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Recapitulation: ...the story with the matrices !!!

Equation of Motion: Solution of Trajectory Equations

" 1
x+Kx=0 K=?—k ... hor. plane: X\ (%
ey ... vert. Plane: x') el
re = |F
gL = ’ drm:(o 1)

s=5, s=5; 1
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Recapitulation: ...and for the complete particle ensemble

general solution of
Hill equation

the betas and epsilons !!!

(1) x(s) = e */B(s) *cost (s) +0)

(2) x(s)=- J% *Jou(s) *cos@ (5) +0) +singp (s) +) |

from (1) we get i
4 x(s) OL(S)=_7[3,(S)
Rt Ve */B(s) 1+a(s)’
Insert into (2) and solve for ¢ v(s) - B (s)

e =Y (5)*x°(5) +20.(5)x(5)x(5) + B (5)x'(5)”

* & is a constant of the motion ... it is independent of ,,s*
* parametric representation of an ellipse in the x x°* space
* shape and orientation of ellipse are given by a, f, y
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Beam Emittance and Phase Space Ellipse
e =y (s) X (s) +20.(5)x(5)X'(s) + B (5) X" (5)

Liouville: in reasonable storage rings
area in phase space is constant.

A = w¥e=const

i
//

Failsbheobalrmea wnd Ervelosoe

& beam emittance = woozilycity of the particle ensemble, intrinsic beam parameter,
cannot be changed by the foc. properties.

Scientifiquely speaking: area covered in transverse x, x " phase space ... and it is constant !!!
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Emittance of the Particle Ensemble:

Example: LHC
beam parameters in the arc

B (x)~180 m

£ =~5*%107"° rad -m

O =,/ep =0.3 mm

B. J. Holzer, CERN
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Periodic Lattices transfer matrix for particle trajectories
as a function of the lattice parameters

0,5-1,6 GeV ‘

{im At spore N x x
% - M*
}’A Stretcherri = ! 4
retcherrin
‘ 05:35 Gevg ‘ Synchrotronlicht: x Sl x SO
l sm:::on N
¥

\/E—is(cosws +0L, SINY ) BBy simy
0

(oco—ocs)coswsﬁ-énocoas)sinws \/ET; (cosy, —a, simp )
vV MslPo

» This rather formidable looking matrix simplifies considerably if
we consider one complete turn ...*

One Turn Matrix

. . s+L
Cosw turn + as SIHw turn BS Slnw turn
M(s) =

N f W .n = Phase advance
: : gz er period
— Y s Slnw turn COSIP turn - as Slnw turn ﬁ (S) p p

Stability in a periodic structure requires < ‘T race(M )‘ <2
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Transformation of a, f, y

consider two positions in the storage ring: s, , s

X X
( ’) =M( ’) where ... M=MQF'MQD.MB.MDr;'ﬁ.MQF.'”
X

1R
Oud ( g/ 5,) g COS(M’) msm(ﬁl)
—JK|sin|K|[D)  cos(,/|K|D)

s p/e+ . 17z, ht02_8, Stondord Lumi-Oplik 920 GeV /27.5 GeV

---------------------------------------

since & = const (Liouville): 1

15

2 2
g =Px"" +20xx +yx

- =B0x(')2+20c0x0x(')+y0x02 By wy/\/\/\/\\/\/ | \\’/,w\'/\/ \/\/\

D I AT [T

L0 L I 1 I 1111

Beta function in a storage ring

; 2 : : : . :
0 100 200 300 400 500 800 200
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express xX,, X', as a function of x, x'.

