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[ INTRODUCTION J

The hadronic vacuum polarization (HVP)
function M(g?) plays a central role in var- — —>
lous issues of QCD and Standard Model.
In particular, the theoretical description

of some strong interaction processes and hadronic contributions to elec-
troweak observables is inherently based on the HVP function M(g?):

e electron-positron annihilation into hadrons
e inclusive 7 lepton hadronic decay
e muon anomalous magnetic moment

e running of the electromagnetic coupling

The relevant energy scales span from IR to UV domain.
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( GENERAL DISPERSION RELATIONS

——/

where s = g% = (p,; + p,)? > 0, [timelike]

1

Ly = E[Q,uqv - g,uqu — (p1 = P2)u(pr — Pz)v],

Cross-section of ete"— hadrons reads :
202 d

o = 471'2—3 /JVA,uVa r

S (o)

n

S

Ay = (27T)4 Z S(py + p2— pr) <O|Jp(_Q)|r><r‘Jv(Q)|o>,
[
and J, =2 Qr:g v, q: Is the electromagnetic quark current.

Kinematic restriction: the hadronic tensor A,,(g#) assumes non-zero values
only for g% > 4m? = m?, since otherwise no hadron state I could be excited

m Feynman (1972); Adler (1974).
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The hadronic tensor can be represented as A, = 2Im 0,

| 2
I'va(qZ) = i/e’q"(O T{Jy(X) JV(O)}|O> d*x = i(quqy — gﬂqu)r:;iz)'

Kinematic restriction: M(g?) has the only cut s = g2 > m? [timelike]

Dispersion relation for M(g?):
1 (<)
AM(g?% g%) = — (g° - g? d
(g% q) o (g qO)jé (& — q2) (£ - qg) 4
o0 R(s)

m (s = q?)(s - q5)

Re &

= (¢*- q3)

where AM(q% ¢3) = N(g% —N(qf) and R(s) denotes the measurable ratio of
two cross—sections

R(s) = igli_)r(r)l [I'I(s +ie)-M(s—ig)|=

o(ete” — hadrons;s)
o(ete” — utu~;s)
Kinematic restriction: R(s) = 0 for s = g% < m.
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For practical purposes it is convenient to employ the Adler function

2 00
d:l(n_QQz)’ D(Q?%) = Q? . (si(;)%? ds, Q?’=-g* >0 [spacelike]
m Adler (1974); De Rujula, Georgi (1976); Bjorken (1989).
The Adler function plays a valuable role for the congruous analysis of space-
like/timelike data: the dispersion relation provides a link between experi-
mentally measurable and theoretically computable quantities.

D(Q%) =~

The inverse relations between the functions on $Im¢
hand read i
1T .. - d
R(s) = — lim / D(—{)—g
271-, e—04 s+/& C o0 . R ¢
S+ie e
m Radyushkin (1982); Krasnikov, Pivovarov (1982). 5 - >
, , Q2 df S-ig
ANG-Q2-Qd =~ [ D&
Q2 S
m Pennington, Ross (1981); Pivovarov (1992).

The massless limit m = 0 is assumed hereinafter.
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[ QCD PERTURBATIVE PREDICTIONS J

STRONG RUNNING COUPLING
The QCD running coupling a.(u?) = g?(u?)/(4n) satisfies the RG equation

dag(u?) (). \_ — 1.0, 2]+ B
S =P (as)——gs,[as W =g

where p? > 0, a(u?) = a(u?)Bo/(4r) is the so-called “QCD couplant”,
Bo=11-2n¢/3, Bo=1, B1=102-38n;/3, By = B1/B;, etc.

Perturbative coefficients B; are available up to the 5-loop level (i = 0...4):

m Baikov, Chetyrkin, Kuhn, Phys. Rev. Lett. 118, 082002 (2017);
Herzog, Ruijl, Ueda, Vermaseren, Vogt, JHEP02, 090 (2017);
Luthe, Maier, Marquard, Schroder, JHEP10, 166 (2017);
Chetyrkin, Falcioni, Herzog, Vermaseren, JHEP10, 179 (2017).

