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The Ideal World:
Particle Trajectories & Beams

Proton Bunch

< Bunch in a storage ring
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Reminder of Part 1

Equation of Motion: Solution of Trajectory Equations
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Transformation through a system of lattice elements

combine the single element solutions by multiplication of the matrices

focusing lens

My =Mop "M p*Mop "M g, g M ps & ip iy
sl
: ;;—defocusing lens
X X
( /) P M1_>2 ( /) /,{ TJ;
X s2 = s2 @, o
°court. K. Wille

in each accelerator element the particle trajectory corresponds to the movement of a
harmonic oscillator ,,

typical values
in a strong
foc. machine:
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Quadrupole Magnets:

required:  focusing forces to keep trajectories in vicinity of the ideal orbit
linear increasing Lorent force

B,-gx B.,=gy

linear increasing magnetic field

normalised quadrupole field:

oB
gradient of a quadrupole magnet: g = | O_y |
X
: : -
normalised gradient k=——
ple

LHC main quadrupole magnet g=25..220 T/m

what about the vertical plane:

... Maxwell
I o
_ 9B, 0B,
0x ady
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http://elogbook.cern.ch/eLogbook/attach_viewer.jsp?attach_id=1025388

The Symphony of the Beam ???

What would happen if we would connect the tune signal to a loud speaker ?

Multiple Choice:
a) Nothing, in vacuum we cannot hear sound.
b) we would not hear anything, as the frequency is well beyond our ear’s sensitivity.

¢) we would hear “the sound of silence”, LOL

d) well ...
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article performs a second turn ?
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Question: what will happen, if the particle performs a second turn ?

. Or a third one or ... 1010 turns

Taiighenbohnen und Dnvelioppe
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11.) Hill’s Equation:

Astronomer Hill:

differential equation for motions with periodic focusing properties
»Hill‘s equation

Example: particle motion with
periodic coefficient

equation of motion:  x"(s) + K(s) - x(s) =0 Hill's equation®
restoring force #* const, we expect a kind of quasi harmonic

k(s) = depending on the position s oscillation: amplitude & phase will depend
k(s+L) = k(s), periodic function on the position s in the ring.
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Hill’s Equation:

Hill’s equation: the origins

ON THE PART OF THE

MOTION OF THE LUNAR PERIGEE

WHICH IS A FUNCTION OF THE

MEAN MOTIONS OF THE SUN AND MOON

BY

G. W. HILL

in WASHINGTON.

Hill's original paper on orbital mechanics (1886)
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12.) The Beta Function

Genel’al SOIution Oinll ’S equation (... Floguet's theorem, see e.g. cern-94-01 )
Ansatz: x(s) = Je P (s) -cos@p (s)+0) (i)

& © = integration constants determined by initial conditions

P(s) periodic function given by focusing properties of the lattice < quadrupoles

Ps+L)=P(s)

Inserting (i) into the equation of motion ...

ds
p(s)

V()= [
0

Y(s) =,,phase advance* of the oscillation between point ,,0 and ,,s* in the lattice.
For one complete revolution: number of oscillations per turn ,, Tune“

1 ds
% =550
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The Beta Function

Amplitude of a particle trajectory:

x(s) = Ve - /() cosy(s) + )

Maximum size of a particle amplitude

%(s) = e /B (s)

Teilchenbahnen und Enveloppe

[ determines the beam size
(... the envelope of all particle
trajectories at a given position
“s” in the storage ring.
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It reflects the periodicity of the
magnet structure.
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13.) Beam Emittance and Phase Space Ellipse

(

general solution of (1) x(s) = Ve VB () cos@ (5)+9)

Hill equation < \/7
€

2) x(8)=- ) 1(5) oS (5) +¢) +sin@p () +¢) }

from (1) we get

Sijr .
(s) o(s)=—P(s)

cos(tp ($)+) = —= 2
Ve {B(s) IR EL0;
B(s)

Insert into (2) and solve for ¢

e =Y (5) X" (s) +2a.(s)x(5)x'(s) + B (5) x"(5)

* & is a constant of the motion ... it is independent of ,,s“
* parametric representation of an ellipse in the x x‘ space
* shape and orientation of ellipse are given by a, f, y
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Beam Emittance and Phase Space Ellipse

e =Y (5) X7 (5) +20(5)x(5)x'(s) + B (5) X" (5)

Liouwville: in reasonable storage rings
area in phase space is constant.

