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GPDs and their forward limit: tPDFs

Generalized parton distributions: Non-local light-like separated quark or gluon
operators, evaluated between hadron states in non-forward kinematics and projected onto

the light—front. [Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

Hon(o, &, 12) = 5 [ Lo e (h () [, (—2/2) 7 W2/, 2200, (2/2) I )|+,
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1/16



GPDs and their forward limit: tPDFs
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Example: Twist-two chiral-even quark GPD of a spinless hadron.

p+pl

Hon &%) = o [ ™% (1 (0) |9, (~2/2) 7 W 22,2020, (2/2) I ),
z,=0,

t-dependent Parton Distribution Functions

an(z,t, 1) = Hypp(2,6 = 0,t,4%) [p-z=p -2=p']
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GPDs and their forward limit: tPDFs

Generalized parton distributions: Non-local light-like separated quark or gluon
operators, evaluated between hadron states in non-forward kinematics and projected onto

the light—front. [Fortsch.Phys.:42(1994)101, Phys.Lett.B:380(1996)417, Phys.Rev.D:55(1997)7114]

Example: Twist-two chiral-even quark GPD of a spinless hadron.

oo, &,t,0%) = & [ Zoe™™ 5 (h () B, (—2/2) v W [=2/2, 2/2] 0y (2/2) b @) o

2 27 =

t-dependent Parton Distribution Functions

an(z,t, 1) = Hypp(2,6 = 0,t,4%) [p-z=p -2=p']

Properties:

e Universality i.e. hadron-specific objects.
e Contain parton distribution functions and electromagnetic form factors.
e Non-perturbative description of hadron structure: (3D) Tomography. 1/16



Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]
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Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]

an(t ) = [ doe (ot ) = — (b () B, (—2/2) 7 W [=2/2 /20, D D 0D s,

—1 2p+

1. Consider a matrix element with spacelike z
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (0,0, 2) = (p+ )" F(v,t,2°) — (0 = p)'G(v,1,2%) + 2" Z(v,t, 2%).
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Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]
1

qh(y7t7/1’2) = /dxeiuth(xvta 1“’2) =

K o ) Py (=272 YW I=2/22/2 ¢ (2/2) L )| +_,

z, =0,

1. Consider a matrix element with spacelike z
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (00 2) = 0+ ) Fw,t,2") — (0 —=p)'G(1,t,2°) + 2 Z(v, 1, 2°).
2. Light-front projection, i.e. 2" o (1,0,0,—1) and p = +

2p+qh(l/7 ta /1’2) = M;}h (pvp/,z)

ot 1 2
A = 2p" lim F(v,t,27)

z, —0, z2"=0

2/16



Pseudo-distributions in a nutshell (1)

Definition: Ioffe-time tPDF (v = —p - 2)

[Nucl.Phys.B:311(1989)541, Phys.Rev.D:51(1995)6036, Phys.Rev.D:100(2019)116011]

an(t ) = [ doe (ot ) = — (b () B, (—2/2) 7 W [=2/2 /20, D D 0D s,

—1 2p+

1. Consider a matrix element with spacelike z
[Phys.Rev.D:96(2017)034025, Phys.Rev.D:96(2017)094503, Phys.Rev.D:100(2019)116011]

MY, (00 2) = 0+ ) Fw,t,2") — (0 —=p)'G(1,t,2°) + 2 Z(v, 1, 2°).
2. Light-front projection, i.e. 2" o (1,0,0,—1) and p = +

2p+qh(l/7 ta /1’2) = M;}h (pvp/,z)

+ 1 2
A = 2p" lim F(v,t,27)
z, —0, z"—=0
3. Connection with Ioffe-time distributions
OANE lim F(v,t,2%)

z"—0
2/16



Pseudo-distributions in a nutshell (1)

Caveat! The limit 22 — 0 is ill-defined:
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Pseudo-distributions in a nutshell (1)

Caveat! The limit 22 — 0 is ill-defined:

1. F(v,t,2°) shows divergences for z° # 0

Definition:

Pseudo Ioffe-time tPDF: h(w,t,2%) = Fu,t,2%)| = ” 5
[Phys.Lett.B:767(2017)314] R ].'(0’ O, z )]:(O7 t, 0)
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Pseudo-distributions in a nutshell (1)

Caveat! The limit z° — 0 is ill-defined:

1. F(v,t,2°) shows divergences for z° # 0

Definition:

Pscudo Ioffe-time tPDF: .25 = Fu,t, 22)’R _r

[Phys.Lett.B:767(2017)314]

= 2 0 2
2. q(v,t,27) shows divergences as z° — 0
[Phys.Rev.D:98(2018)014019, Phys.Rev.D:98(2018)050004,Phys.Rev.D:97(2018)074508]

1 _
Light-cone matching: an(v,t, 22) = / dw CMS(w, 22,u2, ag)qp (wy, t, u2)
0
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Roadmap to tPDF from lattice QCD