In what follows for the higher-order scheme-dependent perturbative coef-
ficients the MS-scheme is assumed.
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The perturbative QCD running cou- 2o,
pling at the ¢-loop level: | i

ol?(@) = 3 e )

n1mO

a(Q)

where z = Q2//\2 >0, 69 =1, ) =0,
b) = —Bj, etc.

The one-loop expression reads

(1) A2 4T (1), A2 M2y
a, (Q)—,B,OaS (Q9), ag (Q)—lnz

The one-loop perturbative QCD running coupling suffers from the infrared
unphysical singularity, namely, the ghost pole, and the inclusion of the
higher-loop corrections does not resolve this issue.

m Prosperi, Raciti, Simolo, Prog. Part. Nucl. Phys. 58, 387 (2007);
Deur, Brodsky, de Teramond, Prog. Part. Nucl. Phys. 90, 1 (2016).
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HADRONIC VACUUM POLARIZATION FUNCTION

q q
— —

Perturbative hadronic vacuum polarization function:
£=1

N'9(q" 1’ ag) = Z[ (6)(/12)] ankln( ;) y e_io Wm@m
0 =

J_
where g* < 0, u* > 0, as(u?) = as(u?)Bo/(4n), and the prefactor N 377, Q% is
omitted throughout. At the one-loop level (¢ = 1) it reads

5 2 (M, .2 _55 2
N R CRLIs |

The function MN(g?% u? a;) satisfies the inhomogeneous RG equation
Y das(u’) o 2 02\ _ CIPRUR G
alnu2+ olnu? dag (a5 as) =y (as). r (35)_;”[35 ( )]'
which binds together the higher-order coefficients M, and y;. At the first

few orders the corresponding RG relations are given in, e.g.,

m Baikov, Chetyrkin, Kuhn, Rittinger (2009), (2012); Nesterenko (2019), (2020).
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ADLER FUNCTION

Perturbative expression for the Adler function takes the form
£ S+ 2
J 1| H
S ] 3 e R
j=0 k=0
The Adler function satisfies the homogeneous RG equation
0 + dag(u®) 9
olnu?  dlnu? oa,

which, similarly to the previous case, enables one to express the higher-
order perturbative coefficients M, (j > 2; kK = 2,...,j + 1) in terms of the

lower-order ones M;; (/ = 1,...,/ — 1). For example, at the first few orders
such RG relations read

]D(Qz’ w2, as) = 0,

1 1 1
Mz ==My,  Mag==My 1B+,  Maz=T
2,2 9 1,1 3,2 9 1,191 2,1 3,3 3 1,1

m Beneke, Jamin (2008); Nesterenko (2019), (2020).
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Explicit form of the RG relations for the higher-order coefficients M, « is ob-
tained at an arbitrary loop level in a compact recurrent form:

i ]
1% . . 1
M2 = 52 iBioieiMin (j22),  Mjjs1=0 (j=1), %n=zi§si B i
e 1
Mg =— i+ )Bj_ioMika (j=k, k=3), Th=5n(n+1)
Te-1,. 22, 2

m Nesterenko, J. Phys. G47, 105001 (2020).

The higher-order coefficients N, , can also be expressed in terms of the co-
efficients M; o and y;. For this purpose the obtained results should be sup-
plemented by the relations

=
. Bi
o1 = yo, M1 =1, M1 = Yj"'z kMgoBjk-1 (j22), Bi= iJlr1
k=1 0

m Nesterenko, J. Phys. G46, 115006 (2019).
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The obtained RG relations for the higher-order coefficients M, , can also be
represented in the unfolded explicit form:

Jj—2 h—2 In-1—2 Ik_1—2

n:(2k2—+1) SN S S i

i1=2(k=1)+1i=2(k=2)+1  i,=2(k—n)+1 =1

(k—1) sums

X (1'1 + 1.2)1.2 X ... X (I'n_1 + I'n)l'n X ... X (ik_1 + I'k)l'k X

(k — 1) products

X %j—lﬁ—? 523,'1_,'2_2 e %,’n_1_,'n_2 e %,’k_1_,'k_2 |_|,'k,1, _/ > (2/( + 1), kK>1,