A = n*e=const

A 4

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.
Scientifiquely speaking: area covered in transverse x, x” phase space ... and it is constant !!!
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Particle Tracking in a Storage Ring

Calculate x, x’ for each linear accelerator
element according to matrix formalism

plot x, xas a function of ,,s*
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... and now the ellipse:

note for each turn x, x ‘at a given position ,,s,“ and plot in the

phase space diagram

10

~-10

-10

10

Particle Tracking in a Storage Ring
Calculate x, x” for each accelerator
element according to matrix formalism
and plot x, x at a given position ,,s
turn by turn in the phase space diagram



Phase Space Ellipse
particle trajectory: x(s) = \/5_ \ B(s) cos {LP (5)+ (1)}

Jey
max. Amplitude: x(s) = ,/8[3 x " at that position ...? </

...put x(s)into € =Y (s) xz(s) +20.(s)x(s)x'(s) + B () xlz(s) and solve for x”
e =y -&f +20./ep X'+ px”
x'=-0-4/e/P

<% A high B-function means a large beam size and a small beam divergence. /
... etviceversa !l!

% In the middle of a quadrupole f = maximum, ,
a = zero x =0

... and the ellipse is flat
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Phase Space Ellipse

e =Y (s) X" (s) + 20 (s)x(5)x'(s) + B (5) x" ()

2 2_ 2
X o X ] 12
£ =—+ +200xx + P -x
W e R e
... solve for x iy
dx’

o (s) = %B’(s)

Y (s)=

1+a(s)?

B (s)

=0

° ~Y °
... and determine x via: 7
X

shape and orientation of the phase space ellipse
depend on the Twiss parameters f a. y
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Liouville states that phase space is conserved.

Primarily, this refers to 6-dimensional phase space
(x-x, y-y and s-dp/p).

When the component phase spaces are uncoupled,
the phase space is conserved within the 2- dimensional
and/or 4-dimensional spaces.

The invariant of the motion in the uncoupled x-x"or y-y” spaces
is another way of saying the phase space is conserved.

Phase space is not conserved if ions change, e.g. by stripping
or nuclear fragmentation, or if non-Hamiltonian forces appear
e.g. scattering or photon emission.

(Phil Bryant)
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Phase Space Area & Emittance

shape and orientation of the
phase space ellipse depend on — %3
the Optics parameters a, f, y

A=n*¢

The emittance of a beam is related to the phase-space area|that it occup

and is therefore related to the motion invariants of the constituent ions.

A practical definition of emittancd requires a choice for the limiting
ellipse that defines the phase-space area of the beam.

Usually this is related to some number of standard devzatwns of the
beam distribution, for example




14.) Theorem of Liouville

... and now the ellipse:

note for each turn x, x at a given position ,,s“ and plot in the

phase space diagram

under the influence of

conservative forces, the particle
kinematics will always follow an ellipse x°  of
in phase space x, x’phase space volume = constant

We use the area of that
beam-ellipse as quality
attribute for the particle
ensemble: A=¢

B. J. Holzer, CERN
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Time for a blue Slide ...

Why do we do that ?

—> the beam size is given by two parameters:
pf function - focusing properties
& as intrinsic beam quality

—> beam size: o=/ f

—> the stability of the phase space ellipse, &,
tells us about the stability
of the particle oscillation, which is ...
... “the lifetime” of the beam.

—> the size of the ellipse tells us about the particle density,
... Which is the beam quality in collision.
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Phase Space & Real Space

... don’t worry: it takes some time to fully find your way
in both worlds.

Particle trajectories:

real space

l X X
R : { : phase space
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A real Beam:

x(5) = Ve /B (5) -cos(W(s) +¢) i(s) = Ve B (5)

particle bunch

N Telchenbohnen und Ervelo ey /
ol NN NS NN Gaup N-e ros
Particle Distribution: pEgi="——r3"e
% V2o,

4 " 5 A
Sl T AT i particle at distance 1 o from centre < 68.3 % of all beam particles

vertical: ov g =24.376 - pm
:
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LHC:
—10 .
oc=1+/€-f= V510" rad - 180m = 0.3mm aperture requirements: r ,> 10 * ¢
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Emittance and Beam Size:

Example: LHC
beam parameters in the arc

B (x)~180 m

e ~5*%107" rad -m («<10)

B. J. Holzer, CERN
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15.) Statistical Definition of Emittance:

The emittance is the quality parameter of the particle distribution

the ideal case ... that never really exists ...
laminar (“LASER like) beam

the real case ... the non-laminar (“real”) beam

Maxwell distribution:
source temperature “T”
kinetic energy per degree of freedom.

