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Failure of NJL models

In NJL-type models, the chemical potential is dressed as

µ′ = µ− 2GV nV .

This is problematic even at µB = 0, finite T:
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At high densities, NJL fails (again!):
nV ∝ µ′3

µ′ ∝ µ
1
3

nV ∝ µ

c2S → 1.

Natural Resolution: Asymptotic Free Theories via Nonlocal Interactions.

Luttinger-Ward Functional

The thermodynamic potential in the Luttinger-Ward framework reads

Ω[S] = −T̃r ln
(
S−1
0 − Σ

)
− T̃r (SΣ) + Φ[S],

T̃r =
1

β

∑∫
d3p

(2π)3
trD.

δΦ

δS
= Σ.

S−1 = S−1
0 − Σ[S].

Within Hartree-Fock approximation:

Φ[S] =
1

2
T̃r (SΣ) .

Local interaction:

Ω(n) = −T̃r ln
(
S−1
0 − Σ

)
− Σn + U(n),

UNJL = −GNJL n
2
S,

extremization gives

ΣNJL =
∂UNJL

∂nS
= −2GNJLnS.

NJL-type models = quadratic approximation of the density functional

Generally U becomes a functional

U [n̂] =

∫
d3p

(2π)3
d3q

(2π)3
V (p⃗− q⃗) n̂(p⃗)n̂(q⃗),

For a confining potential:

V (q⃗) =
8πb

q⃗ 4 + µ4IR
,

Ṽ (r⃗) = b
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(
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2

)
µ2IRr
2

µIR→0−−−→ b
√
2
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− br +O(µIR),

This introduces a dynamical running of the density dependence:
From low n’s

U(n) ∝ b n2µ−4
IR

to high n’s

U(n) ∝ b n µ−1
IR .

Quasiparticles Meet Virial Expansion

NJL-type model beyond Gaussian:

L + µψ̄γ0ψ = ψ̄
(
iγµ∂µ −m + µγ0

)
ψ − U(n̂V )

≈ ψ̄
(
iγµ∂µ −m + µ′γ0

)
ψ − V (n̄V ),

with

µ′ = µ− ∂

∂n̄V
U(n̄V )

V (n̄V ) = U(n̄V )− n̄V
∂U

∂n̄V
.

The thermodynamic pressure

PMF = PQP(T, µ
′)− V (n̄V )

= n̄VT − V (n̄V ).

as virial corrections:

−V (n) ↔ T
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To extract the chemical potential:

µ(n, T ) =
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The QP chemical potential can be identified as µQP = T lnn.

The standard NJL at T = 0 admits a virial form

P (n) = a0n
4
3 +GVn

2
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4
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n→∞−−−→ 1.

On the other hand, a nonlocal potential restores the conformal limit, e.g.

P (n) = a0n
4
3 +GV

n2

1 + αn2
.

This rigorously connects a virial expansion to a QP model.

To Do’s

S-matrix formulation of statistical mechanics: phase shifts
Liquid State Physics: radial distribution function
Self-energy and Virial Expansion; Dense Matter EoSs; TOVs
Coulomb Gauge QCD reformulated as a density functional
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