S
G il y: > |:> Xo = S,x ~ Sx,
- Xy =-Cx + Cx'
M-l = 1,/ (Up) v e SO
déf(M) e | =01 'C
o* J
= ]
inserting into & e =Bx"* +200xx +y x°

g =By (Cx' = C'x)* + 201, (S — Sx')(Cx' = C'x) +7,,(Sx - Sx')*

sort via x, x ‘and compare the coefficients to get ....
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B(s)=CBy —25Ca + S,
a(s)=-CC'By+(SC"+SC)n, -SSv,

v (s) = C'Zﬁo -25'C'a, + S'2y0

in matrix notation:

B C* -28C  S* )\ (B,
al| =|-cC’" SC'+CS'" -SS'||a, !
Y C/2 _2S1C/ S/Z YO

1.) this expression is important

2.) given the twiss parameters a, [, y at any point in the lattice we can transform them and
calculate their values at any other point in the ring.

3.) the transfer matrix is given by the focusing properties of the lattice elements,
the elements of M are just those that we used to calculate single particle trajectories.

4.) go back to point 1.)

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 9



Resume:

equation of motion:

general solution of Hill's equation:

phase advance & tune:

emittance:

transfer matrix from s, —>s,:

matrix for 1 turn:

stability criterion:

B. J. Holzer, CERN

x"(s)+ K(s) x(s)=0 , /=

P, (8) =

x(s) = Ve B (5) -cos (5) +¢)

s2 1 1 1
p TR
[e® 29=5f55%

=

e =7 (5) x”(5) +2a(s)x(s)x'(s) + B (5) x"(s)

M(s) - (

&(COSVIS +a0 Sinvls) \/ﬂsﬂo Sinl/js
0
- —(1 1 X
(aO O ) CoOsy, ( W aOas) SI Yy & (COS W, —a, siny, )
\ ﬁsﬂo 'BS
COSIP turn + as Sinw turn ﬁ s Sinw turn
- Y s Sinw turn COSIP turn (X's Sinw turn

‘Trace(M)‘ <2

JUAS 2025,
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Transfer Matrix M

Transformation of particle coordinates: (x ) o (x )
! ~ !/
S 0

1.) using matrix notation in magnet parameters:

|
cos(,/|K|I) sin(wl‘K‘l)
Mfoc = ‘ ‘ V‘K‘
—, /\K\ sin( /\K\l) cos(, /\K\l)

M =My * My * My * My * My, * M, *

total

2.) using matrix notation in Twiss form:

\/E_is(cosws T Sinlps ) \ [‘))s [‘))O Sinws
0

((X’O _OLS)COSIP s (1 +a’0as)Sinw s [30

\/W Bs (cosxps -0 simps)
sF0

2 2
3.) Transformation of Twiss parameters: p ¢ —25C S Bo
al| =[-CC" SC'+CS" -85 ||aq,
v ), (| c?*  =25'c S ) (v
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III. Lattice Design in Particle Accelerators

s+« HOW to build a storage ring*

High energy accelerators —> circular machines
somewhere in the lattice we need a number of dipole magnets,
that are bending the design orbit to a closed ring

Geometry of the ring:

centrifugal force = Lorentz force

2
my

o)
%e*B=ﬂ=p/p
P

e*v* B =

— B*p=ple

p = momentum of the particle,
p = curvature radius

Example: heavy ion storage ring TSR

. ; Bp= beam rigidity
8 dipole magnets of equal bending strength

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 12



19.) Lattice Design: T i

10—

6014-88\MP! |

05 | -

Magn. Induktion B (T)

Bp=pl/q

0 X . . R

Circular Orbit: dipole magnets to define
the geometry and the particle momentum ( ... energy)

ds dl _Bdl
P p Bp

field map of a storage ring dipole magnet

o =

The integrated B-field of the dipoles determines the particle momentum

The number of dipoles is determined by the momentum of the beam ... or vice versa.

—> tutorial exercise

Bdl =2n L
kgl

Transverse Beam Dynamics 3 13



20.) Focusing forces ... weak focusing term

P SN
x"+K*x=0
K= 1 k
=0 T hor. plane
K=k vert. plane
. 1 B 4 Example: LHC Ring:
dipole magnet E X plq Bending radius: p=28km
- Quadrupol Gradient: g =220 T/m
quadrupole magnet k = Ll
/q k = 9.4%103/m?
s 1/p?2 =1.3 *10-7 /m?

