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1. Fick’s law of diffusion: Theory A

* Diffusion of a conserved charge in a static fluid:
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1. Fick’s law of diffusion: Theory A

* Diffusion of a conserved charge in a static fluid:
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* Acausal behavior: N




2. A UV completion for Theory A: Theory B

Theory A:
* Diffusion at small momentum, k < k*: wgg = —iDk?
* Mathematically, can be used for higher k

dw
e Causality may be violated: ’%’ ~ Dk
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2. A UV completion for Theory A: Theory B

Theory A:
* Diffusion at small momentum, k < k*: wgg = —iDk?
* Mathematically, can be used for higher k
. ) dw
 Causality may be violated: %’ ~ DFk

* Emergences of new physics prevents this violation: k.

> k

Theory B: -
At least two modes Wi, W2 and describes

* Diffusionat smallk: wi(k S E) = wan

* Relaxation of the slowest fast mode w2 at distances shorter than k!

* The interaction between them: scale of New Physics k.




3. An example for Theory B: Maxwell-Cattaneo

* Acausal behavior is the result of instantaneous response.

* Regulated by including a finite relaxation time

[Cattaneo, Atti Semin.Mat.Fis.Univ.Modena 3 (1948)]
[Kadanoff, Martin, Annals of Physics (1963)]
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3. An example for Theory B: Maxwell-Cattaneo

* Acausal behavior is the result of instantaneous response.

* Regulated by including a finite relaxation time

[Cattaneo, Atti Semin.Mat.Fis.Univ.Modena 3 (1948)]
[Kadanoff, Martin, Annals of Physics (1963)]

70J+J=-DVn atn—FV'J:O: 0in+ Om — DV*n = 0

T=0,t=1.0 T=01,t=1.0 T=1.0,t=1.0

The spread of diffusion becomes causal.

* Maxwell-Cattaneo: a minimum example of UV completion of diffusion




4. Theory B in Fourier space:

The characteristic modes: 9%, + 9,n — DV?n = 0
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4. Theory B in Fourier space:

The characteristic modes:

0;n+ Om — DV*n = 0

W12 = —;—T(l + \/1 — 4TDk2)

rDk* < 1

Imw

Theory A

over-damped

Rew
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n(t:) g,
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5. Theory B describes experimental data!

* Two different behaviors observed in the data:

¥ %? / over-damped
: ¢}:__ .
e Aty
fg I <|)+
g Wm ++  under-damped

T ime (hit)

[Brown et al, Science, (2019) 1802.09456]

* The amplitude is small = linear response

* Fitting to the analytical solution 2 7 and D




6. Theory A vs. theory B

* Theory A - diffusion in all thermal systems with one conserved charge

* Theory B = quasi-diffusion: not universal in that sense

—> But still applied to a broad range of systems

1. MHD [Grozdanov, Lucas, Poovuttikul PRD (2019)]

2. Cold atoms [Mayer, Dash, Inghirami, Elfner, Rezzolla, Rischke, PRC (2025)]

3. QCD near CEP [Stephanov, Yin PRD (2019)]




7. Diffusion at the microscopic level

* Driven by random motion of particles due to thermal energy: Brownian motion

* Conservation equation of densities: om+V-J=0

[Landau-Lifshitz Vol. 5 & 9]
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7. Diffusion at the microscopic level

Driven by random motion of particles due to thermal energy: Brownian motion

* Conservation equation of densities: om+V-J=0

i ions: 0m+V-J=0
In general, are the average of noisy equations: i1+ l (Landau-Lifshitz Vol. 5 & 9]

J; = —=D(1)V;i — &
[An, Basar, Stephanov, Yee PRL (2021)]

Observables at large distances: averaged over noise
= Note that:

= At linear order, no feedback; (J,

= At nonlinear order: v o /5= 52\ . fluctuation backreacts on J
(J;) D D VT_<(ST?,(ST?,>

e Landau-Lifshitz focuses on linear order.
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8. An EFT Perspective

