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Impurities as key observables
Jets/Quarkonia inside the quark-
gluon plasma (QGP)

Cold atoms inside Bose-Einstein 
condensates
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Quarkonium as a QGP probe

ψ(2S)

J/ψ

Υ(1S) • The environment (QGP) and the 
probe (quarkonium) are in equilibrium.
• Can establish melting temperatures 
for different quarkonia.

2



Quarkonium as a QGP probe

ψ(2S)

J/ψ

Υ(1S) • The environment (QGP) and the 
probe (quarkonium) are in equilibrium.
• Can establish melting temperatures 
for different quarkonia.

2



Quarkonium as a QGP probe

ψ(2S)

J/ψ

Υ(1S) • The environment (QGP) and the 
probe (quarkonium) are in equilibrium.
• Can establish melting temperatures 
for different quarkonia.

2



Quarkonium as a QGP probe

ψ(2S)

J/ψ

Υ(1S) • The environment (QGP) and the 
probe (quarkonium) are in equilibrium.
• Can establish melting temperatures 
for different quarkonia.

2



Quarkonium as a QGP probe

ψ(2S)

J/ψ

Υ(1S) • The environment (QGP) and the 
probe (quarkonium) are in equilibrium.
• Can establish melting temperatures 
for different quarkonia.
• Static picture: loss of information 
from the initial conditions.
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Open Quantum Systems

• State weakly coupled to a thermal medium (bath):

• Reduced density matrix:

HT = H ⊗ IB + I ⊗HB +Hint

dρT
dt

= −i[HT, ρT]

ρ = TrB[ρT]
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Open Quantum Systems

• State weakly coupled to a thermal medium (bath):

• Reduced density matrix:
• Markovian dynamics ⟹ Lindblad equation:

HT = H ⊗ IB + I ⊗HB +Hint

dρT
dt

= −i[HT, ρT]

dρ

dt
= −i[H, ρ] +

∑

k

γk

(

LkρL
†
k
−

1

2

{

L†
k
Lk, ρ

}

)

ρ = TrB[ρT]

〈n|ρ|n〉 > 0, ∀n

ρ
† = ρ, Tr[ρ] = 1
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Quarkonium OQS (1+1D)
JCP 425(2021) 109917
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Quarkonium OQS (1+1D)
JCP 425(2021) 109917

Thermalization!
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Quarkonium OQS (3+1D)
VLP & A. Rothkopf in preparation
https://doi.org/10.5281/zenodo.14011860

Thermalization not seen 
(on an 8×8×8 grid)
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Quarkonium OQS (3+1D)
VLP & A. Rothkopf in preparation
https://doi.org/10.5281/zenodo.14011860

Limited by memory usage: 
6D density matrix 
(optimization in progress)

Thermalization not seen 
(on an 8×8×8 grid)
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Quantum metrology

• Well established in cold atoms.
• Error in temperature measurement:

δT [A] =

√

〈A2〉 − 〈A〉2

Nχ2

T
[A]

χT [A] = ∂TTr[ρA]
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Quantum metrology

• Well established in cold atoms.
• Error in temperature measurement:

• The most sensitive observable is the “symmetric logarithmic 
derivative” (SLD),    :

∂T ρ =
1

2
{Λ, ρ}− ρ〈Λ〉

δT [A] =

√

〈A2〉 − 〈A〉2

Nχ2

T
[A]

χT [A] = ∂TTr[ρA]

Λ
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From the density matrix

• The density matrix, e.g., in quantum Brownian motion (QBM):

ρ(x, x′) =
1

√

2πσ2
x

exp[−
1

2σ2
x

(

x+ x
′

2

)2

−

σ
2
p

2!2
(x− x

′)2]
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From the density matrix

• The density matrix, e.g., in quantum Brownian motion (QBM):

• Decomposing the SLD into Hermitian operators (observables):

ρ(x, x′) =
1

√

2πσ2
x

exp[−
1

2σ2
x

(

x+ x
′

2

)2

−

σ
2
p

2!2
(x− x

′)2]

