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I. Abstract

•We formulate the effective potential of the NJL-model in a rigidly rotating frame with a
chiral and axial-vector condensate.
• The axial-vector condensate is identified with the dual of the canonical spin tensor, allowing
its interpretation as a spin condensate.
• The phase diagram in the temperature-angular velocity plane is obtained by determining
the minimum of the effective potential.
• Our analysis reveals that the emergence of a spin condensate stabilizes the chiral condensate,
leading to its enhancement near the phase boundary.
• Furthermore, the presence of the spin condensate modifies the nature of the phase transition
from a crossover to a first-order transition.

II. NJL model under rigid rotation

• Startingpoint is the NJL-Lagrangian in a non-trivial background:
L = ψ̄ (iγaDa −m)ψ +G(ψ̄ψ)2 +GA(ψ̄γµγ

5ψ)2 , (1)
with:

Da = eµa
(
∂µ − Γµ

)
, Γµ = −1

4
γaγbeνa∂µebν .

•Adopting the metric of a rigidly rotating cylinder with constant angular velocity Ω in cylin-
drical coordinates (t, r, θ, z):

ds2 =
(
1− Ω2r2

)
dt2 − 2Ωr2dθdt− dr2 − r2dθ2 − dz2 ,

results in the tetrad fields eµa and the spin-connection terms Γµ:

et0 = 1 , er1 = 1 , ez3 = 1 , eθ0 = −Ω , eθ2 =
1

r
,

Γt = ΩΓθ , Γθ = −1

2
γ1γ2 , Γr = Γz = 0 .

III. Mean-field approximation

• Rewrite the Lagrangian in Eq. (1) in terms of the scalar and pseudo-vector condensates:

〈ψ̄ψ〉 = −σ −m

G
, 〈ψ̄γµγ5ψ〉 = − sµ

GA
,

where σ is the chiral condensate (or equivalently, the mass gap), and sµ is the spin conden-
sate.
• The second condensate can be called spin-condensate because it formally is the dual of the
canoncial-spin tensor:

Sλ,µνC =
1

2
ψ̄
{
γλ , Σµν

}
ψ = ερλµν

ψ̄γργ
5ψ

2
,

for a system of Dirac fermions.
• Applying a Hubbard–Stratonovich transformation to Eq. (1), one obtains the mean-field
partition function:

Z =

∫
D ¯[ψ]D[ψ] exp

(
iS [σ, sµ]

)
,

where the action S is given by:

S [σ, sµ] =
∫
d4x

√
gψ̄(x)

(
iγµDµ − σ − γ3γ5s

)
ψ(x)

− V

2G
(σ −m)2 − V

2GA
s2 ,

with g = det(eµa) and V denoting the volume of the system.
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IV. Effective potential

•Using the Ritus-method and performing the standardMatsubara-sum results in the effective
potential:

Veff =
(σ −m)2

2G
+

s2

2GA
− TNfNc

(2π)3

∞∑
l=0

∑
±

∫
p⊥dp⊥dpz

(
ln(1 + e−(Ep±Ωl)/T )+

+ ln(1 + e−(Em±Ωl)/T ) +
Ep + Em

T

)
, (2)

Ep/m =

√
s2 + p2⊥ ± 2

√
s2 (p2z + σ2) + p2z + σ2 .

• To render the vacuum contribution in Eq. (10) finite the Pauli-Villars regularization scheme
has been used:

fvac(Ep, Em) ≡ Ep + Em ,

fPVvac =

3∑
j=0

cjfvac(
√
E2
p + jΛ2,

√
E2
m + jΛ2) ,

with c0 = 1 , c1 = −3 , c2 = 3 , c3 = −1 and Λ = 757.048 MeV.
• To calculate the phase diagram we need to find the minimum of Eq. (2).

V. Phase diagram of σ and s at finite T and Ω

• The chiral condensate without allowing a spin condensate to form (left), the chiral conden-
sate with a spin condensate (middle), and the spin condensate (right) in the T -Ω plane are
shown below.
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• The behaviour of the condensates in T -direction (left) and Ω-direction (middle) and the
dependence of the condensates on the ratio r = GA/G (right) are shown below.
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• Regions where the formation of the spin condensate suppresses the chiral condensate, as
well as regions exhibiting ’rotational catalysis,’ where the spin condensate enhances the
chiral condensate compared to the scenario without spin condensation, can be identified.
• The condensates exhibit a dependence on the axial coupling constant GA = G · rA. For
rA < 0.5, the formation of a substantial spin condensate is not observed.

VI. Outlook

• In this work, non-causal velocities at the edge of the cylinder are present. This can be
corrected by using essential boundary condition.
• Render the chiral condensate dependent on the radius r of the cylinder, by expanding it as a
set of r dependent functions that obey the symmetries of the system i.e. cylindrical Bessel
functions.
• Inclusion of bosonic fluctuations i.e. via a Functional Renormalization Group (FRG) meth-
ods.
• An additional external magnetic field can be included to study the interplay of rotation and
magnetic field.
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