An EFT describing “fluctuating dynamics of densities near equilibrium”
 Dissipation = thermal bath: noise field

* Fluctuation-Dissipation Theorem

The effective Lagrangian required to have two parts:
. Free theory =  Linear hydro
* Interacting Theory >  Nonlinear hydro

If the interactions are irrelevant in the IR
—>Perturbative methods to calculate correlation functions: {(n(t;, x;)n(t,,x,))

- nonlinear effects: loop calculations

Real time dynamics on CTP: n(t, x) and ¢, (t, x) < >> 1

N

Schwinger-Keldysh EFT of hydro




9. Simple diffusion

* Acausal theory of diffusive fluctuations [Chen-Lin, Delacretaz, Hartnoll, PRL (2019)]

1 1 ~ o~
£ =iT?k(Va)? — pa (1L~ DVn) + Vi, li)\«n? + g)\’rn?] +icT(Vipa)? [An+ N2 | + -

A\ -~ J& —— S

free theory interactions
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9. Simple diffusion

* Acausal theory of diffusive fluctuations

[Chen-Lin, Delacretaz, Hartnoll, PRL (2019)]

1 1 ~ ~
£ =iT?k(Va)? — pa (1L~ DVn) + Vi, [5)\(,,? + gxfn?} +icT(Vipa)? [An+ N2 | +

Correlation function

= linear response (w, k) = FxDk
A2T2y2  (Dk? — 2iw)~z
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10. Precision test of SK-EFT

ol 1 1 1 Yy = x/\/Dt‘
e Real time X 1 logt )
(n(z,t)n) = D !FO,O(?J) + \/EFLO(«U) +0 ( ¢ )] Fooly) =e v /4
linear xD” &
1-loop Fio(y) = D5/ Fi0(y)
- 44y% _ 2 y(y? —10) _ o
2 _ y?/2 v/ AErf(y/2
1,0(y) 16\/7_'('6 + 32 € r (y/ )

[Michailidis, Abanin, Delacretaz PRX (2024)]



10. Precision test of SK-EFT

Real ti , | y = x/V Dt
¢* Rreal time X ogt
,tn) = F + —F + 0 2
(n(:v )n> \/m ! 0,0( ) \/E 10(:9) ( t )] FO,O(y) — e Y /4
linear ' xD"? ~
1-loop Fio(y) = WFl,O(y)
- 4+y vz, YW —10)
B _ Yy~ /2 Y/ ARrf(y /2
* Simulation results
In a lattice gas
With know D(n)
0.1
. 05} ]
< n 500 1000 ¢ ]
0.0 T e ]
-0.5¢ \ / ]
0 ' 5 6
Y [Michailidis, Abanin, Delacretaz PRX (2024)]

An = +/t [('ﬂ(l'at)”) - ﬁﬁb,o(y)]



11. Causal diffusion (Theory B)

* Analytic structure of the correlation function

(0) _ 2Ty Dk?
GnnB (LU‘, k} - w2+('rw2—Dk2)2

ALT22 , [2 4 Dk*r — 3itw — (Tw)?]? (Dk? — 2w — Tw?) 2
16D1/2 ~ [1+ Dk27 — 2itw — (Tw)?]3/2 (Dk? — iw — Tw?)?
[NA, Kaminski, Tavakol PRL (2024)]

6GO (w, k) =

nng




11. Causal diffusion (Theory B)

* Analytic structure of the correlation function

0 2
G’EIT}}B( ) w2 +?33{2JD_]€D;52}2
5GO (k) = DL 4 [24+ DRPT = Sirw — (rw)’]* (DR? — 2iw Tw?)~ 3
s T 6D Y 1+ DR2r — 2irw — (tw)232 (D2 — iw — Tw?)?2
ove r-da m ped [NA, Kaminski, Tavakol PRL (2024)]
under-damped

Theory B, Ap.r = 0.33, 7Dk* = 1.44

-15 -1.0 -0.5 0.0 05 1.0
Rew Imw -1

[NA, Kaminski, Rischke 2506.20500]




