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Abstract

We analyze the finite-temperature equation of state (EOS) within the framework of an
effective Lagrangian, where a dilaton field encodes the breaking of scale invariance in
QCD. The present work extends a previous study in the pure gauge SU(3). sector, in
which the dynamics of the gluon condensate are described through a dilaton Lagrangian.
Below the critical temperature, the condensate is dominated by the dilaton field, while
above it, it evaporates into quasi-free gluons. As a new feature, we incorporate the light-
est excited glueballs, into the thermodynamic description, assuming its mass lies on a
linear Regge trajectory. In this context, we investigate the impact of thermal fluctua-
tions of the dilaton field, which has been shown to reproduce lattice QQCD results for
thermodynamic quantities such as the pressure and trace anomaly:.

We further extend the analysis to an EOS that includes additional hadronic degrees
of freedom, namely the o, 7, w, and p mesons, as well as nucleons, at finite tempera-
ture and chemical potential. This extension is realized within an effective Lagrangian
that incorporates both spontaneously broken scale symmetry and explicitly broken chiral
symmetry. Going beyond the mean-field approximation, we include the effects of thermal
fluctuations of the scalar glueball and of the mesonic fields to gain further insight into
the thermodynamic properties of the phase transition.

Pure gauge sector

In order to reproduce the QCD scale anomaly, a scalar dilaton field ¢ can be introduced,

whose Lagrangian reads [1]
1
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with x = ¢/¢g and By = Bgy.
In the description of the pure gauge sector, we consider three distinct contributions to
the thermodynamic potential [1]:

« Gluon condensate: (V(x)) — Pau(x,T), originates from the gluon condensate,
whose dynamics are described by the dilaton Lagrangian (1). The angle brackets
denote a thermal average (see eq. (4) below).

« Quasi-free gluons: P _pe(x,T), associated with quasi-free gluons. When the
value of the gluon condensate is large, i.e., for T' < T, most gluons are frozen.
Conversely, for T > 1., the condensate evaporates and gluons behave as quasi-free
particles.

« Perturbative interactions: P,(x,T), arises from perturbative gluon-gluon in-
teractions.

Taking into account the presence of thermal fluctuations [2], it is possible to divide
the field into two distinct components, the mean field and the fluctuating part A, with
(A) = 0. The thermal fluctuation for a generic meson field is given by the following
equation:
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where € = k2 +m?2, m? is its effective mass, i} is effective chemical potential and n;
is the degeneracy factor, with n; = 1 for ¢, o and 7, while n;, = —3 for w and p. In the
case of the dilaton we use <Ai> normalized by ¢3 for simplicity, so x = x + (Ai>

The thermal average of a complicated functions of x, f(x), can be evaluated by
performing integrations with the following Gaussian weighting function |2]
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The thermodynamical potential in the mean field approximation is:
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where the penultimate and the last terms have been added to have Q/V =0at T =0
and to avoid double counting respectively:; while the other terms are
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where K is an infrared cut-off defined as
A
K(y) = : 9
0= )

with A = 1 GeV. Consequently, if y — 1, then K — oo, while if x — 0, then K — A.
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« Below critical temperature (7' < T.): quasi-free gluons are suppressed, they
are considered frozen within the gluon condensate.

- Above critical temperature (7" > T.): thermodynamic properties are domi-
nated by quasi-free gluons, the gluon condensate evaporates, freeing the gluons.
An infrared cut-off K is introduced to include only gluons with sufficient momen-
tum.

« At extremely high temperatures (7" > T,): the influence of the dilaton field
is negligible, so an ultraviolet cut-off, around GeV, is applied to the pressure
term of the dilaton field Py.

In order to realize consistent thermodynamics, it is necessary to ensure that €2 is a mini-
mum with respect to variations in the mean field x. The pressure is P = —/V| while
the the energy density is defined as

dP
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where s is the entropy density. The trace anomaly [ is defined as
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In Eq. (8), Np(z) = (e* — 1)7! is the Bose Einstein distribution and ¢* =
(487%) /[11N In ((T* + S?)/(A?))] is the temperature dependent running coupling-
constant where S is a regulator, related to the existence of a minimal momentum K
for the propagating gluons. In our model S =7 GeV and A = T..

For T" < T, the potential 2/V has a global minimum at y = 1 and a local one at
x = 0. At T' =T, the two minima are degenerate. For T > T, the global minimum
moves to xy = 0. This signals a first-order phase transition at 7. = 270 MeV.