(k—1) terms

-2 ih—2 in-1—2 Ik—2—2 i—1—1

- J
nj,zkz% Z Z Z Z ZU+1’1)’.1X

( )'i1:2(k—1)i2:2(/<—2) in=2(k—n) ik1=2 ix=1

(k —2) sums

X (/1 + I'2)I.2 X... X (I'n_1 + I'n)l'n X... X (ik_g + /.k—1)/.k—1 X X

(k — 2) products

XBi_j2Bji_jp—2... B —i-2...Biy_p—ip_ -2 Bi_1—iy—1Mj, 1, J = 2k, k> 2

(k —2) terms

m Nesterenko, ). Phys. G47, 105001 (2020).
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RG SUMMATION IN THE SPACELIKE DOMAIN

For a general choice of renormalization scale y? in the spacelike domain all
the coefficients I, , contribute to the resulting expression for the Adler func-
tion, while the native choice y? = Q? casts D'9(Q?, 2, a;) to (M1 = 1)

DY =3, 20| =1+d9@). a9 Y 240"
j=0 '

J=1

The coefficients d; = M, ; are known up to the 4-loop level (j = 1...4):

m Baikov, Chetyrkin, Kuhn, Phys. Rev. Lett. 101, 012002 (2008);
Baikov, Chetyrkin, Kuhn, Phys. Rev. Lett. 104, 132004 (2010);
Baikov, Chetyrkin, Kuhn, Rittinger, Phys. Lett. B714, 62 (2012)

whereas the numerical estimations of ds are also available, see, e.g.,
m Kataev, Starshenko, Mod. Phys. Lett. A10, 235 (1995).

The one-loop expression for the Adler function reads

() A2\ _ (1) A2 (M A2\ _ (M A2 _i (M A2\ _ 1
DU(Q)=1+dM(Q%). dV(Q)=dhas(Q). =g 2 (Q)={mrmay
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In the expression for the hadronic vacuum polarization function (g% 42 a)
the dependence on the renormalization scale y? can be eliminated in the

following way:
g y proper RG summation

in spacelike domain
N(g5uta) —> D(Q547a) - D(Q*) —> AN(-Q%*-Q})
i Ko =0 i

dn-Q% _ 2
- dlnQ?2 b(Q )}

Q2
- [ 0% = an-@2 -k
Q 5

2
0

The expression for AN (-Q? -Q?) at the one-loop level (£ = 1):

2 (D A2y] 2
N A2 A2 a9 as " (Qp) (1), ~on ] - Q
e )= l”(oé) B U] R T

m Moorhouse, Pennington, Ross, Nucl. Phys. B124, 285 (1977);
Pennington, Ross, Phys. Lett. B102, 167 (1981);
Pennington, Roberts, Ross, Nucl. Phys. B242, 69 (1984);
Pivovarov, Nuovo Cim. A105, 813 (1992).
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The explicit expression for the hadronic vacuum polarization function
AN (-Q?% -Qp) is obtained at an arbitrary loop level:

4|p}”(@% - pj”(Q})|

4
=1

2
An“N—Q%—Q@::—m(E%)+
Q

J

T if n=1,
J(Q%n,m) =3 m | In
! n"(ln :
(= 1k (1”, if n>2,
=k ™" z

where z = Q?/A?, d; = M, 1,and b7 denotes the combination of the g function

perturbative expansion coefficients

m Nesterenko, J. Phys. G46, 115006 (2019).
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[ R-RATIO OF e e~ ANNIHILATION INTO HADRONS ]

R-RATIO (“METHOD 1”)

proper RG summation
in spacelike domain

N(g5u%as) —>  D(Q%4" as) — D(Q*) =*>  R(s)
t i = 0 t
_ dn(_Qz) , : S—I& 4
_ - D : g
dln Q2 (Q°) [z—m 8“_)“& / D(-¢) 7 R(s)
This method eventually leads to X $ Im¢
d c.
RO =140, )= [p9(0) %,
S o stie Re ¢
where the spectral function is DT
1T ..
O (5) = — lim |[d (=0 —ig) — d© (=0 + ie)].
271 £—0,
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At the one-loop level the calculation of R("V(s) is quite straightforward.

