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1. Abstract

We formulate a theory of relativistic dissipative hydrodynamics for classical particles in the microscopic frame-
work of kinetic theory. Dissipative quantities satisfy second-order transport equations featuring the transport
coefficients, all of which we compute for arbitrary mass using the “method of moments” and the inverse-
Reynolds-dominance approach.
In the 14-moment approximation, the transport equations reduce in the non-relativistic limit to the Grad’s
equations computed in the “order-of-magnitude” approach.

6. Conclusions

Many transport coefficients vanish in the ultra-relativistic or non-
relativistic regimes, however, in-between they show complicated non-
linear behaviour.
In second-order hydrodynamics, the underlying geometry of gas parti-
cles is decisive when it comes to dissipative contributions to the equa-
tions of motion for bulk-viscous pressure, particle diffusion and shear
stress.

2. Relativistic dissipative
hydrodynamics

Hydrodynamics is an effective field theory in the long wave length regime.
Its validity close to (local) equilibrium is quantified by the Knudsen number
Kn = λmicro/λmacro being Kn ! 1. The equations of motion for a dissipative
fluid are written in terms of conserved particle and energy-momentum cur-
rents,
(1) BµN

µ = 0 , BµT
µν = 0 ,

where, in the Landau frame for the fluid velocity field uµ, the currents are
decomposed as

Nµ
”nuµ + V µ ,(2a)

T µν
” εuµuν ´ (P0 + Π)∆µν + πµν .(2b)

Here n, ε are the particle and energy density, P0 the pressure, Π the bulk-
viscous pressure, and πµν the shear-stress tensor, and ∆µν = gµν ´ uµuν
the orthogonal projector. Introducing the projected derivatives •

ε ”uµBµε,
∇µ ”∆µνB

ν, the equations of motion become
•
n + nθ +∇µV

µ = 0 ,(3a)
•
ε + (ε + P0 + Π) θ ´ παβσαβ = 0 ,(3b)

(ε + P0 + Π)
•
uµ

´ ∇µ(P0 + Π) + ∆µ
α∇βπ

αβ = 0 ,(3c)
where we defined the expansion scalar θ ”∇µu

µ, the shear tensor
σµν

”∇xµuνy, and the vorticity tensor ωµν
”∇[µuν]. To solve these equa-

tions a model for dissipation is required.

3. Kinetic theory for a classical fluid

For a gas cell of unit length L the dissipation is modelled in phase space by the Boltzmann equation for
the one-particle distribution function fk(x) with the binary collision integral:

(4) kµBµfk(x) = C[fk] : C[fk]”
1

2

ż

dK1 dK2 dK 1 Wkk1Ñk1k2
(fk1

fk2
´ fk1fk) ,

Connection to hydrodynamics is established by the moments of the distribution function:

(5) Nµ =
ż

dK fk(x)k
µ , T µν =

ż

dK fk(x)k
µkν .

The local-equilibrium distribution is defined by C[f0k]” 0, such that the collision integral is non-trivial
only for δfk ” fk ´ f0k ‰ 0. Expansion of the non-equilibrium distribution in a complete and orthogonal
momentum basis,

(6) δfk(x) = f0k
8
ÿ

`=0

N
ÿ̀

n=0

H(`)
k,nkxµ1

¨ ¨ ¨ kµ`yρ
µ1¨¨¨µ`
n (x) ,

is systematically truncated using a parameter N`. Taking the derivative of the irreducible moments defined
by

(7) ρµ1¨¨¨µ`
n (x)”

ż

dK k0
nkxµ1 ¨ ¨ ¨ kµ`y δfk(x)

yields a hierarchy of coupled differential equations for moments of different tensor rank `. The dissipative
quantities are determined by Π” ´3ρ0/m

2, V µ
” ρµ0 , πµν

” ρµν0 . A power-counting technique in the inverse
Reynolds numbers,

(8) IReΠ ”
Π

P0
, IReV ”

b

´V µVµ

βP0
, IReπ ”

a

πµνπµν
P0

,

and Knudsen number Kn ”λmfp/L provides a systematic way to truncate these equations at second order
in Kn, IRe and tensor products thereof, resulting in the transport equations for Π, Vµ, πµν.

4. Transport coefficients of bulk, diffusion, shear for arbitrary masses

The relaxation of dissipative quantities is governed by the transport coefficients, which can be calculated analytically as functions of z ” βm:

τΠ
•
Π + Π = ´ ζθ ´ `ΠV∇µV

µ
´ τΠVV

µ∇µP0 ´ δΠΠΠθ ´ λΠVV
µ∇µα + λΠππ

µνσµν + ϕ1Π ¨ Π + ϕ2V
µVµ + ϕ3π

µνπµν ,(9a)

τV
•
V xµy + V µ = κ∇µα ´ τVVνω

νµ
´ δV VV

µθ ´ `V Π∇µΠ + `V π∆
µν∇λπ

λ
ν + τV ΠΠ∇µP0 ´ τV ππ

µν∇νP0 + ϕ4π
µνVν + ϕ5ΠV

µ ,(9b)

τπ
•
π xµνy + πµν = 2ησµν + 2τππ

xµ
λ ωνyλ

´ δπππ
µνθ ´ τπππ

λxµσ
νy

λ + λπΠΠσ
µν

´ τπVV
xµ∇νyP0 + `πV∇xµV νy + λπVV

xµ∇νyα + ϕ6Ππ
µν + ϕ7π

λxµπνy
λ + ϕ8V

xµV νy .(9c)
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5. Non-relativistic limit

Writing eqs. (9a) to (9c) in terms of heat flow instead of particle diffusion and inserting the values of the transport coefficients for z  8 yields

´
2

3

P
(8)
0

η(8)
qµ = ∆µ

ν
•
q ν

´
5

2
P

(8)
0 ∇µRT + qν∇νuµ +

2

5
qν (∇νuµ +∇µuν) +

7

5
qµ∇λu

λ
´ RTπµν∇ν lnP (8)

0 +RT∆µν∇λπ
λ
ν +

7

2
πµν∇νRT ´

1

10η(8)
πµνqν ,

´
P

(8)
0

η(8)
πµν = ∆µν

αβ
•
παβ

´ 2P
(8)
0 ∇xµuνy + πµν∇λu

λ + 2πλxµ∇λu
νy

´
4

5
∇xµqνy

´
1

14η(8)
πλxµπνy

λ +
1

100RTη(8)
qxµqνy .

This is a variant of the well-known transport equations of Grad when the power-counting technique is employed consequently. Because Grad’s equations are formulated not for hard spheres
but so-called Maxwell molecules, the terms proportional to ϕ5, ϕ7, ϕ8 are present in our work but absent in Grad’s formulation.
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