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Ratio of quark number susceptibilities

Purpose:

Analytic calculation of the above ratio in heavy-quark QCD. 

1

Quark number susceptibilities:

Ratio of quark number susceptibilities (4th to 2nd) :

• Sensitive to the phase.
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𝑇: Temperature

𝜇q: quark chemical potential

𝑉: Spatial volume

𝜒𝑛
(B)

: 𝑛th baryon number susceptibility

𝜒4
(Q)

𝜒2
(Q)

= ቊ
1 𝑇 ≫ 𝑇c ,

9 𝑇 ≪ 𝑇c .
⇔

𝜒4
(B)

𝜒2
(B)

= ቊ
1/9 𝑇 ≫ 𝑇c ,

1 𝑇 ≪ 𝑇c .

𝜒𝑛
(Q)

≡
𝜕𝑛

𝜕 𝜇q/𝑇
𝑛

Ω 𝑇, 𝜇q

𝑉𝑇
= 3𝑛𝜒𝑛

(B)

S. Ejiri, F. Karsch and K. Redlich , Phys. Lett. B 633 (2006) 275–282.

Under the Boltzmann approximation, 



Settings
SU(3) lattice QCD with 𝑁f flavor Wilson fermion (P.B.C. for the temporal direction)
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𝑆g = 𝛽෍

𝑠

෍

𝜇<𝜈

1 −
1

𝑁c
Retrc𝑃𝜇𝜈(𝑠)

𝑆f = ෍

𝑓=1

𝑁f

෍

𝑠,𝑠′

ത𝑞𝑓 𝑠 1 − 𝜅𝑓𝐻𝑓 𝑠, 𝑠′ 𝑞𝑓(𝑠
′)

Gauge action: 𝑃𝜇𝜈 𝑠 ≡ 𝑈𝜇 𝑠 𝑈𝜈 𝑠 + ො𝜇 𝑈𝜇
† 𝑠 + 𝜈 𝑈𝜈

† 𝑠

WF action:
Hopping matrix

𝐻𝑓 𝑠, 𝑠′ = ෍

𝑘=1

3

1 − 𝛾𝑘 𝑈𝑘 𝑠 𝛿𝑠−෠𝑘,𝑠′ + 1 + 𝛾𝑘 𝑈𝑘
† 𝑠 − ෠𝑘 𝛿𝑠+෠𝑘,𝑠′

+ 1 − 𝛾4 𝑒𝜇𝑓𝑎𝑈4 𝑠 𝛿𝑠−෡4,𝑠′ + 1 + 𝛾4 𝑒−𝜇𝑓𝑎𝑈4
† 𝑠 − ෠4 𝛿𝑠+෡4,𝑠′

𝜅𝑓 ≃
1

𝑚𝑓
≪ 1

We assume degenerated quark masses and common chemical potential,

𝑚𝑓 = 𝑚 ⟺ 𝜅𝑓 = 𝜅, 𝜇𝑓 = 𝜇q .



Hopping Parameter Expansion (HPE)
Then, the partition function of this system is

3

𝑍 = න𝒟𝑈𝒟ത𝑞𝒟𝑞 exp −𝑆g − 𝑆q = න𝒟𝑈 𝑒−𝑆gexp −𝑁f෍

𝑙=1

∞
𝜅𝑙

𝑙
Tr𝐻𝑙  

Closed trajectories of length 𝑙. 

𝑡

Spatially closed loops Temporally closed loops

𝑥, 𝑦, 𝑧
𝝁𝒒-dependences

• Spatially closed loops: 𝜇q-independent

• Temporally closed loops: 𝜇q-dependent

𝑒−𝜇q𝑎 𝑒𝜇q𝑎



𝝁𝐪-dependence of temporally closed loops 4

+⋯Single winding loops + +

𝑡

𝑥, 𝑦, 𝑧

Double winding loops + +⋯

+Triple winding loops +⋯

𝝁𝒒-dependence:

Specified by winding numbers of loop operators in the temporal direction.