Strong correction to the Adler function reads

4 1 Q?
dV(Q? = dia’ (Q?), di = Ao’ a" (Q?) = TS Z="7
One-loop spectral function acquires the form
(1) _ g =D —( ) 1 _ o
10 (O-) _ d1p1 (0-)9 (O-) 2 + 71_27 .y ln(/\z)

Resulting expression for the R-ratio at the one-loop level:

T 1 In w S
1 1 1 1 1
RV (s)=1+r(s), r )(s):d1A§L')1(s), A$L)1(s)_§_; arctan( - ), W:ﬁ.

Expression for Ag&(s) first appeared in; m Schrempp, Schrempp, Z. Phys. C6, 7 (1980).
All basic ideas were given In: = Radyushkin, report JINR E2-82-159 (1982), hep-ph/9907228.

The function Aﬂﬁ(s) was also reported in:
m Pivovarov, Nuovo Cim. A105, 813 (1992); Jones, Solovtsov, Phys. Lett. B349, 519 (1995).
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At the ¢-loop level the function R (s) can be represented as

> d
RO =1+, 1) = [ o)
S (o)

For the illustrative purposes it is convenient to cast r9(s) into
£

(6)(5)_2 / (3)(0.)010- Zd A(g) (S)

J=1
m Milton, Shirkov, Solovtsov (1997), (2007); Howe, Brooks, Maxwell (2002), (2004), (2006).

The perturbative expression for the ¢-loop spectral function reads

4 ) .
pD(0)=) a0 (0). PP (0)=7— " lim {[a§5>(—a—is)]’—[a§f>(—a+/s)r}.
=

271 e—0,

At the first few loop levels the explicit form of the spectral function p'¥ (o)
can be calculated directly:

m Nesterenko (2003); Baldicchi, Nesterenko, Prosperi, Simolo (2008); Nesterenko, Simolo (2010).

At the higher loop levels the function p'¥ (o) becomes rather cumbrous.
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Explicit expression for p'¢) (o) is obtained at an arbitrary loop level:

: £
(€) — L O (—r —fe) - A (_ : _ - =(6) _
o (o) = - lim [d (—o—ie)—d"¥( O'+I€)] = ._E djpj (o) =

JC1 8—)0+

4 K() : ¢ n—1 J=2k=17r1 » 4 2k+1
DDA DI R ORI
J=T k=0 n=1 m=0 n=1 m=0

that makes the (numerical) calculation of the R-ratio at the higher-loop lev-
els easily accessible = Nesterenko, Eur. Phys. J. €77, 844 (2017).

In this equation ¢ is the loop level, d; = N, 1,

(
uo(o), if m=0,
uy (o) = 5
kug(cr)ug’(cf) - ﬂzvg(a)v(g”(a), if m>1,
vO(o), If m=0,
Vo (0) = «
Kv,?(cr)u[)”(a) + up (o) (o), if m>1,
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v6"<a>=K(Zm)( S0 (ST A1) 0%

£\ 2k + 1
K(m+1) m—2k 2%
0="8 ol
5@ = 3 () o] )
0 1 ST K 2k yn=2k~1
= 1 el L = lnvy? + 72,
2(0) = ;)(2“1)( )<m 1(y) = InVy2+ 7
1 K(n+1) ,I 1 y
0 k 2k -2k
= 1 L = — — —arctan(=|,
0n() = s kZO (Zk)< )<m 2(y) =5 -~ (ﬂ)
n—2 nmod?2 n n! o
K(n) = + : = : = In[— |,
() 2 2 (m) m!(n—m)! 4 (Az)
and A is the QCD scale parameter m Nesterenko, Eur. Phys. J. C77, 844 (2017).
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p(o)

25 20 -

(=3

-60

(4

Function p .o

) (o) is scaled by the factor of 10

The spectral function p® (o) is remark-
ably stable with respect to the higher-
loop corrections. In particular, the range
of y = In(c/A?), where the difference be-
tween p¥ (o) and p¢*V (o) is sizable, is lo-
cated in the vicinity of y = 0 and becomes
smaller at larger ¢. This fact eventually leads
to an enhanced higher-loop stability of the
resulting expression for the R-ratio at mod-
erate and low energies.

plot A:[p (o), ¢=1...5]

plot B: [p\ (), £=1...4]

()
&, P (o)
pdiﬂ’(o-) - [1 _p(€+1)(o.)

m Nesterenko, Eur. Phys. ). C77, 844 (2017).