Λ = cxx+ cpp+ c{x,p}{x, p}+ xx2x2 + cp2p2 + · · · =
∑

i

ciAi
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From the density matrix

• The density matrix, e.g., in quantum Brownian motion (QBM):

• Decomposing the SLD into Hermitian operators (observables):

• Obtain:

ρ(x, x′) =
1

√

2πσ2
x

exp[−
1

2σ2
x

(

x+ x
′

2

)2

−

σ
2
p

2!2
(x− x

′)2]

Λ = cxx+ cpp+ c{x,p}{x, p}+ xx2x2 + cp2p2 + · · · =
∑

i

ciAi

PRL 122(2019) 030403ΛQBM
T = cx2(x2 − 〈x2〉) + cp2(p2 − 〈p2〉)

cx2 =
4〈p2〉2χT (x2) + !2χT (p2)

8〈x2〉2〈p2〉2 − !4/2
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Limitations of the method

• Explicit density matrix only known for simple systems (point 
particle, etc.).
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Limitations of the method

• Explicit density matrix only known for simple systems (point 
particle, etc.).
• Explicit density matrix only known in the steady state (equilibrium)

• No information about energy loss.
• No information about transport.
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From the master equation

• Master equation:

• SLD definition:

∂tρ(t, T ) = L[T ]ρ(t, T )

∂T ρ(t, T ) =
1

2
{Λ(T ), ρ(t, T )}− ρ(t, T )〈Λ〉(t, T )
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From the master equation

• Master equation:

• SLD definition:

• Schwarz’s theorem:

∂tρ(t, T ) = L[T ]ρ(t, T )

∂T ρ(t, T ) =
1

2
{Λ(T ), ρ(t, T )}− ρ(t, T )〈Λ〉(t, T )

∂t(∂T ρ) = ∂T (∂tρ)
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From the master equation

• Master equation:

• SLD definition:

• Schwarz’s theorem:

• , project over different observables to obtain    :

∂tρ(t, T ) = L[T ]ρ(t, T )

∂T ρ(t, T ) =
1

2
{Λ(T ), ρ(t, T )}− ρ(t, T )〈Λ〉(t, T )

∂t(∂T ρ) = ∂T (∂tρ)

Λ =
∑

i

ciAi

Tr [{∂t(∂T ρ)− ∂T (∂tρ)}Aj ] = 0

ci
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Proof of principle: Caldeira-Legget model

• Caldeira-Legget master equation:
dρ

dt
= −

i

!
[H, ρ]−

2mγkBT

!2
[x, [x, ρ]]−

iγ

!
[x, {p, ρ}]

10

H =
p2

2m
+

1

2
mω2x2



Proof of principle: Caldeira-Legget model

• Caldeira-Legget master equation:

• Static limit gives:

Same result!

dρ

dt
= −

i

!
[H, ρ]−

2mγkBT

!2
[x, [x, ρ]]−

iγ

!
[x, {p, ρ}]

cx2 =
4〈p2〉2χT (x2) + !2χT (p2)

8〈x2〉2〈p2〉2 − !4/2
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H =
p2

2m
+

1

2
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Squeezed Gaussian state (out of equilibrium)

⟨x²⟩
⟨p²⟩
⟨xp + px⟩
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Information about the decay rate!

⟨x²⟩
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Quantum Fisher Information

ℱT

ℱγ
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• Quantum Fisher 
Information (QFI): 
maximum precision 
achievable in 
estimating a parameter 
encoded in a quantum 
state.



Conclusions and outlook
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Conclusions and outlook

• Impurities as a tool to study static and dynamic properties of the 
medium: new observables.
• Open Quantum Systems to obtain the master equation.
• Proof of principle: Quantum Brownian Motion
• Application to quarkonium master equation.
• Temperature (   ), screening mass (     ), color correlation length    
(  ), viscosity (      ), energy-loss (  )…

T mD

! η/S q̂
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Thank you!
Dziękuję!
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