For estimates in large accelerators the weak focusing term 1/p? can
in general be neglected

X
x(s) = x, *cos(v K *s) + —=*sin(~ K *¥)
Solution for a focusing magnet v K

x'(s) = —xox/f *sin(v K *s) + 5% Ky cos(VK *s)

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 14



The Twiss parameters a, i, y can be transformed through the lattice via the
matrix elements defined above.

(B\ [ C? -2S5C S\ (B
al| =|-CC'" SC'+S5'C =5S5'"'|*l«
Y/S \ Cv2 —ZS'C' SvZ) \Y ;

Question: ,, What does that mean 222? “

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3



Most simple example: drift space
G Ly
M = =
o 570
particle coordinates

X\ AT vk x(D)=x,+1*x,’
(o) lo o)) e

transformation of twiss parameters:

B T2 X (B
oo P TR I B B(s)=P,—20*a, +1**y,
o o R e e

Stability ...?

= A periodic solution doesn ‘t
5 L exist in a lattice built exclusively
trace(MY=1+1=2 out of drift spaces.

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 16
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regular (periodic) magnet structure:

bending magnets to define the energy of the ring
main focusing & tune control, chromaticity correction,
multipoles for higher order corrections

drift spaces for injection, dispersion suppressors,
low beta insertions, RF cavities, etc....

... and the high energy experiments if they cannot be avoided
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21.) The FoDo-Lattice

A magnet structure consisting of focusing and defocusing quadrupole lenses in
alternating order with nothing in between.

(Nothing = elements that can be neglected on first sight: drift, bending magnets,
RF structures ... and especially experiments...)

QF Qb QF

p/e+ , q02c¢8, ht02_8, Lumi-Upgrode Version lll-4 920 GeV /27.5 GeV, Februor 2001
T T T T
i f i |\‘ f

' 1 1"
i I Il i i

1 | ||
| | | [ I I | I I

| 1 I| \ ‘J I\ |\ \l (1 [\ I| \ ‘\ |I Ir “ [ [ ‘| |

[ | [ T O T A R O O

Starting point for the calculation: in the middle of a focusing quadrupole
Phase advance per cell uy = 45°,

—> calculate the optics parameters for a periodic solution

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 18



Periodic Solution of a FoDo Cell

=]

p/e+ , HERA Proton Ring, Specicl Egition for CAS

e e T e S S S S S

920 GeV

S > (I'l)

I
45

5 —H H
QFH QD QFH
Output of the optics program:

Nr Type  Length Strength B, a, ?y B, a, ®,

m 1/m2 m 1/2n m 1/2n
0 Marker 0,000 0,000 @ 0000 0,000 (5295) 0000 0,000
1 QFH 0,250 -0,541 11,228 1,514 0,004 5,488 -0,781 0,007
2 QD 3,251 0,541 5,488 -0,781 0,070 11,228 1,514 0,066
3 QFH 6,002 -0,541 11,611 0,000 0,125 5,295 0,000 0,125
4 Marker 6,002 0,000 @ 0,000 0,125 @ 0,000 0,125

e by e S R e _, 0.125 % 2z = 450
B JTiolzer—CERN=" JUAS 2025, Transverse Beam Dynamics 3 19



Can we understand what the optics code is doing ?

1
cos(vK *1 ) —sin(v K *1) T el
matrices M, = LIMEE £ o S e ( )
d

JKsinWK*1)  cos(vK *1) U

strength and length of the FoDo elements K =+/-0.54102 m-2
Ig=0.5m
ld=2.5m

The matrix for the complete cell is obtained _O A U

by multiplication of the element matrices l &

Mr,po = MQFH M, - MQD M, - MQFH

Putting the numbers in and multiplying out ...

