Transverse Beam Optics IV

Bernhard Holzer, CERN

Errors in Field and Gradient
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Dispersion:
x”+x(iz—k) i s
P P P

[ x)(5)+K(5) x,(s) =0
x(s)=x (s) 2
: xz{,(S)"'K(S)‘xi(s):i-A_p
P P

general solution:

.

Normalise with respect to Ap/p:

X; (s)
D(s) = /
Dispersion function D(s)
*is that special orbit, an ideal particle would have for Ap/p =1

* the orbit of any particle is the sum of the well known x; and the dispersion

*as D(s) is just another orbit it will be subject to the focusing properties of the lattice



Dispersion

bit for Ap/p > |

Matrix formalism:

x(s) = x5 (5)+ D(S).A_p
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or expressed as 3x3 matrix

X C P, D)
sl C R ESIYD AlG
A

780 A 0

Example

Xg =1...2mm

D(s)=~1..2m
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Amplitude of Orbit oscillation

contribution due to Dispersion = beam size

—> Dispersion must vanish at the collision point /

Calculate D, D’: ... takes a couple of sunny Sunday evenings !

sl

sl

D(s) = S(s) fﬁC(S”)d&“ ~C(s) f%S(S‘)d&”
s0 s0
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Dispersion and Beam Size:

Super-position of two Gaussian distributions

In this example from the HERA storage ring o ko s mores o o v ot s b e
(DESY) we see the Twiss parameters and the dis- |
\//_}‘

persion near the interaction point. In the periodic
region,
xg(s)=1...2mm

D(s)=1...2m PAANAANNARAA M) Y UNARANAANAANAS

AP/py ~1-1073

—llll — llll—

------------------

D\’:a%%aa &sssm is a §583s © 355 &aasu asawu

Remember:

AP ‘mmm = mww
x(s)=xg(s)+ D(s) —
Po

Beware: the dispersion contributes to the beam size:

AP\? o2
Ox = UX + std T — €geometric * P + D2 . £

» We need to suppress the dispersion at the IP !

» We need a special insertion section: a dispersion suppressor

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4



Dispersion:

sl 1 s1 |
L D(s) = S(s) [—C(5)ds - C(s) [ —S(3)ds
Example: Drift M, =(0 1) (s) (S):!(;p (8)ds (S)ip (5)ds

1 7 0 =0 =0
Mp=[0 1 0
0O 0 1
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Dispersion:

sl sl
D(s) = S(s) féC(§)d§ _C(s) féS(g)dg
s0 s0

ﬁ—/ﬁ—l

#0 # 0
Example: Dispersion in a Sector Dipole Magnet
|
Remember: Matrix of a Iy cos(y/|K ) \/@ sin(y/|K 1)
magnetic element foe =
— 1/‘K‘ sin(ql‘K‘l) cos(J‘K‘l)
1
in general: K=k e
[ .
C s cos—  psin—
... butin a dipole,as k=10 ... Mfoc=( ’ ,)= | pl lp
the focusing properties are | ¢ 8 ——sin— cos—
P P Y
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calculate the ,,D*“ elements for the marix a Sector Dipole Magnet
sl 1 sl 1
D(s) = S(S)f—C(§)d§ - C(S)f—S(§)d§
s0 P s0 P

D(s)=(p sini)*i*(p sini)—cosi*l*p -(—cosi+1)*p
PP P

Y p P
.o 1 [ [
D(s)=psin"—+ pcos—*(cos——1)
P
l ! . l . . . .
D(s)=p-(I-cos—) , D (s) =sin—  Dispersion elements in a sector dipole magnet
P
[ .1 [
COS— P sini D COS— psin— p*(l-cos—)
P P X | Y l | l p
M e = —isini cosi D' x' ——sin— cos— sin—
P P P Ap P Y P Y
0 0 1 A 52 0 0 1
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Dispersion in a Dipole:

(

Nota bene: even an ideal particle with x = x = 0 will start to oscillate if it passes
a dipole magnet and has a momentum error Ap/p.

A dispersion trajectory will obey the same focusing forces (i.e. will be transferred by
the same matrices) as a normal betatron oscillation.

Dipole magnets are described by a 3 x 3 matrix and carry as element
m_ 13 and m_ 23 the dispersion driving expressions.