12. Two asymptotic limits:

* Performing the Fourier Integral:

over-damped limit under-damped limit
TDEK* ~ 1w K 1 TDk* > 1
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* Performing the Fourier Integral:

over-damped limit under-damped limit
7DE* ~ Tw <« 1 TDk* > 1

Theory B, Aper=0.33, k=04, 7=1 Theory B, Ap = 0.33, 7Dk? = 1.44
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13. Two asymptotic limits:

* Performing the Fourier Integral:

over-damped limit
TDEK* ~ 1w K 1

Im w -
y y Rew
[4 (ga) 7
- T?x?\? N
Ganlt ) = TX Folf2) + L kI F.(0)

F.[) (fl) = e_tl

E]_ == tDkz

under-damped limit

TDk* > 1
Imw
Rew
TQXQ)\QD TDkK? -
Gnn(t, k) = TX Go (tg) 4D? @Gc(tg)

f.

= 213 sin (fots) + cos (fgfg)] e~ 7

)
o
P
Lt
b2
S
|
—

[NA, Kaminski, Rischke 2506.20500]




14. Scaling functions:

e Overdamped limit:

1-loop scaling function for 7 DE* < 1
0.30

0.25F
0.20F
F(f;) 045}
010}

0.05

oot . . ., . v . .,  STE—
0 5 10 15 20

* Underdamped limit:

1-loop scaling funetion for DE* = 1
0.2

SMVVVVV

1 T S T —

S

F,(t) = [6%51(1 + 1) Erfi (1
El == tDkz

[Michailidis, Abanin, Delacretaz PRX (2024)]

[NA, Kaminski, Rischke 2506.20500]



15. Importance of the scaling function Gc

1. Precision test of SK-EFT for systems with a slow mode

= QCD near CEP [Stephanov, Yin PRD 2018]
" MHD [Mayer, Dash, Inghirami, Elfner, Rezzolla, Rischke, PRC (2025)]
= Cold atoms [Brown et al, Science, (2019) 1802.09456]
A
. e fime ‘—\37
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N O T i a2y
£l B A | IR
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= Extracting T = ' and D from linear response measurements
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1. Precision test of SK-EFT for systems with a slow mode

= QCD near CEP [Stephanov, Yin PRD 2018]
" MHD [Mayer, Dash, Inghirami, Elfner, Rezzolla, Rischke, PRC (2025)]
= Cold atoms [Brown et al, Science, (2019) 1802.09456]
A
| ] timmn 3
RSN OB
2. Predictive power: ol PV ﬁ. g +¢ O y—
_‘r - } ] 3 T(t)
SRR = i | 8 2 =
£ o f e Bl R - e
L SUPREIEL ! bToe ) Y I
Lt A B T e
01 ‘ " T I &
o it +¢+$ + %m _ \##‘» 4 ";";l;;:a‘---
0 o w00 éTime (i) ¢ ° 0! ‘
TQXQAQD TDkQ 01 2 4 6 8

Gnn (t7 k‘) = TX GD (52) -+ Gc(fg) Temperature (t)

4D? v1D

= Extracting T = ' and D from linear response measurements

= Extracting D' = A, from nonlinear response
D

Ap
= Predictions for three-point functions ...

[NA, Kaminski, Rischke 2506.20500]




16. Outlook

* Comparison between Theory A and Theory B could be extended to
hydrodynamics.

* Real-time correlation functions in causal hydrodynamics.
[Huang, Kodama, Koide, Rischke PRC (2010)]

* Real-time correlation functions for causal charged-hydrodynamics.

[Akamatsu, Mazeliauskas, Teaney PRC (2017)]
[Martinez, Schafer PRC (2018)]

* Real-time dynamics of correlation functions near CEP.
[Du, An, Heinz PRC (2021)]

[Roth, von Smekal JHEP (2023)]

 Scaling function for Langevin equation.
[Oei, Krenz, van Hees, Greiner, Torres-Rincon PRD (2025)]




Thank you for attention!
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