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CME as an equilibrium current?
• Paradigmatic CME formula

j⃗ = µ5

2π2 B⃗, (1)

• j⃗, B⃗ and π are all well-defined quantities: we
know how to measure/control them

• “Chiral chemical potential” µ5: additional terms
in the Hamiltonian Ĥ → Ĥ + µ5Q̂5

• Introduced as an effective description of chirally
imbalanced matter

• µ5 certainly absent in ĤQCD

• Q̂5 does not commute with Ĥ ⇒ Not quite the
usual chemical potential

• Unlike the baryonic µ: µ5 changes the energy
spectrum ϵ

(
k⃗
)

of Dirac fermions
• CME absent in thermal equilibrium state with

µ5 ̸= 0 (nonzero result only with non-conserved
vector current [Yamamoto,
PRL107(2011)031601].

• Recent high-precision results: [Brandt, Endrődi,
Garnacho-Velasco, Markó, 2405.09484]

CME out of equilibrium
• Chiral imbalance induced by non-equilibrium

processes (sphalerons, E⃗ · B⃗ ̸= 0)
• States with chirality imbalance are excited

states vs thermal equilibrium

d⟨ Q̂5 ⟩
dt

= E⃗ · B⃗

2π2 + ⟨ E⃗a · B⃗a ⟩
2π2 +

+2imf

∫
d3x⃗ ⟨ q̂†γ5γ0q̂ ⟩. (2)

• Ideally: full out-of-equilibrium simulations
(classical gauge fields + quantum fermions for
QCD)

• More practical: linear response approximation
(e.g. weak E⃗) ⇒ Negative
magnetoresistance (NMR)

• Quadratic dependence of electric conductivity
on B⃗

• NMR is sensitive to CME but also to other
contributions...

How to get a cleaner CME
signal?

CME in lattice QCD
• Basic idea: capture correlations between the

vector current Ĵz and the axial charge Q̂5 in
thermally populated excited states

• Euclidean-time correlator of Ĵz and Q̂5:
G5z (τ ) = Z−1Tr

(
Ĵze

−τĤQ̂5e
−(β−τ )Ĥ

)
(3)

• All observables are well-defined on the lattice.
Standard lattice QCD action with finite B⃗ and
no µ5.

• The corresponding retarded correlator in
real time:

GR
5z (t) = i θ (t) ⟨

[
Q̂5 (0) , Ĵz (t)

]
⟩,

Ĵz (t) = eiĤtĴze
−iĤt, (4)

• Analytic continuation relations:
G5z (wk) = −GR

5z (w → iwk) , wk = 2π k T(5)
• Assume an infinitesimal time-dependent

perturbation of the Hamiltonian:
Ĥ (t) = Ĥ0 + µ5 (t) Q̂5

• How does ⟨ Ĵz ⟩ (t) depend to time?

⟨ Ĵz (t) ⟩ =
t∫

−∞
dt′GR

5z (t − t′) µ5 (t′) , (6)

• µ5 (t) is now a time-dependent perturbation.

Free fermion calculation -
Euclidean time, chiral limit

• Unregularized result - only Lowest Landau Level
contributes:

G0
5z (τ )

∣∣∣
m=0 = Bz

8π2

+∞∫
−∞

dkz

cosh2 (βkz/2)
= Bz T

2π2 .(7)

• UV finite (superficially). Still, let’s use
Pauli-Villars regularization with m → +∞:

G0
5z (τ )

∣∣∣
m→+∞ = Bz

2π2 δ (τ ) . (8)
• Final result for Euclidean-time correlator:

G5z (τ )|m=0 = Bz T

2π2 − Bz δ (τ )
2π2 . (9)

Lattice results
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• Nf = 2 Wilson fermions, SU(2) LGT, 303 × 10
• Total across all τ zero within statistical errors
• If Ĥ → Ĥ + µ5Q̂5,

⟨ Q̂5 ⟩ = µ5
β∫
0

G5z (τ ) = 0 + O (µ3
5)

• As expected, equilibrium CME vanishes [Brandt,
Endrődi, Garnacho-Velasco, Markó, 2405.09484]

Real-time response - free fermions
• Unregularized result for the retarded propagator:

GR0
5z (w) = 0, m → 0 (10)

• Pauli-Villars regulator:

GR0
5z (w) = − Bz

2π2, m → +∞ (11)
• Final result:

GR
5z (w) = Bz

2π2 ⇒ ⟨ Ĵz ⟩ (t) = Bz

2π2 µ5 (t) (12)
• Compare with Fourier transform of the

Euclidean correlator:
G5z (wk) = − Bz

2π2 (1 − δk,0) (13)
• We are back at the expected CME signal, but

with a completely different interpretation of µ5
as a time-dependent source

Relation to real-time anomaly

• Add a small time-dependent U (1) gauge field to
the Hamiltonian: Ĥ → Ĥ + Az (t) Ĵz.

• What time dependence of ⟨ Q ⟩ (t) does this
perturbation induce?

• Real-time anomaly equation:
d⟨ Q̂5 ⟩

dt
= Ȧz Bz

2π2 ⇒ ⟨ Q̂5 ⟩ (t) = Az (t) Bz

2π2(14)
• In linear response approximation, response is

described by the retarded correlator that is
complex conjugate to the CME response GR

5z:
ḠR

z5 (t) = i θ (t) ⟨
[
Ĵz (0) , Q̂5 (t)

]
⟩ (15)

• Corrections to GR
5z (t) are strongly constrained

and only come from disconnected fermionic
diagrams

Lattice results vs T
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• G5z (β/2) /B vs T , vs. free WD quarks
• No noticeable change at the crossover (magenta)

line - in contrast to [Brandt, Endrődi,
Garnacho-Velasco, Markó, Valois,
arXiv:2502.01155]. Is pion mass the reason?