Parton distribution
(Light-cone)

g = (K0*(@)Ih)] 2y

Light-cone
matching

7=C®q

Renormalization:
Pseudo distribution

g = (h(p")|0"(2)|h(p))

Lattice QCD
Matrix elements

(h(®")|O" (2)Ih(p))
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Case study: . meson

7, meson
Composition: &
pcC =

J (O

Mass: 2983.9 + 0.4 MeV
Width: 32.0 £ 0.7 MeV
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Case study: . meson

7). meson
Composition: cc
PC =

J 0"

Mass: 2983.9 £ 0.4 MeV
Width: 32.0+£0.7 MeV

Goal: Lattice QCD extraction of the c-quark unpolarized tPDF of a 7, meson

L @) Bl =2/ D7 W=2/2, 2/20(2/D) e )

Ui
9 . Z — . Z
% [p p 7]

2
Oy, (v, t, 1%) =
z =0
z; =0,
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Case study: . meson

7). meson
Composition: cc
PC =

J 0"

Mass: 2983.9 £ 0.4 MeV
Width: 32.0+£0.7 MeV

Goal: Lattice QCD extraction of the c-quark unpolarized tPDF of a 7, meson

L @) Bl =2/ D7 W=2/2, 2/20(2/D) e )

/
, lprz=p 2
9 [p p -2

2
4y, (v t,p”) =

z =0
z, =0,

e How does it emerge from the bounding of a pair c¢?
e Comparison with lighter 0~ mesons: Assess quark-mass effect on hadron structure.
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Lattice QCD setup (1)

° Nf =2 ensembles (CLS) [Nucl.Phys.B:865(2012)397,PoSLATTICE2013:(2014)475]

e Wilson gauge action.

e O (a)-improved Wilson fermions.

® K, = Kq = Kg-

e No Symanzik improvement for M*.

id B a [fm] L/a amy m, [MeV] m, L Ke Ky

A5 5.2 0.0755(9)(7) 32  0.1265(8) 331 4.0  0.12531 0.13594
E5 5.3 0.0658(7)(7) 32  0.1458(3) 437 4.7 0.12724  0.13625
F7 48 0.0885(3) 265 4.3  0.12713 0.13638
N6 5.5 0.0486(4)(5) 48  0.0838(2) 340 4.0 0.13026 0.13667

e Omne hadron-interpolator and four smearings (source and sink).

1 (2)

Pi (2) = (14 0.125A4p8) " ¥, () , N, € {0,30,50,80}

=Y. (@) e (@) , JTO=0""

e Twisted boundary conditions and a symmetric frame.
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Lattice QCD setup (I1)

Compute
Mo(p,p/, Z) = <77((pl)‘@c(_z/Q)WOW[_Z/Q? 2/2]1/%(2/2)‘779(29» = 2E‘F(V7 t, 22)
with,

b pﬂ = (E’pJ_7p3) and p/‘u = (E7 _pJ_ap?))
e /' =1(0,0,0,23)
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Matrix elements from LQCD

Computation of hadron three-point functions

5 (B tare) Ze DI (3@, byre) Do (2 — AZ, 7)Y WIE-AZ, 7 2,719, (2, 7) T2(0,0))

(EiszT) ° (577—)
(f’ tSTC) (67 O)

e Consider connected diagrams only: Sequential propagator technique.
e Project ground state (7, (1s)) according to GEVP.

e Compute ratios to isolate matrix elements: [posLaTTICE2005:(2006)360]

(P) (= (P) A o® 0/
R(r) = Cs (B, 7 s tsres T) Gy (P tsre —7) Cy (77)_> M° (p,p', 2)

\/Oép) (p atsrc) Cép) (p7 tsrc) Cép) (p atsrc - T) Cép (p7 T) 4,/ E (ﬁ) E (ﬁ/>
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Pseudo-tPDF data

t =0 GeV? z [al 2 ld]
. : T T 1.0
1.0F Ensembles 9 9
| N6 O E5 8 0.8} 7 1 8
A5 ¢ F7 7 -3 7
_os5f 1 061 »
o % 6 < 6
+ R - =
< L 5 = 04} D
X Y
~ | »® 4 = 4
= 0.0 v S 0.2}
& 9 3 & G 3
% ¢ 2 0.0 { 2
0.5} Y ;é 1 1
0 —0.2F 0
0 2 4 6 0 2 4 6
v 14

e Pseudo-distribution data approaching a universal line for all ensembles.

e Signal-to-noise ratio significantly good over the entire kinematic range.
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Light-cone matching

Parton distribution
(Light-cone)

q= (N|0"(2)|h)| 20

Light-cone
matching

7=C®q

Renormalization:
Pseudo distribution

G = (h(p)|O"(2)|h(p))]

Lattice QCD
Matrix elements

(h(p")|O"(2)|h(p))
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Light-cone matching

. q 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

i, t, 22 ZZC@ <h(p/)|(58;”1m“"}

h(p)>MSzu H z,, +ht.
k=1

i n=0
3> O ) ) (14 20 0 2 ) ) + s
i n=0
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Light-cone matching

