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Outline

▶ Taylor expansion coefficients of pressure (BQS cumulants) in
(2+1)-flavor QCD with physical light and strange quark masses
⇒ extrapolation to finite µB and connection to QCD critical endpoint

▶ BQSC cumulants in (2+1)-flavor QCD with quenched charm
⇒ connection to deconfinement at µ = 0

▶ (2+1)-flavor QCD with physical strange but smaller than physical
light quark masses, which correspond to pion masses in the range 160
to 55 MeV
⇒ curvature of chiral phase transition temperature as a function of
µB, and constraining the QCD critical endpoint
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Known QCD phase diagram in T -µB plane

Tpc(µB) = Tpc(0)

[
1− κB2

(
µB

Tpc(0)

)2]
, κB2 = 0.016(6), κB4 is insignificant

pc

HotQCD Collaboration, arXiv:1812.08235 [hep-lat]

▶ Experimental particle yields → hadronization models → Tf (
√
sNN ).

▶ Agreement with Tpc(µB), determined in lattice QCD and Model
calculations.
BW, arXiv:2002.02821 [hep-lat]; D’Elia, et. al., arXiv:1809.10660 [hep-lat]; Biswas, et. al., arXiv:2401.02874 [hep-ph]
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Conjectured QCD phase diagram with added mu,d axis
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chiral plane

Fithjof Karsch, Critical behavior and net-charge fluctuations from lattice QCD, arXiv:1905.03936 [hep-lat]

▶ Why chiral limit?

▶ Spontaneous breaking of the chiral symmetry affects features of the
hadron spectrum.

▶ Massless limit constraints the physical theory.
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Conjectured QCD phase diagram with added mu,d axis

Tpc(µB = 0) = 156.5± 1.5 MeV, Tc(µB = 0, H = 0) = 132+3
−6 MeV
mu,d = mℓ
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HotQCD, arxiv:1903.04801;

Kotov et. al., arXiv:2105.09842

Cuteri et. al., arXiv:2107.12739

[Lattice QCD]

Tpc(H) = Tc

(
1 +

zp

z0
H

1/βδ
)

+ sub-leading,

H = mℓ/ms

previous slide [Lattice QCD]

HotQCD, arXiv:2403.09390

[Lattice QCD]

Y. Hatta, T. Ikeda, arXiv:hep-ph/0210284

Landau-Ginzburg potential:

Tc(mℓ) = Ttri − cm
2/5
ℓ

, c > 0

M.A. Stephanov, arXiv:hep-lat/0603014

[Random matrix model, scaling arguments]

Christian Fischer’s talk on Wednesday showed agreement with functional methods
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Universal scaling framework to study phase transitions

▶ In the vicinity of a second-order critical point/line/surface, the free
energy density, f = −(T/V ) lnZ, can be split into a dominant
singular contribution and sub-leading corrections that are of relevance
in some range of H ̸= 0,
f = h0h

1+1/δff (z) + sub-leading ; z = z0zb

zb = t̄/H1/βδ , z0 = h
1/βδ
0 /t0 .

(energy-like) t =
t̄

t0
=

1

t0

(
T − Tc

Tc
+ κℓ2µ̂

2
ℓ + κs2µ̂

2
s + 2κℓs11µ̂ℓµ̂s

)
,

(magnetization-like) h ≡ H

h0
=

1

h0

mℓ

ms
.

▶ µ̂X = µX/T ; (u, d, s) ↔ (B,Q, S); can be extended to include a
fourth conserved charge, such as charm quantum number.
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Flavor and conserved charge basis

µB = µu + 2µd

µQ = µu − µd

µS = µd − µs

µC = µc − µu

▶ µQ = µS = 0 ⇏ nQ = nS = 0.

▶ Media created in heavy ion collisions is strangeness neutral:
nS = 0, nQ/nB = 0.4 ⇒ µ̂Q(µ̂B), µ̂S(µ̂B)

▶ strangeness neutral, isospin symmetric case is a good approximation
for the above case. HotQCD, arXiv:1701.04325 [hep-lat]

nS = 0, nQ/nB = 0.5 ⇒ µQ = 0.

