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Abstract
At present, our understanding of the non-equilibrium aspects of a relativistic spin fluid is derived from the study of Wigner

function coupled with the semiclassical expansion. In our work, we present an exact computation (up to quantum loop cor-
rections) of the Wigner functions for quarks in a field of oscillating pion condensate. The oscillating pion condensate enters
the equation of motion as a mean field, allowing for an exact solution. The spinors thus obtained are used to compute all com-
ponents of the Wigner functions. Axial current obtained using these exact Wigner functions reproduce expressions in existing
literature. In addition, our analysis also reveals a scenario that indicate incompatibility with the conventional semi-classical
expansion.

Dirac Field in Periodic Chiral Condensate:
• Chiral spirals are mean fields that are used to study the pion condensed phase.
• The Dirac equation in the presence of scalar and pseudoscalar fields is given by,(

iℏ γµ∂µ − σ − iγ5π
)
ψ = 0. (1)

• The inhomogeneous condensation corresponds to,

σ =M cos (ϕ) , and, π =M sin (ϕ) . (2)

• The exact solution of this Dirac equation is possible with the ansatz,

ψ±(x) = exp

(
−iγ5ϕ

2

)
χ± (p) e∓iϕ, (3)

where, χ± are the spinors.

• The two choices for the periodic phase are:

ϕ = q⃗ · x⃗, q⃗ ∼ wave− vector (4a)

ϕ =

(
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ℏ

)
, q⃗ ∼ momentum (4b)

• The exact spinors are found to be [1],
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where [2],
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Figure 1: Splitting of energy due to inhomogeneous chiral phase.

Second Quantization:
• Let us define,

u(r)(p,x) = exp
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2

q · x
ℏ

)
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+ (p), (7a)
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)
χ
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− (p). (7b)

• Then we may define the Dirac field as,
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∑
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• The field operators and the creation-annihilation operators satisfy the following anti-commutation relations:{
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†
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}
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(3)(x− y), (9a)
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The Limiting Case of Uniform Condensate:
• Defining E(p) =

√
p2 +M2, in the limit of uniform condensate (q → 0), the chiral spiral spinors become,

lim
q→0
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• Does not coincide with the free Dirac spinors.

Wigner Function:

• The Wigner function is defined as,
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• Using the properties of creation/annihilation operators,〈
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we can write the Wigner function expression with the help of Eq. (8),
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where the distribution functions are of the form: f (r)p = f (E
(r)
p −µr) and, f̄ (r)p = f (E

(r)
p +µ̄r).

• Using the Clifford algebra basis and denoting Σµν =
i
2[γ

µ, γν], the Wigner function is decomposed as,
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. (14)

• All these components can now be determined. The component of our interest is [1],
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Figure 2: Variation of axial vector with [Left Panel] inhomogeneity factor (q) and [Right Panel] chemical potential (µB).

Breakdown of Semiclassical Expansion:

• The kinetic equation satisfied by the Wigner function is given by [3, 4],[(
kµ +

iℏ
2
∂µ

)
γµ − σ(x) +

iℏ
2
∂µσ(x)∂

µ
k − iγ5π(x)−
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2
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µ
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]
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• The semiclassical expansion for some quantity C is defined as, C = C(0) + ℏC(1) + ℏ2C(2) + ...

• According to this expansion, one would expect the following relation to be satisfied:

kµVµ(0) − σ(0)F(0) + π(0)P(0) = 0, (17)

• Substituting the results from exact solutions to the left-hand side does not lead to zero [1].

Twist of Polarization Vector:
• In free Dirac, one expects Aµ ∝ nµ, where nµ = (0, 0, 0, 1) is the direction of spin quantization.

• In the limit q → 0, we don’t get back the Dirac spinors as seen from Eq. (10). Rather, the spinors of Eq. (10)
are linear combination of the Dirac spinors as, χ(r)+ =

∑2
s=1U

rsu
(s)
d (p) and χ(r)− =

∑2
s=1 V

rsv
(s)
d (p).

• Hence, we find, Aµ ∝ w
µ
T ̸= nµ. This implies that even if we switch off the inhomogeneity, the spin

quantization direction is twisted [1].

Summary and Outlook:
• Exact expressions of Wigner functions are rare. We were able to obtain an expression for the same in the

case of chiral spirals.

• Components of axial current were computed.

• The polarization vanishes for q = 0 at vanishing spin chemical potential (Fig. 2).

• As q → 0, the spin quantization direction turns out to be twisted as compared to free Dirac case.
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