0.707 8.206
Fobo 1 _0.061 0.707

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 20



The transfer matrix for 1 period gives us all the information that we need !

1.) is the motion stable? trace(M ,,, ) =1.415 —
trace <2

2.) phase advance per cell

1
@ ) cos(P,,;) = ETmce(M) = 0.707
= = 1

- ¥ = cos‘l{ETrace(M)} = 45°

M(S) & COswcel/ +as@

T 153 SlmP cell

3.) hor B-function 4.) hor a-function

mp, -
f=——""=11611m e it € O3 c el
SINY o1 Sim//cell

0

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 il



We can determine the Twiss parameters !!

... by calculating the matrix of a given periodic structure

... using the magnet parameters and the product matrix of the
structure

... and compare with the (periodic) matrix in Twiss form.

The prize to pay ... is hidden in these crazy functions like
cos / sinh / cosh etc ...

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 27



Can we do a bit easier ?
We can ... in thin lens approximation !

s O i, YN gl

Matrix of a focusing quadrupole magnet: M, = i

OF
~JK sinK *I)  cos(VK *I)

If the focal length f is much larger than the length of the quadrupole magnet,

f =%dQ >>1,

the transfer matrix can be aproximated using qu = const, lq — 0

1 0 1 0
Mor=1| -1 4 ’ Mop=\1 4
i J

=> we keep the focusing strength k - lq constant, but make the length zero.

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 V3



22.) FoDo in thin lens approximation

(]
\
\
\
\
S
1
|
I
I
|
:
.[
@N
t~
\
(\®)

Calculate the matrix for a half cell, starting in the middle of a foc. quadrupole:

£ * *
MhalfCell_MQD/z M, MQF/2

1 et @ note: denotes the focusing strength
( ) * i of half a quadrupole, so
halfCell -1/
f ~
f=2f

M
halfCell — l/ / for the second half cell set f —> -f
f2

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 24




FoDo in thin lens approximation

g !
- [0
Matrix for the complete FoDo cell ) % D * 5
i Ji /
2
1- 2~l’23 2L I%)
s 7 7
2 2
L
e ss y

Now we know, that the phase advance is related to the transfer matrix by

ik I3 ALAQ 2 %215 ,
cos(W,,;) = trace(M) — (2—f—2) l_f_2 (i)

After some beer and with a little bit of trigonometric gymnastics

cos(x) = cos*(x/2) — sin*(x/2) = 1 — 2 - sin*(x/2) (ii)

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3




we can calculate the phase advance as a function of the FoDo parameter ...
by comparing (i) and (ii)

P )=1=2-sin®(¥,.,/2) =1 2 n(¥Y_,12)=1/f Leeu
cos(W,,;))=1-2-sin“(¥Y,, e iple T i (I = ==
Il 1l 7 Il d 27

phase advance of a FoDo cell:

(in thin lens approx) sin(¥,,12) = Loy

ce 4f

Example: Leey = loptiptipp tip
45-degree Cell = 0.5m+2.5m+0.5m+2.5m = 6m

i SR o= O8O ] =8O 0] == 3

Remember:
Exact calculation yields:

. e Lcell =
sin(\P,.;/2) = = 0.405
&

™ g wcell = 4780 TR lpcell = 450
— B=114m = B=116m

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3
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Stability in a FoDo structure

o l
1- j?lz) 21 (1+ 79)
FoDo ~ lz l 12
2(-2--2 1-2-2
Vi T
Stability requires:
»
| Trace(M )| < 2 |Trace(M)|=|2—f—j|<2
. Lcell
SPS Lattice = f> 4 For stability the focal length
has to be larger than a quarter
of the FoDo cell length
... don’t focus to strong !
Example:
45-degree Cell
Leew = ZQF iyt lQD +,
= 0.5m+2.5m+0.5m+2.5m = 6m —> Leen/4 =1.5m

o.k.
Lf o= kfly = 05m™0.54]1 m2=00.27m! =1 =3.7m

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 Vi



The FODO cell

Stability condition 4f > L, has a simple interpretation: —> do not focus too strong !!