We get the full trajectory amplitude by multiplying the matrix with the vector

[ ol )
CcoS— sin— D
X s b= X
.x/ ) L4 .x/
——smi cosi D’
Aplp f p , p ) p : Aplp/,
\ )l—>f
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4




27.) Dispersion in a FoDo Cell:

!! we have now introduced dipole magnets in the FoDo:
—> we still neglect the weak focusing contribution 1/p?
—> but take into account 1/p for the dispersion effect
assume: length of the dipole = [,

Calculate the matrix of the FoDo half cell in thin lens approximation:
in analogy to the derivations of B, [3

f=L>>€

0
Kt

* thin lens approximation:

1
* length of quad negligible ', ~0,— (= EL

* start at half quadrupole i 1

7 v

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4
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Matrix of the half cell 7,1_\_ A %

- *k %k < > -
MHalfCell i MQ_D MB Mg . '
2 2
1

MHalfCell= l~ 1 O 1 __~1 1

4
i
4 14
o l1+—

CS)
M

HalfCell=(C| S'

~1

calculate the dispersion terms D, D’ from the matrix elements

1

*r_ - S _ % L S
D(s)=S(s) fp(E)C(s)d” C(s) fp(g)S(s)df
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*l*ﬁ S E *l*g
D(€)=€ E {(1—7)dS—(1—7) B {S ds

- - - > - >~
' v v

S(s) C(s) C(s) S(s)

D(g)=£(g_§) (l_ﬁ)*ﬁ*g g2 f/ VE y

o f "o Ao 20 Zfp

25 meter 180° Arc based on 909-FODO lattice

o T T
| p=3.8GeV/c
in full analogy on derives al
4 >
Jor D’ A N oA . . oA A
<
E
o
4
l+— i
2f [=} L I 1 1 I L 1 L L
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and we get the complete matrix of the half cell including

the dispersion terms D, D’

cC S D
MhalfCell= ¢'" §'" D'|=
0O 0 1

boundary conditions for the transfer from
the center of the foc. to the center of the
defoc. quadrupole

p(m)
~5 D
- *
0|=M,,* 0 .
1 1 2
\ I
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Optimisation of the FoDo Phase advance = oy 7?
° ° —— = - )+ —
- - Dispersion - - ( f) 2p
ol TN (/
— () = —~—2*D+—(1+—~)
g O .
2 1+ L oo el 21— L e where ., denotes the
_ 2 2 _ 2 2
D — . D . = . phase advance of the full
max ) Yeell e ) Yeell
r Sin” — r Sin® — cell and
1/f L5 Sln( l//cell)
10 ' Nota bene:
Dmax(m) 8 - ‘\\ . o o
Vo ! small dispersion needs strong focusing
Dynin(m) 6 D — large phase advance
. !! < there is an optimum phase for small
')}
9) e
------ l1! ...do you remember the stability criterion?

cell

B. J. Holzer, CERN JUAS 2025,

7 trace = cos y — y < 180°

111! ... life is not easy
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Optimisation of the FoDo Phase advance
- - Betafunctions - -

remember:

Weell

(1+sin2)L (1 —sin—) L
ﬁmax -y ﬂmin > c 2
Sin (Weer) Sin (Weer)
2L
ﬂmax A ﬁmin o

sin (l//cell )

search for the phase advance u that results in a minimum of the sum of the beta’s

20 20

18
16
ﬂsum
14
12

\ d 2
—> require . =
q dl//cell sSin (chll)
L
*COoS 0
sin’ Y. i
Y ."jl= wcell oL 90
E!!"h. __r.r"rr.
0 30 60 90 120 150 180
\Pcell
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Example: Dispersion, calculated by an optics code for a real machine

X =D(s)*A—p

p

* D(s) is created by the dipole magnets
... and afterwards focused by the quadrupole fields
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Mini Beta Section,

—> no dipoles
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Dispersion is visible

34 Hera P New BPM Display

Printing Optionen Korrekturen Offsets SaveFile Select File SetOptics SetBunch Spezial  Orbit View Expert F ! E'TRA S t ! r ! Or! i t

|- Darstellung —— |~ Maschine : HERAp- | Protonen | WL197 MX

‘ " Orbit Eg Orb-Ref " Ref Mittehwert RMS-wert Energie 39.73 Ablage (mm) | 0.348

[closedomit -] [Scratch1 ][l hor:| 0000 5559 | Strom 44 Status 3

| Bunchhr 222

| 4N Ep = 3972 ghe] ot [ W53 I yocting houa (Il BAT 1077/ 0
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Dispersion

For one magnet element or a sequence the dispersion is part of the
(3x3) matrix and the trajectory is calculated including the effect Ap/p # 0

)

l . l
X cos—  psin_ D X
x' = 1 .1 ! : x’
—Zsint L p
Aplp . Ssin— cos— Aplp |
\ 0 0 1 )f

Example: Single Dipole magnet or Transfer Line.

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4



Dispersion

For one full turn - or a periodic part of it - we have to require periodicity
conditions for the closed orbit as well as for the “periodic” dispersion n, n’.

D n cC §S D i
D’ = 7]l =(C § D |7
1 periodic 1 0 0 1 turn 1

The periodic dispersion D, = 5 defines the closed orbit for particles with Ap/p # 0.