X 100%
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R-RATIO (“METHOD I1”", EQUIVALENT TO “METHOD 1”)

proper RG summation
in spacelike domain

N(q%us as) => D(Q%p%as)  —»  D(Q% => AN(-Q%-Qf) = R(s)
t o=’ t t

N2 Q?
_dn=Q%) _ _/Q D(¢) % = AN(-Q? —Qg)] lsz 8[Lrg+ln(s +ig) —M(s - is)] = R(s)

dlnQ? D(Qz)] 2

This method proves to be more appealing than the previous one. Specifi-
cally, the derived expression for the hadronic vacuum polarization function
AN (-Q?, —Qg) (see page 13) and the technique developed for the calcula-
tion of the spectral function p(¥ (o) (see pages 17 and 18) make it possible to
obtain the explicit expression for the R-ratio, which properly accounts for
all the effects due to continuation of the spacelike perturbative results into
the timelike domain and, being valid at an arbitrary loop level, can easily be
employed in practical applications.
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Explicit expression for R(¥)(s) is obtained at an arbitrary loop level:

¢
RO (s) =1+ r¥s), rl(s) = d A (s),

=1 TL, ]
nt— 1 . j
(£) —_ mj
Ari(s) = Z DI Z(Hb ) ( Znanf-),
n;=1m1=0 m;=0\/ 1 =1
V] (s), if n=1and m=0,
T(s,n,m) =13 i
'/:(n —kmvk (s),  ifn>2,
k=0
(
0, if n=0and m=0,
. vy (s), if n=0and m>1,
Vn (S) = 0 .
v, (s), f n>1and m=0,
v,?(s)um(s) -+ ug(s)vg’(s), if n>1and m>1,

where the functions v;(s), uJ(s), us(s), v{’(s) are defined on page 18

m Nesterenko, Eur. Phys. J. C77, 844 (2017); ). Phys. G46, 115006 (2019).
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R-RATIO (“METHOD 111", APPROXIMATE TO “METHOD 1” AND “METHOD II”)

incomplete RG summation
in timelike domain

M (qz, u? a;) = R(s, u? a) 2—> Rappr(s)

= |s]

27 e—0,

lL lim ll'l(5+18)—|_|(5 ’8)] R(s)

However, the assignment of the renormalization scale u? = |s| factually
amounts to an incomplete RG summation in the timelike domain
B Pennington, Ross (1977), (1981), (1984); Pivovarov (1992).

This method eventually yields
J
RSppr(s) = 1+ i (s), rign(s) = > rj[a§6>(|s|)] . r=d -6,
J=1
where KG)

§1=0, 86=0 &= (-1 Mg, 23

o
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The coefficients embodying the retained n?-terms in Rgppr(s) read
4

2 2 2
T (S |3 T
51=6,=0, 3= di, 4= (2B +3dy|, 65="|2d (52+2B)+7d3 +6d5| - Zd,
1 =62 3= 5 43(211 2) 53[211 2 2B i
2
7 27 77
56 7; ! d1 (51 B, + Bg) +4d2 (B +232) + 70’351 + 100’4]— ?(120'131 + 5d2)
5 = %2 4d; (5153 4 %Bg n 54)+ 9d2(B1 By + 33) t gcg(sf 4 232) +22d,By + 15ds | %4 Em (17512 4 1232) 4 577@51 +15ds |+ 7[76d1

m Bjorken (1989); Kataev, Starshenko (1995); Prosperi, Raciti, Simolo (2007); Nesterenko (2017).
Explicit expression for §; is obtained at an arbitrary loop level:

K(/ (—2 i1—2 [n_1—2 Ik_1—2
() ( 271_2)/( J 1 n—1 k=1~

} /; (2k + 1)|/1 2(kZ1)+1 Ir= 2(k22)+1 ”.in:2(kZ—n)+1 /kZ_ U

-~

(k—=1) sums
X (i1 +09)ip X ... X (in_1 +in)ip X ... X (ig_1 + ig)ig X

(k — 1) products n
1 .
XBi j 2Bj jp2...8; i 2...8; _j2d, di=M;1, By= , Z BiBn—j, Jj=3