1
E, =—kT T
kin n ]

7Y

/
So/

I P,

transverse momentum of the particles: e ] Ko M I KN BT

2
lmv)g=p—x=lkT —> \/<pf =\/mkT
2 2m 2

the particles have an intrinsic (transverse) momentum distribution
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Statistical Definition of Emittance:

The r.m.s. emittance is a statistical definition of the amount of phase space covered by a beam.
If the beam is centred, (symmetric situation) (<x> = <x’> =(0) we can write:

1 The beam is composed of particles
£, = =— \/ Sx2¥x2 — (Zx x/)2 distributed in phase space.
N X'

If we really refer to the actual particle distribution our
emittance definition is much more precise.

We can translate into our Twiss language via:

B. J. Holzer, CERN JUAS Trans Dyn 2, 2025



Emittance Dilution:

As soon as we inject the beam into an accelerator lattice, it is the actual Twiss parameters,
that define the phase space ellipse in its shape and orientation.

We should optimise the a, B, y to fit as much as possible
to the actual distribution.

Jey
And we should keep & as small as possible. C//

In the synchrotron each single particle will follow its phase space
ellipse, that is defined by the ring optics.

L.

ideal beam

p/ml.
S
QCI;.

e o
é.. OOA . ....
c ° o. ° ® .o'
.9 L - °®
- o . %
. & . 'y
max. amplitude L 2004 ° T
... still on_an ellipse !! © o i
—400 J T—rSe-Gaussian distributioh * o , P " °°%d°

I I I 1 I I 1 I I

-20 -15 -10 -5 0 5 10 15 20
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Filamentation

Non-linear effects (e.g. magnetic field
multipoles ) distort the harmonic oscillation
and lead to amplitude dependent effects in the
particle motion in phase space.

Over many turns, a non-ideal phase-space
distribution is smeared out and transformed
into an emittance increase.

15 1 05 0 05 | 15 2 JUAS T}/'anS Dyn 2’ 2025 29



16. ) T mnsf er Matrix M ... yes we had the topic already

x(s) = e [ B(s) cos fp () +¢ }

general solution
of Hill’s equation : —\/g_ \
x'(s) = m [oc(s)cos{tp (s) +(|)}+ sm{Lp (s) +¢}]
S
remember the trigonometrical gymnastics: sin(a +b) = ... etc

x(s) = \/e_\/[TS (cosmps COS¢ — sy sinq))

—VE . ; : :
x'(s) = —[ocs COSY , COsP —a, SNy  SIng + siny , cosP + cosy s1nq)]

VB,

starting at point s(0) = s,, where we put ¥(0) = 0

X
X0

VEPo . inserting above ...

1 0LyX,

sind =~ GifBo + )
0 2

cos =

B. J. Holzer, CERN JUAS Trans Dyn 2, 2025 30



x(s) = \/E_E{COSWS +0t, simps}xo + {/BSBO sim }x(’)

x'(s) =

\/ﬁ {(OLO -0, )cosxps -(l+ay0,)smy }xo + E—S {cosxps -0, simps}xé

X X
which can be expressed ... for convenience ... in matrix form ( ,) =M ( ,)
X
s 0

\/7(cosw +0L, SImYp ) VBB siny

o —a)cosy  —(I+a,o,)smy

\/W EZ (cosxps -0 simps)
s0

* we can calculate the single particle trajectories between two locations in the ring,
if we know the a f y at these positions.
* and nothing but the a f y at these positions.

* / Eo 0 .
cees © Aquivalenz der Matrizen
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17.) Periodic Lattices

. A h - \/B—is(cosws +0, simps) /[3S[50 simyp |
transfer matrix for particle trajectories ), Po
as a function of the lattice parameters (0 —a)cosy, —(1+aga )sing |

\/ﬁ E (cosmps —a, siny )
50

- \
Hadronenphysik- s
Experimente olarisiert

» This rather formidable looking

\ matrix simplifies considerably if
TN e N we consider one complete turn ...*
(s NS | e
0,5-1,6 GeV “’*‘q(ﬁe‘"‘“ = i

/ Q BPM 4 &
\ Skew:——" M / ¢
Quadrpole \ ) L/
‘\

] N =
lessplatz zum ~ : : ({{1 Labor des FZK
etektor-Test =3

A

ELSA Electron Storage Ring

One Turn Matrix

M(s) - cosy, ~+o sinyp, B, sy, e . RN ¥ ... =Phase advance
_Y s Sinw turn COSIP turn _a‘s Sin'LP turn i [ ﬁ (S ) p erp eriod
T Ph d turn i its of 2 Q Lyp 95
une: Phase advance per turn in units of 2 =
p f o § B(s)
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Stability Criterion:

Question: what will happen, if we do not make too
many mistakes and your particle performs
one complete turn ?