Around this new closed orbit the trajectories perform the good old betatron oscillations.

eriodic

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 19




28.) Momentum Compaction Factor:

The dispersion function relates the momentum error of a particle to the horizontal
orbit coordinate.

inhomogeneous differential equation

x”+K(S)*x=iA—p

P P

general solution

x(8) = x5 (s) + D(S)A—p
P

But it does much more:
it changes the length of the off - energy - orbit !!

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 20



Momentum Compaction Factor:

particle with a displacement x to the design orbit
has different path length di ...

: v particle trajectory
dl  p+x /dl/, ..............

ds P \

design orbit

e dl=(1+ e )ds
p(s)

circumference of an off-energy closed orbit

IAE =fdl =ff(1 + ) ds remember: X, () = D(s)g

Py

5i=1,, -1, =Apf(

D(s) ) p * The lengthening of the orbit for off-momentum
S
Do

o (s) particles is given by the dispersion function
and the bending radius.

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 21



Momentum Compaction Factor:

Definition: o =a, ap
L, Do
1 D
— b= f (S) dS
L, p(s)
: 1
For first estimates assume: — = const
P
fD(S) ds =2 (ldipoles) . <D>dipole
dipoles
1 1 1 D
apz_z(ldlpoles)<D>_=_2ﬂp<D>_ = apzz—ﬂ:<D> = u
Ly p Lo p L, R
Assume: v =c
ST &1 Ap a, combines via the dispersion function

the momentum spread with the longitudinal

motion of the particle.
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 22



Introduction to Transverse Beam Optics

29.) Errors in Field and Gradient




Errors in Field and Gradient
- life is not so easy -

The derivation of the equation of motion is based on the presumption that

... In our accelerator there are only linear magnetic fields ....

B(x) =i + k*x %x%@x3+...
ple o) ! !
Y JF I v J

\

dipole quadrupole

Multipole expansion of magnetic field:

Byr,0)=B8B,,,, Z (L)”‘l[bn cos(n@) + a, sin(no)]
n=1

o

\

example: Bkt S
Midplane > (9 = 0’ > bn v multipole
radius = ref radius rg B, .,

J
B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 24



Example: HERA multipole coefficients of sc. dipole magnets

: ‘ SV n—1 .
|- By(r,0) =B, ;, " Z (r_) [b, cos(nf) + a, sin(n0)]
i 10

} b ,a,~1..2*%107"

B _D col := 0.0000

0,000 ; a1tU_MQXCD_col := 0.000Q/ a1R_MQXCD_col := 0.0000 ;
0.0000 ; a2U_MQXCD_col := 0.0000 ; a2R_MQXCD_col := 0.0000;
:= 0.0000 ; a3U_MQXCD_caol := 900 ; a3R_MQXCD_col := 0.8900 ;
_col := 0.0000 ; a4U_MQXCD_col :5/'0.6400 ; a4R_MQXCD_col := 0.6400 ;
0.460¢ aSYAMQXCD_col := 0.0000 ; a5U_MQXCD_col/’= 0.4600 ; a5R_MQXCD_col := 0.4600 ;
/G6M_MQXCD_col := 0.0000 ; a6U_MQXCD_gol := 1.2700 ; a6R_MQXCD_col := 0.3300;
1.770C 37M_MQXCD_col := 0.0000 ; a7U_MQXCD col := 0.2100 ; a7R_MQXCD_col := 0.2100 ;
a8M_MQXCD_col := 0.0000 ; a8U_MQXCD_col := 0.1600 ; a8R_MQXCD_col := 0.1600 ;
e "D_col := 0.0800;

£8M_MOXCD_co Example: LHC multlpole coeff czents of SC. trtplet quadrupoles (CD_col :=

U.UuUuUuU,

b9M_MQXCD_coI := 0.0000; b9U_MQXCD_col := 0.080¢ @a11M_MQXCD_col := 0.0000 ; a11U_MQXCD_col := 0.0300 ; a11R_MQXCD_col := 0.0300 ;

; a12M MQOXCD col := 0.0000 : a12U MQXCD col := 0.0200 : a12R MQXCD col :

oMM aeneral rule: multipole errors should be in the range of ,,some 10 -4

PR N o R I N S L TR VAN A B R T LR L I R R A L

b5M_MQXCD_col :
b6M_MQXCD_col :

b7M  MQXCD col :

0.0000; b5U_MQXCD_col :

0.0000; b6U_MQXCD_col :

0.0000; b7U_MQXCD_col :

0.210C

b11M_MQXCD_col := 0.0000; b11U_MQXCD_col := 0030(00100

0.0300; a14M_MQXCD_col := 0.0000 ; a14U_MQXCD_col := 0.0300 ; a14R_MQXCD_col :=
b12M_MQXCD _col := 0.0000; b12U_MQXCD_col := 0.020 0.0100;