𝑒2ෝ𝜇q

𝑒3ෝ𝜇q

𝑒ෝ𝜇q ( Ƹ𝜇q ≡ 𝜇q/𝑇)



Reorganizing  closed trajectories by 𝝁𝒒-dependences 5

ln Det(1 − 𝜅𝐻) = −𝑁f෍

𝑙=1

∞
𝜅𝑙

𝑙
Tr𝐻𝑙 = ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘

𝜏

+ + + +⋯

𝑥, 𝑦, 𝑧

Spatially closed loops Temporally closed loops

Λ𝑘 = +⋯+ +

𝑡

𝑥, 𝑦, 𝑧

Λ0 =

Λ0 ≡ 2𝜅 4𝑁f෍

𝑠

෍

𝜇<𝜈

Retrc 𝑃𝜇𝜈 𝑠 + 𝒪(𝜅6) Λ𝑘 ≡ 2𝜅 𝑘𝑁𝑡 ⋅ 2𝑁f ⋅ 𝐿𝑘 + 𝒪 𝜅𝑘𝑁𝑡+2 ,

𝐿𝑘 ≡
−1 𝑘+1

𝑘
෍

𝒔

trc ෑ

𝑗=0

𝑘𝑁𝑡−1

𝑈4 𝒔 + 𝑗෠4 .

𝑘-winding Polyakov loop



Partition function and Grand Potential
The partition function can be written as

6

𝑍g = න𝒟𝑈𝑒−𝑆g ,

𝒪 =
1

𝑍g
න𝒟𝑈𝑒−𝑆g𝒪 .

𝑍 = 𝑍g exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘



Partition function and Grand Potential
The partition function can be written as

7

𝑍g = න𝒟𝑈𝑒−𝑆g ,

𝒪 =
1

𝑍g
න𝒟𝑈𝑒−𝑆g𝒪 .

The grand potential 𝛀 𝑻, 𝝁𝐪 = −𝑻 𝐥𝐧𝒁 becomes

Ω 𝑇, 𝜇q = −𝑇 ln 𝑍g − 𝑇 ln exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘

𝑍 = 𝑍g exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘



Partition function and Grand Potential
The partition function can be written as

8

𝑍g = න𝒟𝑈𝑒−𝑆g ,

𝒪 =
1

𝑍g
න𝒟𝑈𝑒−𝑆g𝒪 .

The grand potential 𝛀 𝑻, 𝝁𝐪 = −𝑻 𝐥𝐧𝒁 becomes

→ cumulant expansion

Ω 𝑇, 𝜇q = −𝑇 ln 𝑍g − 𝑇 ln exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘

𝑍 = 𝑍g exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘



Cumulant Expansion of Grand Potential
The grand potential becomes

9

Ω 𝑇, 𝜇q = −𝑇 ln𝑍g − 𝑇 ෍

𝑚𝑘

𝑒σ𝑘 𝑘𝑚𝑘ෝ𝜇q

ς𝑘𝑚𝑘!
ෑ

𝑘=−∞

∞

Λ𝑘
𝑚𝑘

c

.

𝛀𝐪 : quark contributions



Cumulant Expansion of Grand Potential
The grand potential becomes

10

Ω 𝑇, 𝜇q = −𝑇 ln𝑍g − 𝑇 ෍

𝑚𝑘

𝑒σ𝑘 𝑘𝑚𝑘ෝ𝜇q

ς𝑘𝑚𝑘!
ෑ

𝑘=−∞

∞

Λ𝑘
𝑚𝑘

𝑐

.

Considering 𝜇q-dependence of the quark-contribution Ωq, it can be written as 

Ωq 𝑇, 𝜇q

−𝑇
= 𝑋0 + ෍

𝓌=1

∞

𝑒𝓌ෝ𝜇q𝑋𝓌 + 𝑒−𝓌ෝ𝜇q𝑋−𝓌

𝛀𝐪 : quark contributions

𝑋𝓌: an expectation value consists of several Λ𝑘 operators with a total winding number 

given by the sum of those of the Λ𝑘’s, 𝓌 = σ𝑘 𝑘𝑚𝑘.