Matrix for 1 turn:

M = COS‘Pmm +as Sim‘ptum ﬁs Sianturn ) A COSIP ((1) ?) N Sinlp (O( B )

v i, Sll’lll) turn COSIP urn ~ kg Slm‘p turn

Matrix for N turns:

MY =(Icosy +Jsiny ) =1Tcos Ny +J sin My

The motion for N turns remains bounded, if the elements of MN remain bounded

Y =real <> ‘cosmp ‘ <1 <> ‘Trace(M)‘ <2

B. J. Holzer, CERN JUAS Trans Dyn 2, 2025
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stability criterion .... proof for the disbelieving collegues !!

: cosy, . +0.,Sin sin L0 o el |
Matrix for 1 turn: M= Vi . Wi by w”‘f” = COSY + siny
_Ys Slm“p turn COSlp turn _as Slm‘P turn _Y —a
X mE
Matrix for 2 turns: | J
MZ=(I*cosw1+J*sinw1)*(l*cosw2+J*simp2)
= I’ *cosy, cosy, + IJ *cosy, siny , + JI *siny, cosy , +J > simp, sim ,
now
I’=1
Ao Lm0 eags i (@ B
0 1 -y -q -y -q
L& INTET
T - a py( 0 (@ B
-y —-af (0 1 -y -

(e By a BY_(a’- of-Pa)_(-I
5 00 D 2
M2=I*COS(1P1'HPz)"'J*Sin(wl"'wz)

M? =T*cos(2p)+J *sin(2p)

B. J. Holzer, CERN JUAS Trans Dyn 2, 2025

0
-1

|

= |

34



18.) Transformation of a, p, y

consider two positions in the storage ring: s, , s

(x,) =M'(x,) where ... M =M . -M,, My My . M,
X X

cos(y/ | K| - 1)

1 .
sin(h/ | K| - 1,)
for a single element, e.g. ... 8 = viE! T = <g, ;)
~/TKT -sin/TKT -l cos(/TKT - 1)
myy My € wY
M. == =
for a sequence of elements o <m21 m22> < C’ S’>

p/e+ . a2z, ht02_8, Stondord Lumi-Oplik 920 GeV /27.5 GeV

since & = const (Liouville):

2 2
g =Bx"" +20xx +yx

02 ' 2 B
€ = PoXo~ + 200Xy X0 +Y X e

%
=
=
<

[N __[IImIn Wi
I T

§§ 583 B

B. JBEta [BerctioR fva storage ring  J(/4




express xX,, X , as a function of x, x'.
00X ¢

S
G il y: > |:> Xo = S,x ~ Sx,
- Xy =-Cx + Cx'
M-l = 1,/ (Up) v e SO
déf(M) e | =01 'C
o* J
= ]
inserting into & e =Bx"* +200xx +y x°

g =By (Cx' = C'x)* + 201, (S — Sx')(Cx' = C'x) +7,,(Sx - Sx')*

sort via x, x ‘and compare the coefficients to get ....
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B(s)=C?By-25Ca, +S%,
a(s)=-CC'By+(SC"+SC)n, -SSv,
v(s)=C"B,-25C'a, + Sy,

in matrix notation:

B C* -28C  S* )\ (B,
al| =|-cC’" SC'+CS'" -SS'||a, !
Y C/2 _2S1C/ S/Z YO

1.) this expression is important

2.) given the Twiss parameters a, f, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)
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Resume:

equation of motion:

general solution of Hill's equation:  x(s) = B (s) -cos@ (s) +)

x"(s)+K(s)x(s)=0 ,

K=1/p2—k

52 1 1 1
phase advance & tune: P, (s) = f1 WS , Q)= o fmds
giniliguoe: e =7 () x7(5) + 2a.()x()X'(s) + B (5) X" (5)
2

transfer matrix from s, —>s,: M=

0

(cosy, +a,siny, )

(ao — O ) COSy, — (1 + Ay ) sin v

matrix for 1 turn: M(s) = (

BBy

COSIP turn + as Slnw turn

Po

ps

BBy siny

(cosy, —a, siny,)

ﬁ s Sinw turn )

- Y N 81nw turn COSII) turn - (X's Slnw turn

stability criterion: | Trace(M)| <2

B. J. Holzer, CERN JUAS Trans Dyn 2, 2025
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