
Background
Parameter tuning
Chiral transition

Summary, outlook

Approaching the continuum with anisotropic
lattice thermodynamics

Jon-Ivar Skullerud

Maynooth University, FASTSUM Collaboration

Gert Aarts, Chris Allton, Naeem Anwar, Ryan Bignell, Tim Burns, Simon Hands,
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Dynamical anisotropic lattices
Main interest: spectral properties
▶ Temperature T = 1

Lτ
= (Nτaτ )

−1

▶ Spectral function (inverse problem)

GE (τ ;T ) =

∫ ∞

0
dωK (ω, τ ;T )ρ(ω;T )

▶ A large number of points in time direction required to extract
spectral information

▶ For T = 2Tc , O(10) points =⇒ at ∼ 0.025 fm
▶ Too expensive with isotropic lattices as = at !
▶ Fixed-scale approach

→ vary T by varying Nτ (not a)
→ need only 1 T = 0 calculation for renormalisation
→ independent handle on temperature

▶ Non-trivial tuning problem
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Simulation parameters
Gauge action:
Symanzik improved (Lüscher–Weisz)

Fermion action:
Wilson–clover, tree-level mean-field
coeffs, stout links

Strange quark tuned to ≈ physical

Gen Nf ξ as (fm) a−1
τ (GeV) mπ (MeV) Ns Ls (fm)

1 2 6.0 0.162 7.35 490 12 1.94
2 2+1 3.45 0.123 5.63 390 24 2.95

32 3.94
2L 2+1 3.45 0.112 6.08 240 32 3.58
2P 2+1 3.45 *0.100 *6.80 140 48 4.80
3 2+1 7.0 0.109 12.82 380 32 3.49
3L 2+1 7.0 *0.100 *13.80 240 32 3.20
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Simulation parameters: temperatures

Gen 2 Gen 2L Gen 3
Nτ T (MeV) T/Tc Nτ T (MeV) T/Tc Nτ T (MeV)
128 44 0.24 128 47 0.42 256 50

64 95 0.59 128 100
56 109 0.67 112 114

48 117 0.63 48 127 0.78 96 133
40 141 0.76 40 152 0.94 80 160

76 169
36 156 0.84 36 169 1.04 72 178
32 176 0.95 32 190 1.17 64 200
28 201 1.09 28 217 1.34 56 229
24 235 1.27 24 253 1.56 48 267
20 281 1.52 20 304 1.87 40 320

36 356
16 352 1.90 16 380 2.34 32 400

12 507 3.12 24 534
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Recent results from Gen2/Gen2L

Curvature of transition
[A. Smecca, poster, 2412.20922]

0.0 0.2 0.4 0.6 0.8 1.0

τT

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

R
(τ

;µ
q)

µq = 0

T =352 MeV

T =281 MeV

T =235 MeV

T =201 MeV

T =176 MeV

T =156 MeV

T =141 MeV

0.0 0.2 0.4 0.6 0.8 1.0

τT

−0.3

−0.2

−0.1

0.0

0.1

0.2

0.3

0.4

R
(τ

;µ
q)

µq =113 MeV

T =352 MeV

T =281 MeV

T =235 MeV

T =201 MeV

T =176 MeV

T =156 MeV

T =141 MeV

B mesons
[R. Horohan D’Arcy, poster]
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Bottomonium mass and width [in progress]
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Parameter tuning
4-dimensional tuning problem:

β, γg , γq,m3fl ←→ as , ξg , ξq,
mPS

mV

as ≈ as(Gen2) Symanzik flow

ξg = 7.0 Symanzik flow

ξq = 7.0 dispersion relation

m3fl
PS

m3fl
V

= 0.545
1

3

(m3fl
PS

m3fl
V

)2
=

m2
π + 2m2

K

(mρ + 2m∗
K )

2

∣∣∣
Gen2

▶ ∼ 100 ensembles (∼ 2000 MD trajectories each)
▶ pre-tuning of plaquette values/clover coefficients
▶ β, γg , γq fixed from Nf = 3 tuning
▶ mud ,ms tuned to mπ = mπ (Gen2), mηss = physical.
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Scale setting, anisotropies
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Dispersion relation, mass tuning

▶ Anisotropy from PS and V
dispersions in good
agreement

▶ Light and strange
dispersions consistent with
Nf = 3 results

▶ Lattice spacing from
Symanzik flow in good
agreement with Ω− mass
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Light mesons

Chiral partners A and V become
degenerate at transition.
Measure of degeneracy:

RVA(τ) =
GA(τ)− GV (τ)

GA(τ) + GV (τ)

RVA =

β/2−1∑
n=nmin

RVA(τn)/σ
2(τn)

β/2−1∑
n=0

1/σ2(τn)

Deviation from 1 at high T :
explicit χSB (Wilson term)
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Slight increase in mπ near Tpc
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Heavy quarkonium

Simulating heavy quark with
NRQCD O(v4)
Exponential fits to correlator and
effective mass
Spectral reconstruction with
BR method

13 / 16



Background
Parameter tuning
Chiral transition

Summary, outlook

Heavy quarkonium

Simulating heavy quark with
NRQCD O(v4)
Exponential fits to correlator and
effective mass
Spectral reconstruction with
BR method

13 / 16



Background
Parameter tuning
Chiral transition

Summary, outlook

Summary and outlook

▶ New ensemble with aτ = 15.5 am

▶ Preliminary results for chiral transition: V–A degeneracy

▶ Preliminary results for bottomonium mass and spectral
function

▶ Susceptibilities, light baryons in progress

▶ Conductivity, charm physics, open beauty and more planned

▶ Gen3L (mπ = 240MeV) and Gen2P (mπ = 140MeV) tuning
in progress

▶ ML/AI methods to facilitate future parameter tuning?
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Wilson flow

Flow equation

dAµ

dt
= DνFνµ =⇒ dUµ

dt
= Xµ(U)Uµ

w0 scale defined by[
t
d

dt
t2E (t)

]
t=w2

0

= 0.3 , E (t) =
1

4

∑
µνF 2

µν ,

with w0 = 0.17355(92) fm.
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Flow anisotropy

With as = ξaτ ,

Ephys
ij = a4sE

lat
ij , Ephys

i4 = a2s a
2
τE

lat
i4

and flow equation includes anisotropy parameter ξw . We may also
define ws ,wτ :[

t
d

dt
t2Ess(t)

]
t=w2

s

= 0.15 , ξ2w

[
t
d

dt
t2E (t)sτ

]
t=w2

τ

= 0.15 .

Physical anisotropy ξ is where ws = wτ .
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