In order to obtain a better agreement with the lattice data, especially in the case of
trace anomaly in the vicinity of 7., the the analysis can be repeated by including:
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. Modified cut off K: including y2, the infrared cutoff now is depending on tem-
perature via fluctuations also for 7" > T
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where F'(T') is a form factor, defined as
o —1T,
Fr) - 2T 13
L+ (55)

with v = 0.044 GeV. The glueballs, near the critical temperature 7., they are not
expected to dissolve instantaneously; instead, glueball-like correlations may persist
slightly above T,.. In this region, s/T° > 4P/T*, so the system is still dominated
by strong non-perturbative correlations between gluons, and that the degrees
of freedom of the system are increasing. This behavior reflects a transition from a
confined phase with heavy glueballs and few degrees of freedom to a deconfined phase
characterized by light gluons and a larger number of degrees of freedom. To effectively
model this residual contribution in the deconfined phase, we introduce a phenomeno-
logical form factor F'(T'), which accounts for the gradual suppression of glueball states
due to non-perturbative effects.

 Inclusion excited glueballs: The trace anomaly I for T' < T, considering only
the scalar glueball, does not reproduce accurately the lattice data (see dashed orange
line Fig. 1). The excited glueballs in this region give a non-negligible contribution,
thanks to which the lattice data can be reproduced.

The masses of the excited glueball states are derived from Regge trajectories [3]:
m?(n=1,JY) = a(n + J) + byrc (14)

with a = 5.4940.17 GeV?. We consider only the lightest ones, so we take n = 1. The
values of the masses are listed in Tab. 1. Following Ref. [4], we include a temperature-
dependent string tension term that decreases in the range [0.5T,,1.07,], so we
define o as

o(T) = (1 - /5) . (15)

with & = 0.05 GeV and a = 0.280 GeV.

Jre m |GeV] byre [GeV?]
0+F  1.647(25)  —2.78+0.21
O+t 2367(30)  —10.87 4 0.57
0-F  2.572(38) 1,12+ 0.27
2=t 3.11(5) —6.79 = 0.66
5= 2055(37)  —2.2540.45

Table 1: The mass values and b ;rc coefficients [3], for different excited glueballs.

For T° > 1., the excited glueballs are assumed to follow the behavior of the scalar
glueball’s mass: their masses are reduced by the same amount as the scalar one, then
increase proportionally with temperature.

Considering this plethora of glueballs as a glueball resonance model, the pressure
contribution from each excited glueball is

Pu, = —(2J + )T / ];111 (l—e 5\/’“2””*2) (16)

where J is the total spin. Considering N excited glueballs, the total thermody-
namical potential is
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Figure 1: The termodynamic quantities P/T% and I/T* as a function of the temperature, compared
with the lattice QCD data [5]. Panel (a): the continuous blue curve represents P/T* when using the
infrared cutoff K and including the excited glueballs, while the dashed orange curve is obtained with
the cut-off K, cosidering only the scalar one. The green dotted curve represents the pressure obtain in
Ref. [2]. Panel (b): the continuous blue curve represents trace anomaly I /T when using the infrared
cutoff K and including the excited glueballs, while the dashed orange curve was obtained with the

cut-off K, cosidering only the scalar glueball. The green dotted curve represents the trace anomaly
obtain in Ref. [2].

The results of the first analysis are shown in Fig. 1 as an orange dashed line. At high
temperatures, both the pressure P and the trace anomaly I agree well with the lattice
data; however, near the critical temperature 7., the behavior of I does not accurately
reproduce the lattice results. The results of the second analysis are represented by a solid
blue line. At high temperatures, they are nearly identical to those of the first analysis,
but around T, particularly for the trace anomaly I, they show better agreement with
the lattice data.

Meson and baryon sector

The present investigation can be extended by considering the meson and baryon sector
at finite temperature and chemical potential [6], through the introduction of an effective
Lagrangian, that incorporates broken scale in addition to explicitly broken chiral
symmetry, that includes additional hadronic degrees of freedom, namely the o, 7, w,
and p mesons, as well as nucleons, at finite temperature and chemical potential. The
Lagrangian is defined as
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here § = 4/33 and V() is defined as in Eq. (2). In order to obtain the vacuum pion
mass, we chosen the explicit symmetry breaking parameter €] = oim?, with oq = 102
MeV and m, = 138 MeV. The treatment applied in the previous section can be extended
to the case of o, w w and p fields: decomposing them into mean field and fluctuating
parts, where the mean value of the 7 field is zero. As in the previous case, we can define

the following Gaussian weight functions [7]:

Poe) = e (‘2<i%;>)’ P - (<A3a>)(3/2)“p (‘2<3£>) 20)

in order to evaluate the average of a complicated function O(a + A,, w?), over the
fluctuating fields o and 7r:

(O(cd + Ay, 71'2)>
The nucleon mass is defined as
M = g(Vo? + 72), (22

with ¢ = 9.2. The other masses are found directly from the Lagrangian (18).
The thermodynamical potential in the mean field approximation is

A
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Here a constant term has been added so that <]>> is zero in the vacuum and the last
three terms in the first line are subtracted, thus avoiding double counting. In Fig.2 we
present the behavior of the mean fiels xy and /0 as a function of baryon density for
different temperature and the EOS obtained.
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Figure 2: Panel (a): mean value of the dilaton field x as a function of the baryon density for different
values of the temperature. Panel (b): mean value of the /0y field as a function of the baryon density
for different values of the temperature. Panel (c¢): the pressure as a function of the baryon density for
different values of the temperature. Panel (d): the energy density as a function of the baryon density
for different values of the temperature.

In panel (a) of Fig. 2, it can be seen from the behaviour of the diaton field y that
the system undergoes a first-order phase transition, for temperatures above 200
MeV. For low densities and high temperatures, the scale invariance and chiral symmetry
are restored. As the density increases, x goes from x¥ = 0 to y ~ 1, breaking the scale
invariance. From panel (b) it can be seen that at high temperatures and densities the
chiral symmetry is partially restored, since /oy ~ 0, also when x ~ 1.

Conclusions and outlook

In this study, we extend a previous work, in which the equation of state at finite tem-
perature was investigated, by using an effective Lagrangian, in which a dilaton field
reproduces the scale of symmetry breaking in QCD. This is based on an evaporation
model, in which, the gluons are frozen at low temperatures, in the non-perturbative
condensate, while at high temperature, they escape from the condensate and behave as
almost free particles. We have shown that within the model it is possible to reproduce
the main results of lattice QCD for thermodynamic quantities such as pressure and trace
anomaly. The incorporation of the thermal fluctuations and the use of this technique to
evaluate them, allows us to avoid the main problems encountered in previous work, i.e.,
the appearance of an imaginary part in the thermodynamical potential, previously as-
sumed to be system instability. Indeed, there was no imaginary potential in our work, so
the whole thermodynamic potential was minimised, not just its real part. In accord with
physical expectations, the model shows a first order transition, obtained by minimizing
the thermodynamical potential, for 7. = 270 MeV. In the second part of the analysis,
we reproduce the lattice data more accurately, thanks to the introduction of the excited
glueballs and through the modification of the infrared cut-off acting on the gluons.

In the following section, we also extend this technique to the meson and baryon sector
at finite temperature and chemical potential. The thermal fluctuations, as defined in
Ref.s [6, 7], were employed for all the mesons field, using a precise evaluation. The model
was employed to investigate the behaviour of matter at high densities and temperatures
using an effective Lagrangian with broken scale invariance and chiral symmetry. This
enabled the study of the phase diagram and the mapping of the regions in which chiral
symmetry and/or scale invariance are restored.

A further extension of this work will be the study of a chiral Lagrangian incorporat-
ing quark degrees of freedom, with particular attention to strange mesons and baryons,
aimed at investigating high-energy astrophysical phenomena such as neutron stars and
cosmological trajectories.

References

[1] Alessandro Drago, Marina Gibilisco, and Claudia Ratti. In: Nuclear Physics A 742.1 (2004), pp. 165-181.

] G. W. Carter et al. In: Phys. Rev. C 61 (4 Mar. 2000), p. 045206.

| Enrico Trotti, Shahriyar Jafarzade, and Francesco Giacosa. In: The Furopean Physical Journal C' 83.5 (May 2023).
[4] N. Cardoso and P. Bicudo. In: Phys. Rev. D 85 (7 Apr. 2012), p. 077501.

] Sz. Borsanyi et al. In: Journal of High Energy Physics 2012.7 (July 2012).

| Luca Bonanno and Alessandro Drago. In: Phys. Rev. C 79 (4 Apr. 2009), p. 045801.

] A. Mécsy, I. N. Mishustin, and P. J. Ellis. In: Phys. Rev. C 70 (1 July 2004), p. 015204.

More information

Luca Passarella
DISAT - Politecnico di Torino

INEF'N, Sezione di Torino
Torino, Italy

luca_passarella@polito.it