» It is well known from optics that an object at a distance a = 2f from a
focusing lens has its image at b = 2f

\\v/ /[ﬁ\‘ T \\' \v//

\
- L=4f

» The defocusing lenses have no effect if a point-like object is located exactly
on the axis at distance 2f from a focusing lens, because they are traversed on
the axis

> If however the lens system is moved further apart (L > 4f), this is no more
true and the divergence of the light or particle beam is increased by every
defocusing lens

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 28



23.) Lattice Types: Arc structure

Magnet structures can be optimised to obtain certain properties of the
beam optics

The most important ones:

FoDo Doublets
:;Z \\___ I \ » / \\ . / / / ;: l " l 7 //‘ \ \ ///:‘ \ \_ //}—/ § | h
Triplett Double Bend Achromat

Ty S— — WL L ——  —— L

Triple Bend Achromat

[T m [ | [ mem] )] m )]

b. J. Holzer, CEKIN JUAD ZUZ)D,

Transverse Beam Dynamics 3 29



Lattice Types: Insertions

Magnet structures - lattices - can be optimised to obtain certain properties of
the beam optics

Long symmetric Insertion

I
O - N WA

—h

0 20 40 60 80
S [m]

... a symmetric insertion that is optimised for small beta functions at the waist
is called “Low-Beta-Insertion” or even “Mini-Beta-Insertion”

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3
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Back to the FoDo

10U.

120. ﬁ
100. %
80. J
60. )

40.

20.

0.0

ML

]

0.0

s (m)

B. J. Holzer, CERN

JUAS 2025,

15107 S T

30.0

[*10%%( 3)]

Transverse Beam Dynamics 3
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Opftics parameters of a FoDo:

Transformation of the coordinate vector (x, x°) in a lattice
x(s) X0 . N
o Msl s2 s/
x'(s) G N R e, =
0 ‘ .

Transformation of the coordinate vector (x, x°)
expressed as a function of the Optics parameters

( /
&(cosw L, o, siny ) PB, sy,
o B,
-2 —

(a, —a,)cosy, — (1 +oua,)simp , &

(cosy ,, —a., siny )
\ /[31[32 [32 12 2 12 )

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 32



Transfer Matrix for half a FoDo cell:

1y 4
f

M

halfcell =

lD
1+ID/~
f

Compare to the twiss
parameter form of M

By

|
(o, —a,)cosy , —(1+o,a,)siny ,

(cosy, +a, sy ,)

B

VBB, simp

VBB,

In the middle of a foc (defoc) quadrupole of the FoDo we always have a = 0,
and the half cell will lead us from g, . tof, .

ﬂl ﬂmax ﬂZ :Bmin

B. J. Holzer, CERN

(
\

JUAS 2025,

ﬂmin Yeell .
V s cos 2 V ﬂminﬂmax S

-1 Sin Yeell ﬂmax cosS
ﬂminﬁmax 2 ﬁmin

Transverse Beam Dynamics 3

(cosy , —a, sy, )
2

)
Yeell

2

n

Yeell
2

)

33




Solving for B, .. and f,. and remembering that .... sin ity B

in

Yeell

5% N 1+ld/f_ I +sin=

my 3 ﬂmin T~ l_ld/f 2 1 —sin el

T

V.
ld
Yeell

m 2
21 Sin > L

The maximum and minimum values of
the B-function are solely determined by
the phase advance and the length of the cell.