▶ To not explicitly break SU(2)V subgroup of SU(2)L × SU(2)R, set
µu = µd = µℓ ⇒ µQ = 0
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A few lattice details

▶ Euclidean space-time discretised by N3
σ ×Nτ hypercubic lattices with

lattice spacing a such that aNτ = T−1. At a fixed T , Nτ → ∞ gives
the continuum limit.

▶ To study finite-size dependence of critical phenomena on lattice, a
relevant scaling field can be added to the singular part of the free
energy:

zL = z0,L zL,b; zL,b =
Nτ

NσHν/βδ
(1)

f = h0h
1+1/δff (z, zL) (2)

Finite-volume effects are small for zL,b ≤ 1.

▶ For physical quark masses, Nσ/Nτ = 4, and for smaller than physical
quark masses, Nσ/Nτ ∈ [4, 7].
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A few lattice details

▶ As an example, Wilson’s form of gauge action differs from continuum
action by O(a2),

SG[U ] =
2

g2

∑
n∈Λ

∑
µ<ν

Re tr[I− Uµν(n)]

=
a4

4g2

∑
n∈Λ

∑
µ,ν

(F a
µν)

2 +O(a6)

▶ Such terms disappear in the a → 0, and constitute lattice artefacts at
a fixed a.

▶ Different improvements of lattice actions subtract these artefacts in
different ways and should agree in the a → 0 limit.
e.g., HISQ (Highly Improved Staggered Quark Action) and stout
actions remove O(a2) discretisation effects.
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Difference lattice regularisation schemes for fermions

▶ Naive fermion discretisation scheme leads to 16 doublers
corresponding to 16 corners of the Brillouin zone.

▶ Wilson fermions: heavy fermions, m ∼ 1/a, to circumvent doubling,
but break chiral symmetry explicitly at finite a.

▶ Staggered fermions: reduce fermion doublers from 16 to 4. At a finite
a, remnant chiral symmetry: SU(2)L × SU(2)R → U(1)× U(1), or
O(4) → O(2).

▶ Computationally more expensive fermions than staggered: Domain
Wall Fermions, Overlap fermions.

▶ This talk: HISQ.
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Extending lattice calculations to finite chemical potential

▶ Direct calculation using Monte Carlo is not possible because of the
infamous sign problem:
M †(µ) = γ5M(−µ∗)γ5 =⇒ det[M(µ)]∗ = det[M(−µ∗)] ∈ C

▶ No sign problem at imaginary µ, however, the fit function choice for
analytic continuation is not unique; exploration only possible upto a
certain value: Roberge-Weiss phase transition at µ2 = −(π/3)2

M. D’Elia and M.-P. Lombardo, arXiv:hep-lat/0209146; P. de Forcrand and O. Philipsen, arXiv:hep-lat/0205016; S.

Borsanyi, et. al., arXiv:1204.6710 [hep-lat]; J. N. Guenther, et. al., arXiv:1607.02493 [hep-lat].

▶ More methods: reweighting techniques, density of state methods,
using the canonical ensemble, formulations with dual variables,
Lefschetz thimbles, complex Langevin.
Jana N. Guenther, Overview of the QCD phase diagram - Recent progress from the lattice, 2201.02072 [hep-lat], and

references therein.
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Extending lattice calculations to finite chemical potential

▶ This talk focuses on the Taylor expansion method using HISQ action:

P̂ ≡ P/T 4 =
1

V T 3
lnZ(T, V, µ̂B, µ̂Q, µ̂S) =

∞∑
i,j,k=0

χBQS
ijk

i!j! k!
µ̂i
Bµ̂

j
Qµ̂

k
S ,

χBQS
ijk ≡ χBQS

ijk (T ) =
∂P̂

∂µ̂i
B∂µ̂

j
Q∂µ̂

k
S

∣∣∣∣∣
µ⃗=0

.