N =0
(k—1) terms

m Nesterenko, J. Phys. G47, 105001 (2020).
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NOTES ON THE FOREGOING METHODS |, 1l, AND Il

e The methods | and Il are equivalent and yield the same result for R(s)

e |ts re—expansion at high energies takes the form

¢l : n+ n -1 — n
RO(s) =1+ 4 [al01s)| - 7 7(<§,),+11; S Z(an)x
j=1

n= 1=O /(2,7—0 pP= 1

JH+2n+k1+ko+...+kop,
[ag)(|s|)] o ’ : % > exp(g) ~ 4.81

2n—1

H(j+t+k1+k2+...+/<t)
t=0

e The j-th order contribution to R¥(s) on the L.h.s. of this equation appears
to be re—distributed over the higher-order terms on its r.h.s.

X

e This expression can provide a rather accurate approximation of the R-ratio
for /s > Aexp(n/2) ~4.81 A, but only if the number of retained n%-terms
on its right-hand side Is large enough

e Its truncation yields the result of method IlI, 1.e., Rég)pr(s)

m Nesterenko, Eur. Phys. ). C77, 844 (2017); ). Phys. G46, 115006 (2019); ). Phys. G47, 105001 (2020).
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( m2~TERMS RETAINED IN R (s) J

® Rappr(s): Is only valid for +/s > Aexp(r/2) ~ 4.81A; converges poorly when
Vs approaches A exp(n/2); the SL =—» TL effects are partially accounted for
by coefficients §;; contains infrared unphysical singularities

e The coefficients &§;, which embody the contributions of the retained
n’-terms in Rappr(s), can in no way be regarded as small corrections to
the Adler function perturbative expansion coefficients d; for j > 3

e On the contrary, the values of coefficients §; significantly exceed the values
of respective perturbative coefficients d;, thereby constituting the domi-
nant contribution to the coefficients r; in R,,,.(s)

» The values of coefficients §; rapidly increase as the order j increases, that
amplifies the higher-order terms in R,,,.(s), makes its loop convergence
worse than that of R(s), and raises resulting uncertainties of a, and A
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Adler function perturbative expansion coefficients d,

ne d; d- ds d4 ds (est.)
0 0.3636 0.2626 0.8772 2.3743 5.40

1 0.3871 0.2803 0.7946 21884 4.70

2 0.4138 0.3005 0.7137 21466 3.74

3 O.4444 0.3239 0.5593 1.9149 2.52

A 0.4800 0.3513 0.2868 1.3440 1.16

5 0.5217 0.3836 —~0.1021 0.6489 0.0256
6 0.5714 0.4225 ~0.7831 ~0.8952 0.267

4
5L D) =1+ Y glal@],  alf(Q% = al? (@) L
j=1

| [dispersion relations + re-expansion + truncation ]

Vs

¢ .
J
[TL] Rég)pr(s) =1+ Z rj[aée)(|s|)] : rj =
=1

A V.Nesterenko

d; — &;,

A

— > exp(ﬁ) ~ 4.8

A 2
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()

Coefficients §; embodying the contributions of 7*~terms retained in Ry, (s)
ng 51 52 63 &4 65 6 57 (est.)
O 0.0000 0.0000 11963 51127  20.455  69.081 45.7
1 0.0000 0.0000 1.2735 5.4298 18.880 56.819 /.02
2  0.0000 0.0000 13613 57583 17118  48.532 ~35.7
3 0.0000 0.0000 1.4622 6.0851 13.519 30.365 —82.5
4 0.0000 0.0000 15791  6.3850 6910  -3.843  —115.7
5 0.0000 0.0000 1.7165 6.6090 —3.187 —45.692 —83.0
6 0.0000 0.0000 1.8799  6.6638 —21168 —120.010  142.5
£ j B
4 2 4 2 4 2 4 2~ MO
S DO =1+ gla?@)[,  al”(@) = at” (%) -
J=1
| [dispersion relations + re-expansion + truncation ]
¢ .
¢ £ J Vs s
[TL] Ré(lp)pr(s) =1+ Z rj[aé )(|s|)] : ri=d;— 6, > eXp(E) ~ 4.8
j="
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R-ratio perturbative expansion coefficients r;