0.0200 ; a15M_MQXCD_col := 0.0000 ; a15U_MQXCD _col := 0.0000 ; a15R_MQXCD_col :=
b13M_MQXCD on f?o]o Cbbl MQXCD_col := 0.020 0.0000 ; e 1

0. 0100 olzZ AD £LULD, 1ransverse peam uynamlcs 4 zJ



30.) Sources of field errors

1.) power supply errors:

dipole error: remember from lecture N° 1:

2.) error in dipole strength: the gap B = @

Yoke production: laminations, made by stamping
out of steel sheet.
variations of gap ,,h“ by wear
out of die or use of multiple dies

Tolerance:
h=5cm AB=‘Ah‘=25um=5*10_4

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 26



Sources of field errors
power supply stability:

16 bit digital electronic for current control and stabilisation

survey of power supply electronics: bit stability

26 = 65536 1219_115 < 1.5%107

~~ require % <5*107

-1 -0.5 0
har 20 04:18:41 2006

Y range = |50 | [~ Freezescale | QP34 SR 338, Hsk 20047

Al ~=12  bit
ST o
] viar 20 04:15:12 2006

Yrange = {50 v | [ Freeze scale I QP63 WL 217. Bl 120/04
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 2



Dipole Magnet errors: closed orbit distortion

The sum of all dipole magnets in a ring defines a curve that we call closed orbit.
perfect situation < design orbit

. Bdl LO
normalised effect on the beam: f B =— =0 =271

(Bds)

—f—ds

A dipole error will cause a distortion of the closed orbit, that will ,,run around‘ the storage
ring, being observable everywhere ... but — if small enough — still will lead to a closed orbit !!

effect of single dipole magnet error: f

Assume one single dipole error *®,
in a linac,

X Sy g 0 f
xr S N lattice Ax/ g

Overall a {)lltude of a single particle trajectory: x =X, (S)+x f (s)+x,(s)

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 28



Calculation of Orbit Distortion in a circular machine:

G S A

X dipole kick 1/p*As

Cco

periodicity condition still has to be fulfilled: we still get (!) a closed orbit

in any case: distorted orbit will be a betatron oscillation.

x,(s)=a+B(s)*cos@ (s)-9) a = orbit amplitude, ¢ = initial phase

put starting conditions: s=0, P(s)=0

boundary condition (1): x,(s+L)=x,(s) periodic closed orbit at
the place of the distortion,

boundary condition (2): x:z (s+1L)+ E . 4 xt’l (s) (s=0,y=0)

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4
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Closed Orbit Distortion

Calculation of Orbit Distortion in a circular machine:

b SE DN SC TR S

g Ty

Sl dipole kick 1/p*As

periodicity condition still has to be fulfilled: we still get (!) a closed orbit

in any case: distorted orbit will be a betatron oscillation.

x,(8)=a./p(s)*cos@ (s)-@) a = orbit amplitude, ¢ = initial phase

boundary condition (1): X,(s+L)=x,(s) periodic closed orbit

ayB6TL) *eosty (5) +21Q ~9) = /BT costy (5)-)

cos(2tQ — ) = cos(—) = cos(p)
¢ =nQ

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 30



Calculation of Orbit Distortion.

angle x: x,(s) =a/B(s) *cos@ (s)-)

B !

X, (5) = —a+/B *sin@ (s)—@)*P (s) + AT *cos (5) - )

5 1
remember: Y (5)=—

B

B,

x;<s)=Tgsin<w (9)-¢)+ ﬁa*cos(w (5)-¢)

! A !/
boundary condition (2): X,(s+L)+ FS = x,(5)

\/ﬁ sin(2nQ — ) + 23% a*cos(2nQ -o)

periodicity:  f(s)=p(s+L), ¢ =n0

B. J. Holzer, CERN JUAS 2025,

at the place of the distortion, s = 0, yw = 0
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—-a

\/E sin(tQ) + > \/E

¥ a*cos(nQ)+§ s

\/E sin(-mQ) + 2% a*cos(-nQ)

remember: sin(-x)=-sin(x) , cos(-x)=cos(x)

_—\/Bﬁ sin(mQ) + 2% a*cos(mQ) + % = % sin(rtQ) + 2% a * cos(mQ)

ol ) As/ /B
) a o ! /p\/7

— =—=sin(nQ) 2
P B < 25in(Q)
put into orbit equation:
g % - _61*\/ﬁ(s)[31* - ey S BAS
X, (8) = ay[P (s) *cos@ (s) -mQ) = 25in(0) cos(y (s) -mQ) :l"e n"ofe o
1
VB * [ By *cos, ~,|-nQ)ds

psl

x, ()=
(8) 2sinmtQ

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 32



Nota bene:  * orbit distortion is visible at any position ,,s* in the ring,

... even if the dipole error is located at one single point ,,s1*.
*the f function describes the sensitivity of the beam to external fields

*the f function acts as amplification factor for the orbit amplitude at
the given observation point

*in any case we (clearly ... ) will obtain a cosine-like orbit travelling around
the ring ... but being closed !!! after one turn.