▶ For ns = 0, µQ = 0:

P̂ =
∞∑
k=0

χ̃B
2k(T )

2k!︸ ︷︷ ︸
P2k

µ̂2k
B

▶ Behaviour of these expansions coefficients near a second order phase
transition can be directly predicted by the scaling relations, given
f = −(T/V ) lnZ = h0h

1+1/δff (z) + sub-leading
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Energy-like observables for ns = 0, µQ = 0
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HotQCD collaboration, arXiv:2212.09043 [hep-lat]
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▶ t = 1
t0

(
T−Tc
Tc

+ κB2 µ̂
2
B

)
=⇒ ∂2f

∂µ̂2
B

∣∣∣
T
= 2κB2 Tc

∂f
∂T

∣∣∣
T

=⇒ Roughly, a temperature below which all expansion coefficients
are positive, puts an upper bound on the location of the QCD critical
point =⇒ upto O(µ̂8

B), all coefficients are positive below 125 MeV.

▶ P4 behaves like specific heat =⇒ pronounced peak in the chiral limit
at Tc, but no divergence =⇒ affected more by the regular
contributions.

▶ Upto O(g2), in high temperature perturbation theory, the µ̂B

dependent part of pressure is a quadratic polynomial in µ̂2
B:

∆p/T 4 = 2
18

(
1− g2

2π2

) (
µ̂2
B + 1

18π2 µ̂
4
B

)
=⇒ P2k, ∀k ≥ 3 vanish.
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Radius of convergence of the Taylor series
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▶ Radius of convergence, r2k = lim
k→∞

∣∣∣∣ P2k

P2k+2

∣∣∣∣1/2, of a Taylor series

around µ̂B = 0 is related to a phase transition (or a singularity in a
thermodynamic quantity), if it is related to a singularity on the real
µ̂B axis, which is closest to the origin.

▶ Only few Taylor coefficients are available =⇒ estimator of radius of
convergence, and some information about the analytic structure of
the Taylor expansion.
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Radius of convergence and poles of the Taylor series

▶ Rewrite the pressure expansion:

(∆P (T, µB)/T
4)P4

P 2
2

=

∞∑
k=1

c2k,2x̄
2k ,

= x̄2 + x̄4 + c6,2x̄
6 + c8,2x̄

8 + ... ,

x̄ =

√
P4

P2
µ̂B, c2k,2 =

P2k

P2

(
P2

P4

)k−1

.

▶ For a better characterization of the poles, construct Padé
approximants:

P [2, 2] =
x̄2

1− x̄2
,

P [4, 4] =
(1− c6,2)x̄

2 + (1− 2c6,2 + c8,2) x̄
4

(1− c6,2) + (c8,2 − c6,2)x̄2 + (c26,2 − c8,2)x̄4
.
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Radius of convergence and poles of the Taylor series

▶ For a better characterization of the poles, construct Padé
approximants:

P [2, 2] =
x̄2

1− x̄2
,

P [4, 4] =
(1− c6,2)x̄

2 + (1− 2c6,2 + c8,2) x̄
4

(1− c6,2) + (c8,2 − c6,2)x̄2 + (c26,2 − c8,2)x̄4
.

▶ The [4,4] Padé has four poles which come in two pairs:

z± =
c8,2 − c6,2 ±

√
(c8,2 − c+8,2)(c8,2 − c−8,2)

2(c8,2 − c26,2)
,

c±8,2 = −2 + 3c6,2 ± 2(1− c6,2)
3/2 .
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Radius of convergence and poles of the Taylor series
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HotQCD collaboration, arXiv:2212.09043 [hep-lat]

▶ With improved data for P8

at T = 125 MeV, tendency
to move out of the cc
region.

▶ Magnitude of poles nearest
to the origin. µ̂ ≳ 2.5 at
T=135 MeV and rises to
µ̂ ≳ 3, for T ≳ Tpc.
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Pressure and energy density at finite µ̂B
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HotQCD collaboration, arXiv:2212.09043 [hep-lat]

▶ Higher orders become more important for higher derivatives.

▶ For T > 200 MeV, series converges rapidly. P4 is two orders of
magnitude smaller than P6, and P2 is consistent with zero.

▶ For T ≤ 150 MeV, small contribution from P6 and P8 upto µ̂B ≤ 2.5.

