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• How the Phase Transition order along the chemical

potential axis?
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What occurs at the middle density?

Hadronic Superfluid phase and Color Superconductor phase

has the same SSB.

Hadronic Phase

chiral symmetry breaking

SU(N)L × SU(N)R
→ SU(N)V

superfluid

U(1)B breaking

CFL Phase

color flavor locking

SU(N)c × SU(N)f
→ SU(N)c+f

color superconductor

U(1)B breaking

Both phases can be connected without the phase transition

(Quark-Hadron Continuity)
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Quark-Hadron Continuity

How to treat the Quark-Hadron Continuity?

→ consider gauge-Higgs model: reproduce the SSB pattern.

Hadrons vs. Quarks ∼ Confined vs. Higgs

• Fradkin, Shenker (1979):

charge-1 Abelian Higgs and Non-Abelian Higgs model;

Local operators cannot distinguish between confined

and Higgs phases. They are smoothly connected.

• Cherman, Jacobson, Sen, Yaffe (2020):

Broken U(1) makes the vortex. The Aharanov–Bohm

phase around this vortex is different: 1 vs. e2πi/N .
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Motivation

• Analyze gauge-Higgs model phase structure by

Non-local operators on lattice.

• We calculated charge-2 Abelian Higgs model on Lattice

# Phase structure is well known. (With PT)

# Test of calculations of Non-local operators:

Polyakov loop, ’t Hooft loop, AB phase around the vortex.
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Abelian Higgs Model

Abelian Higgs model (also called Fradkin–Shenker model):

S =− β
∑
x,µ<ν

cosFµν(x)

− κ
∑
x,µ

cos{qAµ(x)− θ(x) + θ(x+ µ̂)} ,

where Fµν(x) := Aµ(x) +Aν(x+ µ̂)−Aµ(x+ ν̂)−Aν(x)

# θ is the phase of the Higgs field ϕ = eiθ.

# gauge coupling β and the hopping parameter κ

# We set the charge q = 2.

# On (3 + 1) dim. lattice w/ NxNyNzNτ = 104 and PBC.
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Result1: Polyakov Loop

Confinement order parameter: Polyakov loop

config
1

config
2

1

2

For each config.,

p(r) =

Nτ−1∏
τ=0

exp{iAτ (r, τ)} ,

P =
1

NxNyNz

∑
r

p(r) ,

is obtained.

In confined phase, P goes to zero.
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Polyakov Loop Distribution of q = 2 AHM

P distribution for κ and β.

• P = 0 at confined phase.

• P distribution reflects

the symmetry of phase.
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Reproduction of the Phase Diagram 1/2

The shape of P distribution represents each phase.

⟨|P |⟩ detects the phase transition.
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Dark region has smaller ⟨|P |⟩ values.

We have three regions w/ similar colors.
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Reproduction of the Phase Diagram 2/2

The shape of P distribution represents each phase.

⟨|P |⟩ detects the phase transition.

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3

Higgs phase

conf

massless

γ

β

[Matsuyama, Greensite (2019)]

⟨|P |⟩ value map
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Each PT line is consistent with previous studies.
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Result2: ’t Hooft Loop

’t Hooft loop is dual to the Polyakov loop

· · · world-line of magnetic monopole

· · · disappears at the Higgs phase

Here: world-sheet of magnetic string

antimonopolemonopole

At a time slice,

the edge of the string

becomes monopole and

antimonopole.
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’t Hooft Loop Formulation 1/2

monopole

The monopole gives magnetic flux

Bz = Fxy, which is represented by the

additional phase of Fµν in S.

This corresponds to modify the action

S ⊃ −β
∑

x,µ<ν∈S
cos {Fµν(x)} → −β

∑
x,µ<ν∈S

cos {Fµν(x) + 2π/q} .
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’t Hooft Loop Formulation 2/2

Modified action is

S′ =− β
∑

x,µ<ν /∈S

cosFµν(x)− β
∑

x,µ<ν∈S
cos {Fµν(x) + 2π/q}

− κ
∑
x,µ

cos{qAµ(x)− θ(x) + θ(x+ µ̂)}.

In our calculations, 1×Nτ size world-sheet is considered.