Longer cells lead to larger 8

typical shape of a proton
bunch in a FoDo Cell

ns

(Z.X.Y) B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 34



Phase Space Ellipse in a FoDo

The Twiss family a, f, y determines shape & orientation of the ellipse

Phase space evolution in a FODO cell
QF QD

-40 =20 O© 20 40 -40 -20 O 20 40 -40 =20 0O 2‘0 40 -40 =20 0O 20 40 -40 =20 O 20 40
x/mm]| x|mm)| x|mm)] x[mm)| x|mm|

Horizontal phase space

40 -40 20 0 20 40 -40 20 0 20 40 -40 =20 O 20 40
y[mm] ylmm| ylmm]

Vertical phase space
B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3
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Phase Space Ellipse of a real beam in a FoDo

200 - "z

100 -

—100 -

1 30 Gaussian distribution

—200 - C -7 30 Gaussian distribution design optics - ~ - e~ ]
I I l ' . ' o
-15 -10 -5 0 5 10 15

D. J. 11ULLCT, \CLsINLN J ULV LVLY, Lrurverosec pecurr U.)/’LM”LL(./L)




and now in reality ...

LHC: Arc structure based on 90° FoDo in both planes

10690 m

- »
O O
A !

F \ D f \
R 4 4f - ] 84— I ----------- [:
' I . ..-.P“....' .-.&....‘ .1...-..&..-." -...?;.-..1 ' -..-w ------- ?;. a.ee

82 2 2 T . 28 8
o W ) - s -t (...
¥ 3 : 3 353 3 53 3
5
-
3

equipped with additional corrector coils

MB: main dipole

MQ: main quadrupole

MQT: Trim quadrupole

MQS: Skew trim quadrupole

MO: Lattice octupole (Landau damping)
MSCB: Skew sextupole

Orbit corrector dipoles

MCS: Spool piece sextupole
MCDO: Spool piece 8 / 10 pole
BPM: Beam position monitor + diagnostics

Transverse Beam Dynamics 3 37



One Word about non-periodic Lattices:

» In the previous sections the Twiss parameters «, 3, 7y, and u have been
derived for a periodic, circular accelerator. The condition of periodicity was
essential for the definition of the beta function (Hill's equation)

» Often, however, a particle beam moves only once along a beam transfer
line, but one is nonetheless interested in quantities like beam envelopes and
beam divergence

&Jn a circular accelerator «, 8, and vy are completely determinedCby the
magnet optiCs ar STOTCIOTT O perTouiCity (Deam properties are not

specified in an adequate way

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3
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Direction PX [urad]

Transferring the Twiss family:

Rule for a non-periodic situation

p C?

E;BAE

Hadrone}};p ys?ﬁé
Experimente
b

ELSA storage ring: start with |
the (uniquely) defined comie
periodic Twiss.

i

400

200 4 -

—200

—400 4 =1 30 Gaussian distribution

271 30 Gaussian distribution design optics

A

sesvabngs | 0,5 GeV = 1,6 GeV | “ siekionsepa
platzp | ) B\
‘ Nh y \
ik } b4 ; S
T N y “a prung-
EKS* \ DES&esonamr / N _~ Quadrupol
L o 005
LINAC/1 —l S
20 MeV) . g Sl Zn
= L” Quadrupole AN
\
Elektronen-
IS el || Testplatz
i ol. e
e
( )

LHeC: energy recovery linac

—|20 —|15 —|10 -5 0 5
Position X [um]

B. J. Holzer, CERN

10 15 20

after the collision
—> fit ... and guess: p, a, ¢

JUAS 2025,

, ‘sﬁ%ﬁﬁ:&n \ X

-25C

-28'C’

_CC' SC'+CS'
C'?