▶ Higher orders needed to be taken into account for
150 MeV < T < 200 MeV for µ̂B ≥ 2.
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BQSC cumulants

▶ Extending BQS cumulants/fluctuations to BQSC

▶ Boltzmann approximation offers simplification in the heavier charm
sector, making it possible to probe deconfinement by studying
relevant charm degrees of freedom in different temperature regimes.
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Probing charm degrees of freedom using Taylor coefficients
without constraints

▶ T < Tpc described by Hadron Resonance Gas (HRG):
PC(T, µ⃗) = PC

M (T, µ⃗) + PC
B (T, µ⃗), where PC

B/M (T, µ⃗) is given by

1

π2

∑
i∈C-B/M

gi

(
mi

T

)2

K2(mi/T )cosh(Biµ̂B +Qiµ̂Q + Siµ̂S + Ciµ̂C)

χBQSC
klmn =

1

π2

∑
i∈C-H

gi

(
mi

T

)2

K2(mi/T ) B
kQlSmCn

▶ The high temperature phase is described by a free gas of massive
charm quarks and anti-quarks:

PC
q (T,−→µ ) =

6

π2

(
mC

q

T

)2

K2(m
C
q /T ) · cosh

(
2

3
µ̂Q +

1

3
µ̂B + µ̂C

)

Sipaz Sharma sipaz.sharma@tum.de July 4th, 2025 21 / 33



Probing charm degrees of freedom using Taylor coefficients
without constraints

▶ T < Tpc described by Hadron Resonance Gas (HRG):
PC(T, µ⃗) = PC

M (T, µ⃗) + PC
B (T, µ⃗), where PC

B/M (T, µ⃗) is given by

1

π2

∑
i∈C-B/M

gi

(
mi

T

)2

K2(mi/T )cosh(Biµ̂B +Qiµ̂Q + Siµ̂S + Ciµ̂C)

χBQSC
klmn =

1

π2

∑
i∈C-H

gi

(
mi

T

)2

K2(mi/T ) B
kQlSmCn

▶ The high temperature phase is described by a free gas of massive
charm quarks and anti-quarks:

PC
q (T,−→µ ) =

6

π2

(
mC

q

T

)2

K2(m
C
q /T ) · cosh

(
2

3
µ̂Q +

1

3
µ̂B + µ̂C

)

Sipaz Sharma sipaz.sharma@tum.de July 4th, 2025 21 / 33



Probing charm degrees of freedom using Taylor coefficients
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HotQCD Collaboration, arxiv:2312.12857 [hep-lat]

▶ Charmed hadrons start melting at Tpc.

▶ Based on the carriers of C in low and high-T phase, pose a
quasi-particle model, PC(T, µ⃗) = PC

M (T, µ⃗) + PC
B (T, µ⃗) + PC

q (T, µ⃗).

Sipaz Sharma sipaz.sharma@tum.de July 4th, 2025 22 / 33



Probing charm degrees of freedom using Taylor coefficients
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Strange charmed hadrons using Taylor coefficients
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▶ QM-HRG underpredicts
|S| = 2 lattice data above
Tpc. Incomplete knowledge
of |S| = 2 sector?

▶ Deviation from HRG
occurs at a slower rate
than non-strange charmed
sector.
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Chiral observables

Mℓ =
ms

f4
K

∂P

∂mℓ

χℓ = ms
∂Mℓ

∂mℓ

Msub = Mℓ − 2H
ms

f4
K

∂P

∂ms

M = Mℓ −Hχℓ

χMℓ

t(T ) = −Tc
∂Mℓ

∂T
; zt = 0.7991(96)

χMℓ

t(f,f) = −∂2Mℓ

∂µ̂2
f

; zt

χM
t(T ) = −Tc

∂M

∂T
; zt,M = 0.629(10)

χMsub
m =

∂Msub

∂mℓ
; zm = 1.6675(68)

▶ max[−f ′
G(z)] at zt, max[f ′

χ(z)− f ′
G(z)] at zt,M , max[fχ(z)] at zm

▶ χM
t(T ) has the weakest quark mass dependence and is least affected by

the regular terms.

