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Abstract
• Key Result: We show through two exam-

ples (massless and massive free fermions in
global equilibrium with rotation and accel-
eration) that the commonly assumed local
thermodynamic relations in spin hydrody-
namics are incomplete, even when the en-
tropy current definition is unambiguous.

• Method: Using a rigorous quantum sta-
tistical approach, we find that

∂p

∂ωλν

∣∣∣
T,µ

̸= Sµν

the pressure derivative with respect to spin
potential differs from the spin density by
a finite correction of the same order.

• Implication: Thermodynamic differen-
tial relations cannot be relied upon to de-
rive constitutive equations in relativistic
spin hydrodynamics. A first-principles ap-
proach is essential [1].

Equilibrium density operator
For a relativistic fluid, by applying the quantum-
statistical method, one obtains the local equi-
librium density operator, ρ̂LE, by maxi-
mizing entropy [2]

S = −Tr(ρ̂ log ρ̂) , (1)

over some space-like hypersurface Σ. This con-
strains the average values of the energy density,
momentum density, charge density, and spin
density to be same as their original values

ρ̂LE =
1

ZLE
exp

[
−Υ̂
]
, (2)

with ZLE as the partition function and

Υ̂ =

∫
Σ

(
T̂µνβν − ζĵµ − Ωλν

2
Ŝµλν

)
dΣµ , (3)

where dΣµ ≡ nµ dΣ with nµ as the unit vec-
tor orthogonal to Σ. In Eq. (2), T̂µν , Ŝµλν are
the energy-momentum and spin tensor operators
and ĵµ is the vector-current operator.
Lagrange multipliers are defined as

βµ =
uµ

T
, ζ =

µ

T
, Ωλν =

ωλν

T
. (4)

In the global thermodynamic equilibrium, βµ is
the Killing vector, Ωµν equals thermal vorticity
(ϖµν) and is constant, and ζ is constant

βµ = bµ +ϖµνx
ν , with bµ = const.(5)

Ωµν = ϖµν = const. , (6)
ζ = const. , (7)
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Overview of entropy current
To derive the entropy current using quantum statistical approach, we need to prove that the logZ
is extensive, meaning it can be written as an integral of some four-vector field over a hypersurface

logZLE =

∫
Σ

(
ϕµ − ⟨0| Υ̂ |0⟩

)
dΣµ , (8)

where we subtract the vacuum expectation value of the operator (3). Thus, if Υ̂ in Eq. (2) is bounded
from below and |0⟩ is non-degenerate, then logZLE is

logZLE =

∫
Σ

[
ϕµ −

〈
0

∣∣∣∣(T̂µνβν − ζĵµ − 1

2
Ωλν Ŝµλν

)∣∣∣∣ 0〉]dΣµ , (9)

where ϕµ is thermodynamic potential current,

ϕµ =

∫ ∞

1

(
Tµν
LE(λ)βν − ζjµLE(λ)−

ΩλνSµλν
LE (λ)

2

)
dλ . (10)

Redefining integration parameter leads to

ϕµ(x) =

∫ T (x)

0

(
uν(x)T

µν
LE(x)[T

′, µ, ω]− µ(x)jµLE(x)[T
′, µ, ω]− 1

2
ωλν(x)Sµλν

LE (x)[T ′, µ, ω]

)
dT ′

T ′2 . (11)

After defining ϕµ, we compute the entropy current (focusing on global thermodynamic equilib-
rium) as

sµ = ϕµ + Tµνβν − ζjµ − 1

2
ΩλνSµλν , (12)

where we incorporated the actual values of the currents and ϕµ is

ϕµ =

∫ T

0

(
Tµν [T ′]uν − µjµ[T ′]− 1

2
ωλνSµλν [T ′]

)
dT ′

T ′2 . (13)

Local thermodynamic relations for massless free fermions
Local thermodynamic relations are obtained by contracting the entropy current (12) with the
fluid four-velocity, giving

✓ Ts = ρ+ p− µn− 1

2
ωµνS

µν , dp = sdT + ndµ+
1

2
Sµνdωµν ? (14)

We work with the canonical currents for massless free fermions

(Energy-momentum tensor) =⇒ Tµν
Can = Tµν

B − 1

2
∂λSλµν

Can , (15)

(vector-current) =⇒ jµ =
ζ√
β2

(
π2 + ζ2

3π2β2
− α2

4π2β2
+

w2

4π2β2

)
uµ − ζlµ

6π2β2
√
β2

,

(axial-current) =⇒ jµA =
1

β2

(
1

6
+

ζ2

2π2
− w2

24π2
− α2

8π2

)
wµ√
β2

,

with, uµ =
βµ√
β2

, lµ = ϵµνρσwναρuσ , αµ =
aµ

T
= ωµν uν

T
, wµ =

ωµ

T
= −1

2
ϵµνρσωνρ

uσ

T
. (16)

Differential thermodynamic relation is obtained by defining pressure as

p = Tϕµuµ = T

∫ T

0

(
Tµν
Can[T

′]uνuµ − µuµj
µ[T ′]− 1

2
uµωλνSµλν

Can [T
′]

)
dT ′

T ′2
, (17)

which using the canonical relations and discarding the vacuum terms leads to

(pressure) =⇒ p =
7π2T 4

180
+

1

6
µ2T 2 −

(
a2 + ω2

) T 2

24
. (18)

We observe
∂p

∂T

∣∣∣
ω,µ

= s (entropy-density) , &
∂p

∂µ

∣∣∣
T,ω

= n (charge-density) , (19)

but pressure derivative with respect to ωλν is not equal to spin density

∂p

∂ωλν

∣∣∣
T,µ

=
T 2

12

(
aνuλ − aλuν

)
+ Sλν , where Sλν = uµ Sµλν

Can , (20)

and acquire correction terms. Thus, local differential thermodynamic relations need to be modified.