~

Transverse Beam Dynamics 3

mm Dipol (hori 1)
“Ex pta o == Dipol (vertikal)
o, = Quadrupol
ndes \ == Skew-Quadrupol
o — Yo, == Sextupol
‘ \ = ‘ RA mm Combined-|
i T . == Solenoid
Quadripol N, == Hochfrequer
\"X
= N\,
Stretcherring N
0,5 GeV - 3,2 GeV \
L

ings -
Synchrotronlicht
_M Q s / Diagfioseplatz
____ % / e
< -0 -0— ,,.
\ -~ w Messplatz fiir o
Detektortests "

X

39



Introduction to Transverse Beam
Dynamics

I11.) The ,, not so ideal world “

Acceleration and Momentum Spread

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3
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Remember:

Beam Emittance and Phase Space Ellipse:

equation of motion:

general solution of Hills equation:

e =Y (s) X" (s) + 20 (s)x(5)x'(s) + B (5) x" ()

* & is a constant of the motion

beam size:

... it is independent of ,,s*

x"+Kx=0
x(s) = e /B (s) cos (s) +@)
O =\/$z"mm"

* parametric representation of an ellipse in the x x* space
* shape and orientation of ellipse are given by a, f, y

/Y

)
e

B. J. Holzer, CERN

y(s) =

a(s) ='716’(s>

1+o(s)?

p(s)

JUAS 2025,

Transverse Beam Dynamics 3
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24.) Liouville during Acceleration

e =Y (s) x°(s) + 20 (s)x(5)x'(s) + B (5) x"(5)

Beam Emittance corresponds to the area covered in the
x, x" Phase Space Ellipse

Liouville: Area in phase space is constant.

But so sorry ... & # const!

Classical Mechanics:

phase space = diagram of the two canonical variables
position & momentum

X Py
L

P, = o

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3

; L=T-V =kin. Energy — pot. Energy
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According to Hamiltonian mechanics:
phase space diagram relates the variables q and p

. A = 1 '
Liouvilles Theorem: Jp GIRREAT y = phE &
C

Jpxdx = const 5

for convenience (i.e. because we are lazy bones) we use in accelerator theory:

X A
U N dedn R
” = = . = —

A8 X dt ~ad S X B e

> >
P s
/ p.Adx const , 1 the beam emittance
Xdx = D ¥ — = &= [xdxx E shrinks dftring

S acceleration &~ 1/y

&
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3



Magnet—qgr

Example: HERA proton ring

injection energy: 40 GeV y=43
flat top energy: 920 GeV y =980

emittance € (40GeV) =1.2 *10-"m rad
£(920GeV) =5.1 *10-m rad

Magnet—qr

. at injection, E =40 GeV

Anzahl %igmq 7 . : ...and at E = 920

B. J. Holzer, CERN JUAS 20235, Trarseanye Gevol dpaatkes340 GeV 44



Be (m), B (m)

Nota bene:

1.) A proton machine ... or an electron linac ... needs the highest aperture at injection

energy !!!

as soon as we start to accelerate the beam size shrinks as y -2 in both planes.

o =ep

2.) At lowest energy the machine will have the major aperture problems,

—> here we have to minimise P

3.) we need different beam optics adopted to the
energy:
A Mini Beta concept will only be adequate at
flat top where the beam emittance is small !!

ss0.] B- B, ]
s00. 4 - §
450. ‘ ' .
400.1 ]
350.1 ; -
300. -
250. -
200.
150.
100.
50.
0.0

oo 81 162 | 243 LHC injection

5000.
4500.
4000.
3500.
3000.
2500.
2000.
1500.
1000.

LHC Error Analysis ~ MAD-X 3.00.03 03/12/08 10.32.07

Momentum offset = 0.00 %

s(m) [*10*%( 3)]

LHC mini beta
optics at 7000 GeV

Momentum offset = 0.00 % s(m) [#10%% 3)1_S QQQI_E’S at 450 Gewransvel’se Beam Dynamics 3 45



Liouville during Acceleration

Protons

. shrink during acceleration

ATTENTION !!!

Electron beams jin a storage ring are determined by light emission
and behave completely different.

... they grow.

