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Ratio of quark number susceptibilities

Quark number susceptibilities:

n T: Temperature
Q) _ 0 .Q.(T; .uq) _ 3n (B) Iq: quark chemical potential
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Xn - nth baryon number susceptibility

Ratio of quark number susceptibilities (4 to 2n9) :
Under the Boltzmann approximation,
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Analytic calculation of the above ratio in heavy-quark QCD.



Settings
SU(3) lattice QCD with Nt flavor Wilson fermion (P.B.C. for the temporal direction)
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We assume degenerated quark masses and common chemical potential,

mf=m<=)1cf=lc, Hf = Uqg -



Hopping Parameter Expansion (HPE)

Then, the partition function of this system 1s
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Uq-dependences

* Spatially closed loops: p4-independent
* Temporally closed loops: u4-dependent



Uq-dependence of temporally closed loops
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Uq,-dependence:

Specified by winding numbers of loop operators in the temporal direction.



Reorganizing closed trajectories by p,-dependences
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Partition function and Grand Potential

The partition function can be written as




Partition function and Grand Potential

The partition function can be written as

The grand potential Q(T , uq) = —T In Z becomes
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Partition function and Grand Potential

The partition function can be written as

The grand potential Q(T , uq) = —T In Z becomes

[ "

(T, puq) = —TInZy — TIn{exp z ekBap,
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— cumulant expansion



Cumulant Expansion of Grand Potential

The grand potential becomes

Q(T,,uq)=—T1nZg—TZ l_[ A,
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), : quark contributions



Cumulant Expansion of Grand Potential

The grand potential becomes

eZk kmkﬁq /
0T 1) = ~TInZg =T ) 1_[ A‘mk
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), : quark contributions

Considering ug-dependence of the quark-contribution {1y, it can be written as

X, : an expectation value consists of several A; operators with a total winding number
given by the sum of those of the Ay ’s, wr = ),;, km,.



Examples of X, (1v=0,1,2,3)
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Quark number susceptibilities

Quark number susceptibilities are defined

(Q) _ a" Q(T'“q) B a" Qq(T'“q)
dilg TV dlg TV

Substituting (1 (T, ,uq) Xy + Z°° 1(ewﬁq + e"wﬁQ)Xw,
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Thus, the ratio of 4™ to 2" quark number susceptibilities is
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X4/X2 1n HPE

* deconfined phase (T > T,)

Zs-symmetry 1s broken and all X,, can have
nonzero value.

— The leading contribution comes from X;,
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Xa/X> iIn HPE

* deconfined phase (T > T,)

Z5-symmetry is broken and all X, can have
nonzero value.

— The leading contribution comes from X,

O (Tatg) _ Cuky + 2%,y + -
- 2
1T ug)  CuXi+ 226X, +
—1+1227%2,
N Cl Xl |

O (icNe)

* confined phase (T <T,)

Z5-symmetry 1s preserved and X5, (n € Z)
can have nonzero value.

— The leading contribution comes from X5,
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Xa/X> iIn HPE

* deconfined phase (T > T,) * confined phase (T <T,)

Z5-symmetry is broken and all X, can have
nonzero value.

— The leading contribution comes from X,

Z5-symmetry 1s preserved and X5, (n € Z)
can have nonzero value.

— The leading contribution comes from X5,
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Summary

Theory:
SU(3) lattice QCD with Nt flavor Wilson fermion.

Assumption:
* Heavy quark
(Z3 symmetry)

Method:

1. Hopping parameter expansion (HPE)

2. Cumulant expansion

1 (T>T,)

Result:
)(iQ) / )(gQ) is analytically calculated as
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at the LO of HPE.



Thank you!

Thank you for listening!



Cumulant Expansion: single variable

For a single variable

Let P(x) be a probability distribution function of x ,
a cumulant generating function 1s defined as

CO) = ln(eex)

mth cumulant of x is calculated as a mth derivative of C(6) with respect to 6,
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Cumulant Expansion: multi variables

For multiple variables

Let P(x) be a probability distribution function of X = (x4, -, Xy) ,
a cumulant generating function 1s defined as

C(é) = |n <ezllg=1 9kxk> | <f(’z)>j(f) = fdff(f)P(f)
P(x) 6 = (81, o QN)

A cumulant of X is calculated as derivatives of C (5) with respect to 6 ,

In <ezl'¥=1 9kxk> :
P(x)

aml amN

(x1 XNN>C = PY NP YT

[ n o -
C(é) _ 2 (9kxk)

\ =1 my=0

ﬁbl
o

and thus




Cumulant Expansion of Partition Function

In{exp z
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= In{exp Z 0, A\

Applying the cumulant expansion method,
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NLO term of y,/x, in the deconfined phase

Next-to-leading-order term of y,/x-» in the deconfined phase (T > T,) 1s

T, X e*ha + e
T R N
XZ(T'/"q) X4 ela + e7Hq

1
(L) (L)
o1 (L)
1((Re L{)?) (Re Ly)
_ C = 1 . R _I_ _I_ coo
21 {2 (Re L) ( r) ((Re L1)*)

_ ((Im L1)2>c ((Im L1)2> — (Im L1>2

R = Re 1)?). ~ ((ReL)?) —(Re L)

NLO term of y,/x, in the deconfined phase relate the ratio of the imaginary part to
the real part of a Polyakov loop.



NLO term of y,/x, in the confined phase

The ratio of quark number susceptibilities 1s
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Too complicated!!!
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