* there is a resonance denominator

1
VB * By *cos(iby —| -nQ)ds
1
YeolS) = T 2sinn0
closed orbit after quad offset

o l

04 LA |
= O.z - f — 1
= I Ui} PETRA III Light Source:

as | I g u closed orbit error after

o = 1 S = o| offset of 0.3mm in 2 quadrupole

p " | magnets

s (m)
B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 33



Example: , bad orbit”, i.e. closed orbit that contains large oscillation amplitudes

—>eats up available magnet aperture
X(5) = X, (8) + X, () + X, (5)

—> particle trajectories pass nonlinear field regions
—> detector components suffer from beam halo particles & light

Prlntlng Optionen  Korrekturen Offsets Save FI|B Select File Set Optlcs Set Bunch 5 Orbit \.ﬁew Expert
+ 10 mm TS — Etteteeeeseea e se st tatietee st te et et bt aatete et esee e
im A _: .......................................... : ..................................................................................... . ........ :
A ”""""ﬁﬁlﬁ[ffﬁfﬁfﬁfiﬁfﬁﬁfﬁ:ﬁﬁf ______
x | | | | | I | ----- |
@ ,” ” '| : il II I l [ ”l II I“||' . , I u . I. .f.-l Jiig] lll | I. ) I
o NNl ranaiiiaiEiine Gl il debaialilnd Siinan e ieNt Rt § il el Rt el |
gL I ¢ ! SR
e = — = Spacal Display @ 10/11/1 11:39 e
Spacal Display @ 9/11/1 15:02
Show | Rates [Cell]l W] Overlay Ecal g
Ecal 5 .‘.j

H1 drift chamber during
B. J. Holzer, CERN sagoodrun ... or a,bad” one 34




30.) Finally: .... Resonances

e, 1L —
6 (S =ik [‘))sl sl s _TEQ) ds
closed orbit distortion: ) = / Py
6 2sintQ
remember from lecture 1: u = phase advance per revolution
in general measured and expressed in 0= 1.5
units of 2z ... and called ,, Tune“ Q 2n

.. and it depends on the focusing strength of the lattice cells.

Tune: number of oscillations per turn

31.292 permanent tune measurement ...and control
32.297 in both planes

Relevant for beam stability:
non integer part

HERA revolution frequency: 47.3 kHz
0.292*47.3 kHz =13.81 kHz

§ 026 027 028 02'3 03 031 032 05 026 027 D028 0.29—0.3 031 032 0l

B. J. Holzer, CERN JUAS 2025, 2 et (RIL 20 BEIRY 20zt



Resonances NG fplwsj *cosly., —p, ~@)ds

x,(s)=

2sinmtQ

e y

Assume: Tune = integer Q=1 — 2sin5 = 2sing =0

Integer tunes lead to a resonant increase of the closed orbit amplitude in presence of the
smallest dipole field error.

Qualitatively spoken:

Teilchenmnbahnen und Enveloppe




Tune & Resonances

The particles — oscillating under the influence of the external magnetic fields — can be excited
to infinite high amplitudes in case of resonant tunes—> particle loss within a short number of

turns.
—> avoid large magnet errors
—> avoid forbidden tune values in both planes

n,m,p = integer numbers

m*Q +n*Q,=p

\
File Clait Setthgs  [ndizeter Setthos Examp Z€S .
| Tune [ndicatn ; Tune Cantmller 1
| Merizorts! 2 Yertical I Horzonet T Yertiea! l’lzl > Q . 1
|| I tocked | [ Locked || [ OFF j DFF : m=0 X
{| Tune : ; Tune : Setpomt 5etpomt .
' [10.384 kHz |13 944 kHz 1;; [ I p=] Integer resonance
|| 8 Yalue . ‘ Q Yalue . | -:'_':—_:][:_ -:::" [:_':::- -‘ o/
| [ 021245 1] 0.20470 | I“ ------- -s——-?b{ I ;]' lf.
Cxc. Amp.: ' Cac. Amp.: | I i ' N\
':Ild J Ild i — If Examples:
ndi- ndi- A Fpacd bl il
ff i —OH—J s —J CERCEL FINIBH | n=>0 0 1/2
lorNert ON | Hor, Verl 0rr| HorYert ON | Tlon, Vert OFT | = e Y,
| — ' half-integer
Zaom ‘l} Zoom  [¢ Autc Tracking p:1 f &
IN . ouT 1 resonance
Mnve A
Ch:l‘l A ‘_l’l |z Centes I
Drder - 'T E Nedrow |
CHAR™ Ilrlrliralnr N-Phasze Stages |
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31.) Quadrupole Errors:

go back to Lecture I, page 1 e m——
single particle trajectory )
- : ) s -
Solution of equation of motion x = x, *cos(vk *1) + x, *ﬁsm(“ [Kk*1)
|
X X cos(\/E *1) —sin(\/z *])
X 2 X 1 —\/ESIH(\/%*Z) COS(\/%*Z)
Deﬁnition: phase advance x(s) f Tisheneannen wnd Eremieees ‘
of the particle oscillation I N NS AN
per revolution in units of 2n ot T —
is called tune N A AU AN
Q — AIP turn_ _ w T h
B. J. Holzer, CERN 2 Juggc 2025, —Haﬁﬁw‘—ﬁeﬁm—ﬂjﬁ;M




Quadrupole Error in the Lattice

optics perturbation described by thin lens quadrupole

CcOS +0._ sin sin
M(s) — ,I.P turn . S w turn BS Ip tut"n
- Y s Slnw s COSIP turn OLs Slnll) turn
S
cosy,,,, + asiny,,, SIny,,,.
Md,-sf=MAk-Mo=< 1 0).< Yiurn + @S PSinWiun )
—Akds 1 —ysiny,,,.. COSY,py — OSINY,,..
£ = Nl e oy
quad ideal storage
5 cosyy + a - siny, p - sinyy
ol I AR (cosyp + asinyy) — vy - sinyy —Akds - psinyy + cosyy — asinyy,

rule for getting the tune

Trace(M) = 2cosy = 2cosy, — Akdsp sinyy,

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 39



Quadrupole error —> Tune Shift

Ak ds psinyy,
%

1) =1P0+A1P

2 cosy = cos(yp + Ay) = cosyy —

remember the old fashioned trigonometric stuff and assume that the error is small !!!

. . Akdsp sin y,
Ccosyy - COSAY) — sinyy, - SinAy) = cosy —
p = s B

2

. . ) P : ! .
and referring to Q instead of w: ! the tune shift is proportional to the f-function

at the quadrupole
) !l field quality, power supply tolerances etc are
P =210 much tighter at places where f is large
0ul !!!"  mini beta quads: = 1900 m
Ak(s)P (s)ds arc quads: B = 80 m
AQ = f
% 4t

Il Bis a measure for the sensitivity of the beam

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 40



Example: deliberate change of quadrupole strength in a synchrotron:

P AK (S) Bs) ,  FAK(S)* 0 "6

AQ = f
4
fune spectrum GI06 NR
0.3100 y==6:7863x+0:3883
0.3000 T
_ \
< 0.2900
0
.. for heaven's sake: 2500
why do we get three peaks ??2?? | y = 6.819E-14x + 0.2814
0.2700
0.01100 0.01200 0.01300 0.01400 0.01500
k*L

B. J. Holzer, CERN JUAS 2025, tupg,shutt-an 2, fBneiinn gradient change 4,



Clearly there is another problem:
a focussing error at any location in the machine
... Will shift the tune
... and distort the optics
... at any place in the ring

-«:"- ™
\ﬁ S Q

Example GA quadrupole:
burned quadrupole coil

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 42



Quadrupole error —> Beta Beat

[30 s1+/
ABG)=— s !B (s,)Ak cosQ@ ,, =y ,,) — 20 Ms

NNNNNNNNNNNNNNNNNNNNNNNNNNNNNN

uuuuuuuuuuuuuuuuuuuuuuuuuuuu
aadaac  am ada ganada@E o4
®mSSooca DSoCOoTTOoC

0

DISPERSION X/Z

orbit is not affected to

first order !
B. J. Holzer, CERN



Example LHC:

Many small quadrupole errors (gradient tolerances) add up

g, A
Tolerance limit: 7ﬂ <20%

Quadrupole error —> Beta Beat

A series of quadrupole errors Ak; cause distortion of the S-function at s,

Apf
E

1

Unstable motion if @) is a half integer!
LHCB1 4TeV B*=0.6m

44



32.) Chromaticity:
A Quadrupole Error for Ap/p # 0

Influence of external fields on the beam: prop. to magn. field & prop. zu 1/p

B dl
dipole magnet o = L

ple P
V'
’ F 0 D
. o |
focusing lens 3 P o= R
e,
e .
cell length A )

Figure 29: FODO cel = particle having ...
to high energy
to low energy

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 ideal energ%



Chromaticity: Q° ( ... sometimes aka ... “Z”)

k=5 p=p,+Ap

in case of a momentum spread:

SR CETN 3¢ R OP s S
Po+tAp  p, P,

A
W=
Po

... which acts like a quadrupole error in the machine and leads to a tune spread:

definition of chromaticity:

o L
AQ=0 B s Q= FK()B (s)ds

B. J. Holzer, Coruv JUAD LULD, 1ransverse beam Dynamics 4
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Where is the Problem ?