Ng r=d rp = dp r3=d3—063 rg=dy4—064 rs=ds— b5
0 0.3636 0.2626 —0.3191 —2.7383 —15.1
1 0.3871 0.2803 ~-0.4788 ~-3.2413 —14.2
2 0.4138 0.3005 ~0.6476 ~3.6116 —13.4
3 O.4L41, 0.3239 —~0.9028 —4,1703 ~11.0
A 0.4800 0.3513 ~1.2923 ~5.0409 ~5.75
5 0.5217 0.3836 —-1.8186 ~5.9601 3.21
6 0.5714 0.4225 ~2.6630 ~7.5590 21.4

4
5L D) =1+ Y glal@],  alf(Q% = al? (@) L
j=1

J
9

A

| [dispersion relations + re-expansion + truncation ]

A 2

¢ .
J
[TL] Rég)pr(s) =1+ Z rj[aée)(|s|)] , ri=d;— 6, Vs > exp(ﬁ) ~ 4 .81
j=

A V.Nesterenko
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Relative weight of z*-terms in the coefficients r;

ng j=1 j=2 j=3 j=4 j =5 (est.)
0 0.00 % 0.00 % 57.7% 68.3 % 79.1%
1 0.00 % 0.00 % 61.6% 71.3% 80.1%
2 0.00 % 0.00 % 65.6 % 72.8% 82.1%
3 0.00 % 0.00 % 72.3% 76.1% 84.3 %
4 0.00 % 0.00 % 84.6 % 82.6% 85.6 %
5 0.00 % 0.00 % 94.4 % 91.1% 99.2%
6 0.00 % 0.00 % 70.6 % 88.2% 98.8 %
£ j ,3
4 2 4 2 4 2 4 2y M0
5L DO(@) =1+ ) qi|al? (@], al(Q) = al” (%) T~
j=1
| [dispersion relations + re-expansion + truncation ]
¢ .
¢ J \/E JT
[TL] R ppr(s) =1+ Z rj[aé )(|s|)] , ri=d;— 6, > eXp(E) ~ 4 .81
=1
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Third ECFA workshop on e*e” Higgs/Top/EW factories (virtual session, 2024)

29/37



( EFFECT OF THE 77°~TERMS OMITTED IN R’ (s) J

The higher-order terms In 120 \R(s)
Rgf,)pr(s) appear to be am- '

plified, that makes its loop
convergence worse than that | ;c1
of R (s). In particular, even '
at s = Mj; at the four-loop
level (¢ = 4) the 3rd- and 4th-
order terms of R (s) com-
prise 34.2% and 8.1 % of its
2nd-order term, whereas the :

1.05
3rd- and 4th-order terms of 1 2 3 4 5 6 7 8 9 10

R (s) comprise only 1.8% and 0.8 % of its 2nd-order term

m Nesterenko, Eur. Phys. J. C77, 844 (2017); ). Phys. G46, 115006 (2019).
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Continuation of the two-loop strong
running coupling squared into the
timelike domain:

[SL] —a§2>(Q2)]2 — AD (s) [TL]

Its re—expansion for v/s > A exp(r/2):

2 2
(2) ~ | 42 n
() = |2 (1| - S+ S
In" w i / PR "2\
2 0.0...|...I|...|.,'..|...|...|...|...|...|
T 7 1 2 4 6 8 10 12 14 16 18 20
- 51(4lnlnw——)+0( - ) ,
[n w 3 ln° w [ the functions are scaled by the factor of 10]

However, at the two-loop level all x?-terms are truncated in Rappr($);
that gives a rather large error even at high energies. For example,
[aéz)(|s|)] ~ 1 21A(2)2(s) at \/s = 20 A, and to securely achieve 10 % accuracy

one needs to include all the 72-terms up to In"" w, w = s/A?

m Nesterenko, Eur. Phys. ). C77, 844 (2017).
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Extraction of a; and A from experimental data on R-ratio

loop level £=1 £ =2 £=3 £ =4 £=5
R(®)(s) employed (proper RG sum in SL)
al?(Isol) 0.3283 0.3168 0.2955 0.2955 0.2924
A [MeV] 238 (17 336 331 331
Réf,)pr(s) employed (incomplete RG sum in TL)
al?(|sol) 0.2827 0.2501 0.2655 0.2881 0.3278
A [MeV] 169 263 269 315 4,08