Examples of 𝑋𝓌 (𝓌=0,1,2,3)

Note: 𝑿𝔀 is a real (because Ωq ∈ ℝ by its definition), i.e., 𝑿𝔀 = 𝑿𝔀
∗ = 𝑿−𝔀.
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Ωq 𝑇, 𝜇q

−𝑇
= 𝑋0 + ෍

𝓌=1

∞

𝑒𝓌ෝ𝜇q𝑋𝓌 + 𝑒−𝓌ෝ𝜇q𝑋−𝓌 = 𝑋0 + ෍

𝓌=1

∞

𝑒𝓌ෝ𝜇q + 𝑒−𝓌ෝ𝜇q 𝑋𝓌

𝑋0 = Λ0 + Λ1Λ−1 c +⋯ = 𝒪 𝜅4

𝑋1 = Λ1 + Λ2Λ−1 c +⋯ = 𝒪 𝜅𝑁𝑡

𝑋2 = Λ2 +
1

2!
Λ1
2
c
+⋯ = 𝒪 𝜅2𝑁𝑡

𝑋3 = Λ3 + Λ2Λ1 c +
1

3!
Λ1
3
c
+⋯ = 𝒪 𝜅3𝑁𝑡

+⋯

+⋯

+⋯+
LO

LO

LO

LO

+⋯

+
1

2!

+ +
1

3!
+⋯

+⋯



Quark number susceptibilities
Quark number susceptibilities are defined

12

𝜒𝑛
Q

𝑇, 𝜇q ≡ −
𝜕𝑛

𝜕 ො𝜇q
𝑛

Ω 𝑇, 𝜇q

𝑇𝑉
= −

𝜕𝑛

𝜕 ො𝜇q
𝑛

Ωq 𝑇, 𝜇q

𝑇𝑉
.

Substituting Ωq 𝑇, 𝜇q = 𝑋0 + σ𝓌=1
∞ 𝑒𝓌ෝ𝜇q + 𝑒−𝓌ෝ𝜇q 𝑋𝓌,

𝜒𝑛
Q

𝑇, 𝜇q =
1

𝑉
෍

𝓌=1

∞

𝓌𝑛 𝑒𝓌ෝ𝜇q + −1 𝑛𝑒−𝓌ෝ𝜇q 𝑋𝓌 .

Thus, the ratio of 4th to 2nd quark number susceptibilities is

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=

σ𝓌=1
∞ 𝓌4𝐶𝓌𝑋𝓌

σ𝓌′=1
∞ 𝓌 ′2𝐶𝓌′𝑋𝓌′

. 𝐶𝓌 = 𝑒𝓌ෝ𝜇q + 𝑒−𝓌ෝ𝜇q



𝜒4/𝜒2 in HPE
• deconfined phase (𝑻 > 𝑻𝒄)

ℤ3-symmetry is broken and all 𝑋𝓌 can have
nonzero value.

→ The leading contribution comes from 𝑋1, 

13

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=
𝐶1𝑋1 + 24𝐶2𝑋2 +⋯

𝐶1𝑋1 + 22𝐶2𝑋2 +⋯

= 𝟏 + 12
𝐶2
𝐶1

𝑋2
𝑋1

+⋯ .

𝒪 𝜅𝑁𝑡



𝜒4/𝜒2 in HPE
• deconfined phase (𝑻 > 𝑻𝒄)

ℤ3-symmetry is broken and all 𝑋𝓌 can have
nonzero value.

→ The leading contribution comes from 𝑋1, 

14

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=
𝐶1𝑋1 + 24𝐶2𝑋2 +⋯

𝐶1𝑋1 + 22𝐶2𝑋2 +⋯

= 𝟏 + 12
𝐶2
𝐶1

𝑋2
𝑋1

+⋯ .

• confined phase (𝑻 < 𝑻𝐜)

ℤ3-symmetry is preserved and 𝑋3𝑛 (𝑛 ∈ ℤ)
can have nonzero value.

→ The leading contribution comes from 𝑋3, 

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=
34𝐶3𝑋3 + 64𝐶6𝑋6 +⋯

32𝐶3𝑋3 + 62𝐶6𝑋6 +⋯

= 𝟗 + 140
𝐶6
𝐶3

𝑋6
𝑋3

+⋯ .

