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Abstract
e Key Result: We show through two exam-

Overview of entropy current

To derive the entropy current using quantum statistical approach, we need to prove that the log Z

ples (massless and massive free fermions in is extensive, meaning it can be written as an integral of some four-vector field over a hypersurface
global equilibrium with rotation and accel-

eration) that the commonly assumed local log Z1.p = / (¢u — (0] T |O>) dx, (8)
thermodynamic relations in spin hydrody- 5

namics are incomplete, even when the en-
tropy current definition is unambiguous.

where we subtract the vacuum expectation value of the operator (3). Thus, if T in Eq. (2) is bounded
from below and |0) is non-degenerate, then log Z1 g is
Method: Using a rigorous quantum sta-
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tistical approach, we find that log Z15 = /E P — <() (T“”ﬂy — (gt — §Q>\VS“>‘ ) O> d>, , (9)
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where ¢, 1s thermodynamic potential current,

the pressure derivative with respect to spin 00 5 | Oy, S{j’g” ()
potential differs from the spin density by P = / Ti (N8B — Crg(M) dA. (10)
1

a finite correction of the same order.

Implication: Thermodynamic differen- Redefining integration parameter leads to

tial relations cannot be relied upon to de- T(x) :
rive constitutive equations in relativistic oM () = / (u,/(x)TI’fEV () [T, p, w] — p(x) gt e (@) [T, p,w] — —wky(x)Sﬁg'/(w)[T’, ,u,w]) = (11)
spin hydrodynamics. A first-principles ap- 0 2 I

proach is essential [1].

After defining ¢,,, we compute the entropy current (focusing on global thermodynamic equilib-
rium) as

Equilibrium densit s = ph - TH G, — (M — %Q/\sz\v | (12)

For a relativistic fluid, by applying the quantum-
statistical method, one obtains the local equi-
librium density operator, pr g, by maxi-

where we incorporated the actual values of the currents and ¢* is

T /
. . y , 1 5 d7’
mizing entropy |[2] HH = /O <T“ T, — pi* [T — §w>\V8“>‘ [T’]> w7 | (13)
S = —Tr(plogp) |, (1)
over some space-like hypersurface . This con- Local thermodynamlc relations for mas
strains the average values of the energy density, Local thermodynamic relations are obtained by contracting the entropy current (12) with the
momentum density, charge density, and spin fluid four-velocity, giving
density to be same as their original values
1 1
~ 1 S = — un — =w,,, SH = —S*dw,, | ?
pin = 5 oxp {—T} | () VI iTs=p+p—un 5 Wn SHY |, dp = sdT + ndu + QS dw,, (14)
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with Zus as the partition function and We work with the canonical currents for massless free fermions
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o / (f“”ﬁ G Q. §u>\1/> iz, . (3) (Energy-momentum tensor) — T5. =T§" — §8>\8an : (15)
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(vector-current) =— jF = ( | ) ut :
where d>, = n, d> with n, as the unit vec- \V B? 3257 Am2f2 4w B2 67232/ B2
tor orthogonal to X. In Eq. (2), T*, S**" are - w1 (1 ¢ w? a?\ wH
the energy-momentum and spin tensor operators (axial-current) == jj = @ 6 272 2472 {72 /22 32 ’
and 7" is the vector-current operator.
Lagrange multipliers are defined as
ith B B* B — MVPO u_au_ pv Y M_wu_ 1Wpa Yo 1
5u:ﬁ C:ﬁ Q)\V:wxu n with, w —\/@, =wapu,, af = =won, Wl = oo = e w,,p?.(fi)
T’ T’ T

In the global thermodynamic equilibrium, 8, is Differential thermodynamic relation is obtained by defining pressure as

the Killing vector, (2*¥ equals thermal vorticity T 1 \ d7"

(w"”) and is constant, and ( is constant p="To"u, = T/O (ngn T uyuy, — puy j*[T7] — §uuw>w55a§ [T/]> T2 (17)
Bu = butwwa”, with b, = const.(5) which using the canonical relations and discarding the vacuum terms leads to

QFY = wh” = const., (6)
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( = const., (7) (pressure) =— p = ™ | oK T° — (a* +w )ﬂ (18)
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but pressure derivative with respect to wy, 1s not equal to spin density

T2
T (a"u* — a*u”) + SN |, where S =u, SEM (20)
y
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