B. J. Holzer, CERN

JUAS 2025,

Transverse Beam Dynamics 4
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... what is wrong about Chromaticity:

Problem: chromaticity is generated by the lattice itself !!

Q' is a number indicating the size of the tune spot in the working diagram,
Q' is always created if the beam is focussed
—> it is determined by the focusing strength k of all quadrupoles

0'- - fk(s)p (s)ds

k = quadrupole strength
f = betafunction indicates the beam size ... and even more the sensitivity of
the beam to external fields

Example: LHC
—>Some particles get very close to

0'=250 resonances and are lost

Ap/p=+/-0.2 *10-3 .

AQ=0.256 ... 0.36 in other words: the tune is not a point
Y it is a pancake

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 48



Betatron Tune: Ox, Qy
Effect of Chromaticity

Tune signal for a nearly
uncompensated cromaticity

(Q'=20)

25 026 027 028 029 03 031 032 O0Jp5 026 027 028 029 03 031 032 0.

Ideal situation:
cromaticity well corrected,

(Q'=1)

|

027 028 0.2 03 031 032 05 o026 027 028 029 03 031 032 0.

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 49



Once more: Tune and Resonances

m*Q +n*Q +l*Q = integer

HERA e Tune diagram
up to 3rd order

... and up to 7th order

o S T
Z LA
< o
”~ “
! ] i
7 )
s
Iy
~ J r
—l ’
P ¥
: = -
'l ' d -
e L7
' -~
y o -
) i
L] .

Homework for the operateurs:
find a nice place for the tune
where against all probability

. e
.-.-. ...-. i .'.-( -

the beam will survive

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 50



Correction of Q’:

Need: additional quadrupole strength for each momentum deviation Ap/p

Sextupoles, through a non-linear

magnetic field, correct the effect of > Located in dispersive regions.
energy spread and focuses particles at a » Usually in arcs.
single location. » Sextupole families.
Ap/p >0 focal length ——
| J& | Now is when the party starts
| ll . .
Aplp =0 | | // » Sextupoles introduce non-linear
_f___ — e fields.
quadrupole i " » ...i.e. they induce non-linear motion.
Ap/p.<0 iy sextupole » resonances, tune shifts, chaotic
o motion.

|

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4 oWk



Correction of Q’:

Need: additional quadrupole strength for each momentum deviation Ap/p
1.) sort the particles acording to their momentum xp(s) = D(s) )

... using the dispersion function

84 Hera P New BPM Display

Printing
P B st e e S e e e
....... i
|
Her. 1
N HHHTEERTTRTT TR I -m IR m
SHHTEET T (HEFECCPLEEE R LOU T s
B L] Mol d Lo L | SLLimdnd bnd bt L g LA | st | )10 e i b |
5 elad | 1 |
Injektion” (A). Wontor Number === 6] N
B -
o it R R e T e
1" 1 o 1 it 1
[0] O ] o ] o ] el ) e e e | P
[--f- -1 | |
5
hine : HERA-p <~ Protonen 1 - NR344 MX
 orbit [FlomRef | " Ref Mittelwert RMS-wert || Energie  39.73 Ablage (mm) [ 2.46
[Closedorbit ] [Scratcha =] || X/ hor 20538 | 23572 " [} iCee 41 Status [ wrong tu
1
: Ziver [ ’ i
hidOn Ep = 3746 ver [ 0008 [ 7820 ||\ i oiatn B/¢ [1283764
Feb 08 23:09:16 2006 2006-02:08 23.07:15 dpp  aus | [1.482 || [geladen] hpidOn Release | re

2.) apply a magnetic field that rises quadratically with x (sextupole field)

\

o

||
l

5

: 0B, - 0B linear rising

- = gx gradient*:
o0z  Ox .

Sy
I

g(x* - z°)

N
N | —
(N

B. J. Holzer, CERN JUAS 2025, Transverse Beam Dynamics 4
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Correction of Q':
k, quadrupole strength being

off-centre in a sextupole
Sextupole Magnets:

7 klz

Eisenjoch Spulen
Eisenjoch _
Y > <] |

corrected chromaticity

counter acting effect in the two planes

|
Q)/c > 4_71' . {_ #'Bx(‘g) i |kq(S) |dS + |k§| 4 lsext \ ﬁx(s) ) stext rl |k£| i lseﬂ ) 'Bx(S) g stexf}

