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Generative Al using diffusion models

Data —— Destructing data by adding noise ———> Noise
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Data €<——— Generating samples b deoising
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create new images (or configurations) by learning from existing data sets (or ensembles)

https://encord.com/blog/diffusion-models/ ’
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Diffusion models: prior and target distributions

O in pictures: pg is target (non-trivial), p7 is the prior (easy)
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Diffusion model for 2d ¢* scalar theory

o apply approach to lattice field theory, ambition is to improve upon standard (MC) methods
o 327 lattice, parameters in symmetric and broken phase
o training data set generated 1=025 7=05

using Hybrid Monte Carlo (HMC)

generating configurations:
o broken phase
o “denoising” (backward process)

o large-scale clusters emerge, as expected
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Diffusion models: stochastic dynamics

o forward process z(t) = K(z(t),t) + g(t)n(t)

noise profile
o backward process

(1) = —K(z(1),T —7) + ¢°(T — 7)0, log P(x, T — 7) + g(T —

_ score
two main schemes

o variance-expanding (VE): no drift K(x,t) =0

o variance-preserving (VP) or denoising diffusion probabilistic models (DDPMs):

linear drift K (z(t),t) = —5k(t)z(t)

o dynamics very familiar to physicists!



Diffusion models and stochastic guantisation

o diffusion models as an alternative approach to stochastic quantisation

theory: p(¢) ~ e 5 » configurations
stochastic quantisation A

diffusion model,
backward process
“denoising”

e.g. HMC
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Analytical understanding: solve forward process

o forward process z(t) = K(x(t),t) + g(t)n(t) K(z(t),t) = —3k(t)z(t)

o initial data from target ensemble xg ~ Py(z¢)

t

o solution  x(t) = zof(t,0) —I—/O ds f(t,s)g(s)n(s) F(t,s) = o3 J ds’ k(s

o second moment/cumulant/variance  K2(t) = pa(t) = p2(0) f2(¢,0) + E(t)

o higher cumulants  Ky,>2(t) = k,(0) f"(¢,0) =(t) = /0 ds f*(t, s)g*(s)
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Generating functionals for diffusion models

full path integral

O moment generating ’/_ with sources

Z1J] = E[e’ @06@0] = 37> @030) / Do Py|o]e” @190 @) F(2,0)

o cumulant generating ;?;i:enrf/(iang
W(J) =log 21J) = 5 J*(z, )=(t) + log / Depo Py[gole” (#:%0@7(:0 f(8,0) =0
o higher-order cumulants Zigjg;fng
caa(t) = S WL o" - logEp [/ @0%@700)| f(t,0)=1

T 5J(z, )" =0 &J(z,¢)

o correlations are being destroyed/overwhelmed and retrieved
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Incorporate (new/old) ideas in DM dynamics

o thermalisation: score is time dependent, system never thermalises (annealing)
o exactness: include an accept/reject step, Metropolis adjusted Langevin algorithm (MALA)
o train at one set of parameters, apply trained model at different set (physics-conditioning)

o apply to 2D U(1) gauge theory

2502.05504 [hep-lat] 10
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: i
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Metropolis-Adjusted Annealed Langevin

o strictly speaking not needed, but seems useful
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Metropolis-adjusted Langevin algorithm (MALA)

o include an accept/reject step: well-known in Langevin dynamics *

@ AR N (oD
by = Yr+1 Wwith probability min {1, p%f)ﬁﬁ(ﬁfﬁﬁ)ﬂ} v “” : i R
Or with the remaining probability, ru 0
o include ratio of target distributions p(¢) ~ e 5@ l Ry
o and ratios of transition amplitudes M:dd ¢.dg¢

1

A(brltbri1) = S P (—ﬁ 6 — @r1 + i f ($ri1, 7+ 1)) Hg)

* G.0. Roberts and J.S. Rosenthal, Optimal scaling of discrete approximations to Langevin diffusions,
Journal of the Royal Statistical Society: Series B (Statistical Methodology) 60 (1998) 255 .



Physics conditioning
o train using data generated at [

o employ at different 5 values

o applied to U(1) gauge theory: action scales with 3

motivated by stochastic quantisation:

o driftis proportional to
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Two-dimensional U(1) gauge theory

o training: 30k configurations at § = 1 on 16 obtained using HMC
o generating: 1024 configsat f = 1,3,5,7,9,11 on 8%, 162, 32%
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Two-dimensional U(1) gauge theory

o training: 30k configurations at § = 1 on 16 obtained using HMC
o generating: 1024 configsatat f = 1,3,5,7,9,11 on 8%, 162, 32°
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Two-dimensional U(1) gauge theory

in all cases:

diffusion model

trained at
f=1L=16

but employed
at different
f’sand L’s

Wilson loop is fine

top. susceptibility
unfreezes

Table 3. Comparison of observables for 8 = 7 at different lattice sizes

Lattice Size (L)

1 x 1 Wilson Loop

Topological Susceptibility

DM MALA  Exact HMC DM MALA  Exact
8 0.927(13) 0.926(13) 0.921(13) 0.926 | 0.00006(3) 0.0057(2) 0.0143(5) 0.0040
16 0.926(7) 0.926(7) 0.924(6) 0.926 | 0.00013(2) 0.0063(3) 0.0131(5) 0.0039
32 0.926(3) 0.925(4) 0.924(4) 0.926 | 0.00013(2) 0.0051(3) 0.0137(6) 0.0039
Table 4. Comparison of observables for L = 16 at different couplings
coupling (5) 1 x 1 Wilson Loop Topological Susceptibility
DM MALA  Exact DM MALA Exact
3 0.811(17) 0.811(17) 0.809(17) 0.810 | 0.0096(4) 0.0114(6) 0.0106(14) 0.0111
5 0.894(9) 0.894(9) 0.891(10) 0.894 | 0.0048(2) 0.0058(3) 0.0075(3) 0.0057
7 0.926(7 0.926(7) 0.924(6) 0.926 | 0.00013(2) 0.0063(3) 0.0131(5) 0.0039
9 0.942(4)  0.940(6)  0.942 0.0053(3) 0.0154(7)  0.0029
11 0.954(3 0.953(4) 0.950(5) 0.953 0.0058(3) 0.0165(13) 0.0024




Diffusion models and LFT

physics-conditioning: train on one volume at one coupling
generate new ensembles at different volumes and couplings
works well for local observables

topological charge seems to unfreeze too much

O O O O O

more freedom to explore in algorithm

application to complex Langevin dynamics
o data sampled but distribution unknown

o learned distribution from CL data using DM

D Habibi, GA, L Wang, K Zhou, Lattice 2024 2412.01919 [hep-lat]
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Summary and outlook

diffusion models
o offer a new approach for ensemble generation to explore in LFT
learn from data: requires high-quality ensembles

®
o close relation to stochastic quantisation
®

many directions to improve algorithms for use in LFT: exact/reject, annealing, ...

in progress
o apply to data generated using complex Langevin dynamics
o fermionic models

O

18