The magnetic string has unit length in the z direction.

antimonopole

monopole

𝑥𝑥

𝑧𝑧
𝑦𝑦

Te−S = e−S′

⟨T ⟩ =
〈
e−(S′−S)

〉
⟨T ⟩ corresponds to the free energy
of a monopole-antimonopole pair.
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’t Hooft Loop and Phase Transition

⟨T ⟩ result for κ = 0.8, Nconfig = 1000, or 100
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⟨T ⟩ is strongly suppressed in the Higgs phase and the phase

transition is detected.
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Result3: Aharanov–Bohm Phase

Consider the vortex of Higgs field,

∆citeθ = ∆µθ(x) + ∆νθ(x+ µ̂)−∆µθ(x+ ν̂)−∆νθ(x) .

With the action

S =− β
∑
x,µ<ν

cosFµν(x)

− κ
∑
x,µ

cos{qAµ(x)−θ(x) + θ(x+ µ̂)︸ ︷︷ ︸
∆µθ(x)

},

this is equal to

qAµ(x) + qAν(x+ µ̂)− qAµ(x+ ν̂)− qAν(x) = qFµν(x) .
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Vortex Formulation on Lattice

Then, the vortex is equivalent to modify the action

S′ =− β
∑

x,µ<ν /∈S

cosFµν(x)− β
∑

x,µ<ν∈S
cos {Fµν(x) + 2π/q}

− κ
∑
x,µ

cos{qAµ(x)− θ(x) + θ(x+ µ̂)} ,

𝑥

𝑧
𝑦

𝑊

vortex

where S cross the vortex.

The Wilson line

W =
∏

x,µ∈C
exp{iAµ(x)}

around the vortex is calculated.

# NzNτ Wilson loops are averaged.
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Results for AB Phase

Real part of Wilson loop at κ = 0.8
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• Re ⟨W ⟩ < 0 means AB phase is π.

• At β < 0.8 (confined phase), Re ⟨W ⟩ are comparable

with statistical error.
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Summary and Future Prospects

Our research obtained

• Topological Operators including AB Phase

we achieved the lattice formulations

• Phase Transition property of Abelian-Higgs model

we confirmed the previous results

Further research needed to

• extend to the Non-Abelian gauge group

→ unravel the QCD phase diagram

• improve the AB phase readability

PT order determination

Change in phase value along two phases
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Thank you!



Appendix



Results for AB Phase 2

Histograms of argW at κ = 0.8

for 100 config. & NzNτ = 102 loops & 10 independent sets.
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• Distribution differs btw. the Higgs/confinement phases.

• Confined phase has strong fluctuation and the AB phase

is unreadable.



Note: Analytical Result for AB Phase

AB phase can be calculated by strong coupling expansion.

S′ =− β
∑

x,µ<ν /∈S

cosFµν(x)− β
∑

x,µ<ν∈S
cos {Fµν(x) + 2π/q}

− κ
∑
x,µ

cos{qAµ(x)− θ(x) + θ(x+ µ̂)}.

vortex

⟨W ⟩ ∼
∫

DADθ
∑
n

1

n!
(−S′)nW .

For N ×N loop, one plaquette is

in S and the others is not.

→ ⟨W ⟩ ∼ −βN2
< 0

AB phase is the same between the

confined phase and Higgs phase.



Abelian Higgs Model on Lattice 1/2

The action of U(1) gauge theory with fund. Higgs field is

S =− 1

g2

∫
d4xFµνF

µν −
∫

d4x (Dµϕ)
†(Dµϕ)

−
∫

d4xm2
(
ϕ†ϕ− |v|2

)2
,

v = 1 is set for the simplification and from the triviality of

ϕ4 theory, this action is equal to

S =− β
∑
x,µ<ν

Re
[
Uµ(x)Uν(x+ µ̂)U †

µ(x+ ν̂)U †
ν(x)

]
− κ

∑
x,µ

Re
[
ϕ†(x)U q

µ(x)ϕ(x+ µ̂)
]
,

on the lattice. Here Uµ = eiAµ .



Abelian Higgs Model on Lattice 2/2

By Uµ = eiAµ , ϕ = eiθ, and

Fµν(x) := Aµ(x) +Aν(x+ µ̂)−Aµ(x+ ν̂)−Aν(x) ,

S =− β
∑
x,µ<ν

Re
[
Uµ(x)Uν(x+ µ̂)U †

µ(x+ ν̂)U †
ν(x)

]
− κ

∑
x,µ

Re
[
ϕ†(x)U q

µ(x)ϕ(x+ µ̂)
]

=− β
∑
x,µ<ν

cosFµν(x)

− κ
∑
x,µ

cos{qAµ(x)− θ(x) + θ(x+ µ̂)} .

is obtained.
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