1
Oy = e {_ #ﬁy(s) - | ky(s) | ds — |k§| et " Py(8) - Dy + |k5| lsext " Py(8) - Dy,
& Vo A

—~

“natural” chromaticity sextupole correction of chromaticity
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Resume ’':

s0+/

Ak(s) HOWS _ AR paa i

quadrupole error: tune shift AQ = f

beta beat AB(sy) =

47t

—L— 5 JB )8k cos2ty, )~ 2mQMs

Ap

chromaticity AQ=Q *—

0'-— f(5)P (s)ds

in a FoDo O\ = = tang
corrected chromaticty
-1 | 1
=—*Fk (s)B(s)ds+— N k), D k1
Qx 43_‘: f 1( )I3 ( ) 4 F;ct 2 “sext B D;Ct 2 Ysext

B. J. Holzer, CERN JUAS 2025,

Transverse Beam Dynamics 4
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B. J. Holzer, CERN

Merci

JUAS 2025,

Transverse Beam Dynamics 4
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Appendix 1: Quadrupole Errors and Beta Function

a quadrupole error will not only influence the oscillation frequency ... ,,tune*
... but also the amplitude ... ,,beta function

turn

M =B*4 A=(a11 alz)

distorted matrix M ,, = (m“ 2 ) = B( )A

e ay 42
dist e Akdsall + a12 - Akdsalz + a22

dist #8

~ ~

gl bya,, + b, (-Akdsa,, + azz))
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the beta function is usually obtained via the matrix element ,,m12*, which is in Twiss form
for the undistorted case

m,, =B, sin 2wQ

and including the error:

my, = byay, +b,a,, —bya,Akds

& J
R

m,, =3, sin 2nQ
() m,, = B, sin2nQ — a,,b,,Akds
As M* is still a matrix for one complete turn we still can express the element m,,in twiss form:
(2) m,, = (B, +dP)*sin 2w (O + dQ)
Equalising (1) and (2) and assuming a small error
B, sin 270 — a,b,,Akds = (3, + dP ) *sin 2x (O + dQ)

B, sin 2nQ — a,,b,,Akds = (3, + d3 ) * sin 2wQ cos 2ndQ + cos 2nQ sin 2xdQ
H_/ H_/

~ 1 ~21dQ

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 57



W —a,,b,,Akds = BW B, 2mdQ cos 20 + dp , sin 20 + a’W p2170)

ignoring second order terms

—a,,b,,Akds = B,2ndQ cos 20 + df}, sin 2nQ

A
remember: tune shift dQ due to quadrupole error: dQ = adiafs

(index ,, 1 refers to location of the error) 4m

W alzblede s |3OAkﬁldS
2

cos 20 + df, sin 2nQ

solve for df

dBy = —— ZnQ Day,b,, + BB, cos2mQ Wkds

express the matrix elements a,,, b,,in Twiss

\/E—is(cosws +0,, SNy ) BBy siny
0

((X‘O _O‘S)COSIPS N (1 +a0as)8inws

N E‘; (cosy, —a, siny ;)
sF0

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4
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dB, = Da,,b, + BB, cos 2O Mkds

2sin 2J'EQ
Ay =+/BoB, sin Ay,
by, =+/BoB; sSIN(2Q - Ayp )
dp, = 2;§ 2?; Lsin Ay, sin(2Q — Ay ) + cos 20 JAkds
— L B

... after some TLC transformations ..= cos(2A\ ,, — 21tQ)

sl+/

AB (s,) = @6 (s)Ak cos(2ap , —p o) — 20 )ds

Nota bene: ! t

beta beat is proportional to the strength of the error Ak
!! and\to the p function at the place of the error,

., .’ .’ and

(2R

the p function at the observation point,
reigember orbit distortion !!!)

!!!! there is a resonance denominator
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4
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Appendix 2: Dispersion
Solution of the inhomogenious equation of motion

sl sl

Ansatz: D(s) =S(s) f —C (5)ds - C(s) f —S (5)ds

D'(s) = S'*f—ccms/é C'*f—Sdt—/

D’(s)=S’*fEdt —~ C’*f—dt

-5+ a5l - oS - 0
P

P Y P

=S”*f£d§— c”*f§d§+i(CS' -S5C')
p p p

A\ J
N7

=det M =1

______________________________________________________ \

remember: for Cs) and S(s) to be independent
solutions the Wronski determinant

has to meet the condition
B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4




and as it is independent d_W N i(CS' -SCHY=CS"-8SC"=-K(CS-8C)=0

of the variable ,,s* ds ds
we get for the initital Co=1 G=0 W = A 29
conditions that we had chosen ... S,=0, S,= €% S,

D”=S”*f£d\/— Cll*f§d§/+i
P Y P
. : . S"+K*S=0
remember: S & C are solutions of the homog. equation of motion:
C"+K*C=0
D”=—K*S*f£d§+ K*C*fédi+i
Y Y Y
Dl o Sf9d§+Cf§d§ Pl
Y P Y
A 4
Y4
=D(s)
" 1 " 1
D' =-K*D+— ces OF D'+K*D=—
Y P
qed

B. J. Holzer, CERN JUAS 20235, Transverse Beam Dynamics 4 61