𝒪 𝜅𝑁𝑡 𝒪 𝜅3𝑁𝑡



𝜒4/𝜒2 in HPE
• deconfined phase (𝑻 > 𝑻𝒄)

ℤ3-symmetry is broken and all 𝑋𝓌 can have
nonzero value.

→ The leading contribution comes from 𝑋1, 

15

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=
𝐶1𝑋1 + 24𝐶2𝑋2 +⋯

𝐶1𝑋1 + 22𝐶2𝑋2 +⋯

= 𝟏 + 12
𝐶2
𝐶1

𝑋2
𝑋1

+⋯ .

• confined phase (𝑻 < 𝑻𝐜)

ℤ3-symmetry is preserved and 𝑋3𝑛 (𝑛 ∈ ℤ)
can have nonzero value.

→ The leading contribution comes from 𝑋3, 

𝜒4
Q

𝑇, 𝜇q

𝜒2
Q

𝑇, 𝜇q
=
34𝐶3𝑋3 + 64𝐶6𝑋6 +⋯

32𝐶3𝑋3 + 62𝐶6𝑋6 +⋯

= 𝟗 + 140
𝐶6
𝐶3

𝑋6
𝑋3

+⋯ .

𝝌𝟒
𝐐

𝝌𝟐
𝐐 = ቊ

𝟏 (𝑻 > 𝑻𝒄)
𝟗 (𝑻 < 𝑻𝒄)

is obtained only with HPE 

𝒪 𝜅𝑁𝑡 𝒪 𝜅3𝑁𝑡



Summary
Theory: 

SU(3) lattice QCD with 𝑁f flavor Wilson fermion.

Assumption:

• Heavy quark

(ℤ3 symmetry)

Method:

1. Hopping parameter expansion (HPE)

2. Cumulant expansion

Result:

𝜒4
Q
/𝜒2

Q
is analytically calculated as

16

   

   

   

   

 

   

                  

  
  

     

       

   
             

       

                   

          

     

  

 

    

    

         

A. Bazavov, D. Bollweg, H.-T. Ding, P. Enns, J. Goswami,

P. Hegde, O. Kaczmarek, F. Karsch, R. Larsen et al.

(HotQCD Collaboration), Phys. Rev. D 101, 074502 (2020)  

at the LO of HPE.
𝝌𝟒

𝐐

𝝌𝟐
𝐐
= ቊ

𝟏 (𝑻 > 𝑻𝒄)
𝟗 (𝑻 < 𝑻𝒄)



Thank you!

Thank you for listening!
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𝐶 𝜃 = ln 𝑒𝜃𝑥
𝑃 𝑥

.

Cumulant Expansion: single variable
For a single variable

18

Let 𝑃 𝑥 be a probability distribution function of 𝑥 , 
a cumulant generating function is defined as 

𝑓 𝑥 𝑃 𝑥 ≡ න𝑑𝑥 𝑓 𝑥 𝑃 𝑥

𝑚th cumulant of 𝑥 is calculated as a 𝑚th derivative of 𝐶 𝜃 with respect to 𝜃,  

𝑥𝑚 c = ቤ
𝜕𝑚

𝜕𝜃𝑚
ln 𝑒𝜃𝑥

𝑃(𝑥)
𝜃=0

,

𝐶 𝜃 = ෍

𝑚=0

∞
𝑥𝑚 c

𝑚!
𝜃𝑚 .

and thus 



Cumulant Expansion: multi variables
For multiple variables

19

Let 𝑃 Ԧ𝑥 be a probability distribution function of Ԧ𝑥 = 𝑥1, ⋯ , 𝑥𝑁 , 
a cumulant generating function is defined as 

𝐶 Ԧ𝜃 = ln 𝑒σ𝑘=1
𝑁 𝜃𝑘𝑥𝑘

𝑃 Ԧ𝑥
.