R(s0) = 2.18, 4/so = 2.0 GeV = BES Collaboration, Phys. Rev. Lett. 88, 101802 (2002).
e 1st and 2nd lines: R (s) employed, mild variation of the results for ¢ > 2

e 3rd and 4th lines: Réf;)pr(s) employed, no sign of loop convergence
m Nesterenko, J. Phys. G46, 115006 (2019).
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A V.Nesterenko

In the energy range planned for the ILC
experiment the effect of inclusion of the
n’-terms omitted in Rgf,)pr(s) appears to
be either comparable to or even prevail-
ing over the effect of inclusion of the next-
order perturbative correction

m Nesterenko, Eur. Phys. ). C77, 844 (2017).

In this energy range the effect of inclusion
of the n%-terms ignored in Ré‘é)pr(s) on the
resulting value of the strong running cou-
pling is steadily prevailing over the effect of
Inclusion of the five-loop perturbative cor-
rection into R, (s)

m Nesterenko, J. Phys. G46, 115006 (2019).

200 - Ry)(s), %
SRS =4
150 |-
......... 02
100
B .
i (£) _ p®
Rappr(s) = R*(s)
50 | R(s)=|—2 x100%
/=1 appr\s appr \S
0 [ PR [T T VN SN S NN SN SR SN SN I T SR SR SUN SN S S S S
0.5 0.6 0.7 08  n ey 10
O rAaf(|s]), %
125 |
100 F ~(4) (4)
- a S|) — S
L Aa(ls]) = _5(4)(| ) _?5)(| ) +100%
751 as (Is)) —as™(Is])
- aY(|s]): evaluated by making use of R(9)(s)
50 +
[ &S(e)(|s|): evaluated by making use of Rég)pr(s)
25|
: Vs, TeV
O [ " " " " 1 " " " " 1 " " " " 1 " " " " 1 " " " " |
0.5 0.6 0.7 0.8 0.9 1.0
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[ SUMMARY J

@ The calculation of the R-ratio of electron-positron annihilation into
hadrons from the hadronic vacuum polarization function is studied within
various methods.

@ The RG relations for the higher-order hadronic vacuum polarization func-
tion perturbative expansion coefficients N, , are obtained in the folded
recurrent and unfolded explicit forms, that can also be employed as an
Independent crosscheck of the perturbative calculations and in the stud-
les of the renormalization scale setting.

@ The explicit expression for the hadronic vacuum polarization function with
properly eliminated dependence on the renormalization scale is obtained
at an arbitrary loop level.
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@ The explicit expression for the perturbative spectral function is obtained
at an arbitrary loop level, that substantially facilitates the (numerical) cal-
culation of the R-ratio within the method I.

@ The explicit expression for the R-ratio, which properly accounts for all
the effects due to continuation of the spacelike perturbative results into
the timelike domain, is obtained at an arbitrary loop level within the
method II.

@ It is shown that the methods | and Il are equivalent and yield the same
result for the R-ratio [i.e., R(s)], whereas its truncated re-expansion at
high energies is identical to the result of the method Il [i.e., R, (s)].

@ The explicit expression for the coefficients §;, which embody the contribu-
tions of the 7?—terms retained in Rappr(s), Is derived at an arbitrary loop
level.
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@ It is shown that the j-th order contribution to R(s) is re-distributed over
the higher-order terms of R,,,.(s), thereby substantially amplifying them.
Eventually this makes the loop convergence of R,,,.(s) worse than that
of R(s) and increases the resulting uncertainty of a, and A associated
with the discarded higher-loop perturbative corrections.

@ It is shown that the validity range of R,,,(s) Is strictly limited to
Vs > ANexp(m/2) =~ 4.81 A and it converges poorly for v/s ~ A exp(x/2).

@ Itisshown thatthe SL —» TL effects are only partially accounted for by the
coefficients &;, which embody the contributions of the retained z*-terms

IN Ryppr(s).

@ It is shown that the higher-order #?-terms omitted in Rappr(s) can pro-
duce a considerable effect on the determination of o, and A from the
experimental data on the R-ratio.
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