▶ Msub and M are both renormalised and M is free of O(H) regular
contribution.

▶
(

∂
∂mu

+ ∂
∂md

)
≡ ∂

∂mℓ
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Chiral observables
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Extracting non-universal parameters using O(2) scaling
functions
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z0 = 1.42(6)
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−1/δ
0 = 39.2(4)

HotQCD collaboration, arxiv:2403.09390 [hep-lat]

Corrections to universal scaling
behavior arising from regular or
sub-leading universal terms re-
main smaller than 10% for
(T − Tc)/Tc ≤ 0.06.
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Various chiral susceptibilities
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Chiral limit of various pseudocritical temperatures
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Mℓ = h
−1/δ
0 H1/δ

(
fG(z)

+ cHωνcfG,cts(z) +O(H2ωνc)
)

+H

nmax∑
n=0

ant
n +O(H3)

Fit only depends upon cts and reg.
terms, which become important for
T ≥ 148 MeV.

Tpc,x(H) = Tc

(
1 +

zx
z0

H1/βδ + tc,xH
1/βδ+ωνc

+t2,xH
1+(3−β)/βδ + t3,xH

1+(4−β)/βδ
)
; x = t, (t,M)

For Tpc,m(H), subtract 1/βδ from powers of H associated with coeficients t2,x
and t3,x. HotQCD collaboration, arxiv:2403.09390 [hep-lat]

Sipaz Sharma sipaz.sharma@tum.de July 4th, 2025 28 / 33



Curvature coefficients in the chiral limit

κf2 = lim
T→Tc
H→0

Kf
2 (T,H) =

1

2Tc

(
∂2Mℓ/∂µ̂

2
f

∂Mℓ/∂T

)
(T,µ⃗=0)

κls2 = lim
T→Tc
H→0

Kℓs
11(T,H) =

1

2Tc

(
∂2Mℓ/∂µ̂ℓ∂µ̂s

∂Mℓ/∂T

)
(T,µ⃗=0)

Mℓ = h1/δfG(z) +H
(
a0 + at

T − Tc

Tc
+ aℓµ̂

2
ℓ + asµ̂

2
s + 2aℓsµ̂ℓµ̂s

)
Kf

2 (T,H) = κf2 +AfH
1+(1−β)/βδ +BfH

1−1/δt

κB2 =
1

9

(
κℓ2 + 2κℓs11 + κs2

)
κS2 = κs2

κBS
11 = −1

3

(
κs2 + κℓs11

)
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Curvature coefficients in the chiral limit
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HotQCD collaboration, arXiv:2403.09390 [hep-lat]
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Conclusions

▶ Taylor coefficients predict Tcep < 125 MeV

Tpc(µB = 0, Hphys) > Tc(µB = 0, H = 0) > Ttri > Tcep

Ttri = Tc − 1.9(6) MeV

(
µB

Tc

)2

tri

Tcep < 125 MeV, if
(µB
Tc

)
tri

≥ 2, and
( µB

Tpc(0)

)
cep

≥ 4

=⇒ √
sNN < 5 GeV
Frithjof Karsch, Arbeitstreffen Kernphysik 2024 talk

In agreement with [Fischer et. al., 2014]; [Fu et. al., 2019]; [Gao, Pawlowski, 2020]; G. Basar, arXiv:2312.06952; [Gao,

Pawlowski, 2020]; [Gunkel, Fischer, 2021]; D.A. Clarke, et. al. PoS LATTICE2023 (2024); Shah et. al; 2410.16206
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Conclusions

▶ Charmed hadrons start dissociating at the chiral crossover
temperature, leading to the appearance of charm quark degrees of
freedom.

▶ Hadron-like excitations survive in QGP.

▶ At Tpc, only 50% contribution to charmed baryon pressure comes
from experimentally known states.

▶ Incomplete knowledge of the doubly-strange charmed baryon sector.
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Outlook

▶ Does chiral phase transition belong to O(4) universailty class?
Extract universal critical exponents associated with the chiral phase
transition directly from lattice data. Ongoing: Sabarnya Mitra et. al., Poster

▶ Status of UA(1) in the chiral limit? Ongoing
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