𝑓 Ԧ𝑥 𝑃 Ԧ𝑥 ≡ න𝑑 Ԧ𝑥 𝑓 Ԧ𝑥 𝑃 Ԧ𝑥

Ԧ𝜃 = 𝜃1, ⋯ , 𝜃𝑁

A cumulant of Ԧ𝑥 is calculated as derivatives of 𝐶 Ԧ𝜃 with respect to Ԧ𝜃,  

𝑥1
𝑚1⋯𝑥𝑁

𝑚𝑁

c
= อ

𝜕𝑚1

𝜕𝜃1
𝑚1

⋯
𝜕𝑚𝑁

𝜕𝜃𝑁
𝑚𝑁

ln 𝑒σ𝑘=1
𝑁 𝜃𝑘𝑥𝑘

𝑃 Ԧ𝑥
𝜃=0

,

and thus 

𝐶 Ԧ𝜃 = ෑ

𝑘=1

𝑛

෍

𝑚𝑘=0

∞
𝜃𝑘𝑥𝑘

𝑚𝑘

𝑚𝑘!

c

.



Cumulant Expansion of Partition Function
In our case, 𝐶 Ԧ𝜃 = ln 𝑒σ𝑘=1

𝑁 𝜃𝑘𝑥𝑘

𝑃 Ԧ𝑥
is

20

Applying the cumulant expansion method, 

ln exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘 = ተln exp ෍

𝑘=−∞

∞

𝜃𝑘Λ𝑘

𝜃𝑘=𝑒
𝑘ෝ𝜇q

.

ln exp ෍

𝑘=−∞

∞

𝑒𝑘ෝ𝜇qΛ𝑘 = ෑ

𝑘=−∞

∞

෍

𝑚𝑘=0

∞
𝑒𝑘𝑚𝑘ෝ𝜇qΛ𝑘

𝑚𝑘

𝑚𝑘!

𝑐

= ෍

𝑚𝑘

𝑒
σ𝑘 𝑘𝑚𝑘ෝ𝜇q

ς𝑘𝑚𝑘!
ෑ

𝑘=−∞

∞

Λ𝑘
𝑚𝑘

𝑐

.



NLO term of 𝜒4/𝜒2 in the deconfined phase 
Next-to-leading-order term of 𝜒4/𝜒2 in the deconfined phase (𝑇 > 𝑇c) is

21

𝜒4 𝑇, 𝜇q

𝜒2 𝑇, 𝜇q
− 1 = 𝐶21

𝑋2
𝑋1

+⋯

= 𝐶21

1
2
𝐿1
2
c
+ 𝐿2

𝐿1
+⋯

𝐶21 = 12
𝑒2ෝ𝜇q + 𝑒−2ෝ𝜇q

𝑒ෝ𝜇q + 𝑒−ෝ𝜇q
 

= 𝐶21
1

2

Re 𝐿1
2

Re 𝐿1
1 − 𝑅𝑇 +

Re 𝐿2
Re 𝐿1

2
+⋯

𝑅𝑇 ≡
Im 𝐿1

2
c

Re 𝐿1
2
c
=

Im 𝐿1
2 − Im 𝐿1

2

Re 𝐿1
2 − Re 𝐿1

2

NLO term of 𝜒4/𝜒2 in the deconfined phase relate the ratio of the imaginary part to 

the real part of a Polyakov loop.



NLO term of 𝜒4/𝜒2 in the confined phase 
The ratio of quark number susceptibilities is

22

𝜒4 𝑇, 𝜇q

𝜒2 𝑇, 𝜇q
− 9 = 𝐶63

𝑋6
𝑋3

+⋯

= 𝐶63
Λ6 + Λ5Λ1 c + Λ4Λ2 c +

1
2!

Λ3
2

c
+ Λ3

2
c
+
1
2!

Λ4Λ1
2
c
+ Λ3Λ2Λ1 c +

1
3!

Λ2
3

c
+
1
3!

Λ3Λ1
3
c
+
1
4!

Λ2Λ1
4
c
1
6!

Λ1
6
c

Λ3 + Λ2Λ1 c +
1
3!

Λ1
3
c

+⋯

𝐶63 = 108
𝑒6ෝ𝜇q + 𝑒−6ෝ𝜇q

𝑒3ෝ𝜇q + 𝑒−3ෝ𝜇q

Too complicated!!! 
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