS is due to 
variation  of the tunnelling rate between 
topological sectors       in time dependent 
background characterized by Hubble H. 
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The EoS is highly sensitive to input  parameters:
a) i) it can cross the line w=-1 (cosmological constant), ii) it 

can be above the line w=-1, iii) it can be below the line 
w=-1, iv) it always approaches the de Sitter state in future. 

b) we can fix parameters: MCMC (Markov Chain Monte Carlo) 
by studying CMB anisotropies, BAO, SNIa        tension, etc  
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Lesson 1: There is a fundamentally new type of the 
vacuum energy   in Nature which cannot be 
expressed in terms of any local field (holonomy is 
not a local observable).  

Lesson 2: It emerges as a result of tunnelling 
processes between degenerate topological 
sectors, and formulated in terms of the “non-
dispersive” contact terms and nonlocal holonomy.   

Lesson 3: We identify this new type of energy with 
cosmological vacuum dark energy (DE) we observe 
today (QCD-induced DE)  

Lesson 4:  There is no contradiction with Unitarity 
or causality, in contrast with conventional 
approaches used by cosmology practitioners  

7.  DESI results as the QCD effect 



take home lesson for the Lattice QCD 
community: 

You may contribute to study of the 
cosmological DE  by computing the contact 
non-dispersive term for the topological 
susceptibility               in a nontrivial 
background, such as de-Sitter space (or 
any other geometry) 
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