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3



The ,, not so ideal worl

25.) The,, Ap / p # 0% Problem

ideal accelerator: all particles will see the same accelerating voltage.
—>Ap/p=10 '

Vivitron, StraBbourg, inner
structure of the acc. section

- f' MP-BESCHLLUNIGER

_ MP Tandem van de Graaf Accelerator

naDVRIrgasNucl. Phys. Heidelbergy7



Linear Accelerator 1928, Wideroe: schematic Layout:

Quelle, _ , ~_ Dnfgdhen + Strahl
lﬁ_ - - —H L - ;-----
Energy Gain per ,,Gap*“: > 1 > ot 1 oL |

@ HF-Sender

W=qU,sinw,.t

drift tube structure at a proton linac

500 MHz cavities in an electron storage ring

* RF Acceleration: multiple application of
the same acceleration voltage;
brillant idea to gain higher energies

B. J. Holzer, CERN JUAS 2025,



Problem: panta rhei !!!
(Heraklit: 540-480 v. Chr.)

— ~— )
Example: HERA RF: Bunch length of Electrons = Icm
UO [ e
v =500MH?zZ
> A =60cm
] t cC=A\V
- s
N
A =60cm
sin(90°) =1
TER AU 60 107
sin(84°) = 0.994 U
. Ap -3
typical momentum spread of an electron bunch: ? ~1.0 10

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 49



Dispersive and Chromatic Effects: Ap/p + 0

Are there any Problems 22?

Sure there are !!!

font colours chosen for
pedagogical reasons

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3
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26.) Dispersion: trajectories for Ap /p # 0

QOuestion: do you remember last session, page 12 ? ... sure you do

Force acting on the particle

i B y
=m—(x = = — eB)y
dr? o p 4 '
S
remember: x =mm ,p=m ... —> develop for small x
d’x  mv? 1 4 ) o
m - ——)=— eBy
A2 N p 4
3 . i ! 0B
consider only linear fields, and change independent variable:t —s B, =B, +x - !
X

eB, exg

= TN
SN DI DR

... but now take a small momentum error into account !!!
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3

p=pytAp
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Dispersion:

develop for small momentum error Ap << p, = : e AI;

Po+Ap  p, D,

1 X A ex A
x”—/ﬂ4—2z— o I;eBO+—g—xeg—]2)
P P £ Po, Dp B L0 e A
1

P
x Apl
T 2%—p—+x'k
P Po P
x" + x( 12 —k)=£i
P Po P

Momentum spread of the beam adds a term on the r.h.s. of the equation of motion.
—> inhomogeneous differential equation.

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3



Dispersion: trajectories for Ap /p £ 0

Dispersion

What if particles in a bunch have )
different momenta? o5,
Remember beam rigidity:

P ///// - p<p0
Bp="— (100)
q
Orbit: AP
z(s) = D(s)—— (101)
Py

where D(s) is the dispersion function, an
intrinsic property of dipole magnets.

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 3 53



Dispersion:
x”+x(iz—k) i s
P P P

[ x)(5)+K(5) x,(s) =0
x(s)=x (s) 2
: xz{,(S)"'K(S)‘xi(s):i-A_p
P P

general solution:

.

Normalise with respect to Ap/p:

X; (s)
D(s) = /
Dispersion function D(s)
*is that special orbit, an ideal particle would have for Ap/p =1

* the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice



Dispersion

for Ap/p > 0

Matrix formalism:

x(s) = x5 (5)+ D(S).A_p

: - el she) )
o e P e e x), \C" S\x), p\D),

p J

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 3 55



Resume’:

beam emittance

beta function in a drift

... and for a =0

particle trajectory for Ap/p £ 0
inhomogenious equation

... and its solution

B. J. Holzer, CERN JUAS 2025,

S

ﬁ(S)—ﬁﬁﬁo

x" + x( 12 —k)=A—pi
P Po P

x(s) = xz () + D(s) =
%

Transverse Beam Dynamics 3
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