. : 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

Gt,25) ~ 33 M@0 )P 2, [ 2, + bt

i n=0 k=1
SNV (—2v) (1 + 2P (v, 1,25 mP))al) (t 1) + bt
7 n=0

2. Recast as convolution: Light-cone matching to MS distribution
[Phys.Rev.D:98(2018)014019, Phys.Rev.D:98(2018)050004, Phys.Rev.D:97(2018)074508]

W, t,2%) Z/d C()Mswzu a)()(wutu)
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Light-cone matching

. : 2
1. Light-cone operator product expansion: z° — 0
[Nucl.Phys.B:27(1971)541]

Gt,25) ~ 33 M@0 )P 2, [ 2, + bt

i n=0 k=1

ee vl o~ . .
SNV (—2v) (1 + 2P (v, 1,25 mP))al) (t 1) + bt

i n=0

2. Recast as convolution: Light-cone matching to MS distribution
[Phys.Rev.D:98(2018)014019, Phys.Rev.D:98(2018)050004, Phys.Rev.D:97(2018)074508]

W, t,2%) Z/d C()Mswzu a)()(wutu)

Challenges of the light-cone matching

e Integral relation e Acts on light-cone distributions
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From pseudo to light-cone distributions (1)

Idea: Ioffe-time distributions, onto and outside the light-front, are analytic functions in

the Joffe-time variable: [see e.g. ISBN:0-8493-8273-4]

I/tp, iAl) , Wt 2% iAm
m=0

=0
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From pseudo to light-cone distributions (1)

Idea: Ioffe-time distributions, onto and outside the light-front, are analytic functions in
the Joffe-time variable: [sce c.c. 1sBN:0-8403-8275-4]

Mt = 30 ADEI™, Bt = 3 At
m=0 m=0
e Matching becomes a standard product
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From pseudo to light-cone distributions (1)
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D) = 3 AR, Bt = S Anlt S
m=0 m=0
e Matching becomes a standard product
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0
e Expansion coefﬁcients identified in LC-OPE: Inclusion of target-mass corrections
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From pseudo to light-cone distributions (1)

Idea: Ioffe-time distributions, onto and outside the light-front, are analytic functions in
the Joffe-time variable: [sce c.c. 1sBN:0-8403-8275-4]

i) = 3 A0, Bt ) = 3 Al

m=0 m=0

e Matching becomes a standard product
Anlts ) = SOV A0, O = [ dwe™ €O w2 a,),
0
e Expansion coefﬁcients identified in LC-OPE: Inclusion of target-mass corrections
ZT”C( D222 (1 + 22 fD (v, t, 2%, m?))al (¢, ).
e Connection with Mellin moments
mi) (b, %) =" mIAG (t p?), w(pt) = [ dea™ ) (w,t00).
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From pseudo to light-cone distributions (l1)

Strategy: Combined fit to lattice data on pseudo distribution ]
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From pseudo to light-cone distributions (l1)
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1. Fit pseudo-distribution data to

an( VtZ p€i) ZAth €;) Z ZC() A(7(tu e)m

m=0 m=0
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From pseudo to light-cone distributions (l1)

Strategy: Combined fit to lattice data on pseudo distribution

1. Fit pseudo-distribution data to

an( VtZ p€i) ZAth €;) Z ZC() A(7(tu e)m

m=0 m=0

Caveat: C'(i)(z2 %), as they are, do not handle O(z?)

ah(w,t, 2% ;) Z"LZC( ) AD (¢, u? e )™ +Zz3y

m=0
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From pseudo to light-cone distributions (l1)

Strategy: Combined fit to lattice data on pseudo distribution

1. Fit pseudo-distribution data to

N
Gt 25e) = Y Ayt 2% e )™ = Z Zc“ P2 AR (t, 15 e ™

m=0 m=0

Caveat: Cﬁé)(22u2), as they are, do not handle O(z%)

ah(w,t, 2% ;) Z"LZC( ) AD (¢, u? e )™ +Zz3y

m=0 m=0

2. Continuum limit
N

N N
ahw,t, 2% ) Z 27”20( ) VAD (¢, 1™ + Zz B,,v" +a ZDmum

n=0 n=0
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From pseudo to light-cone distributions (llI)

Reconstruct light-cone Ioffe-time MS:

I/t,U, ZA(Z)t,u

Note: Treat real- and imaginary part of pseudo distribution data separately
e Real part: g, .
Gns (51, 2%) = R, (1,8, 2°) = / dx cos(va)g, (x,t,2°)  Even distribution in Ioffe-time
e Imaginary part: Jg, 11

45,1, 2°) = TG (v, t,2%) = / dz sin(vz) gy, (z, t, 2%) Odd distribution in Ioffe-time
=il
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loffe-time tPDFs: Non-singlet distribution

Rq, (v, 2%)

1.0

0.5

-0.5

t =0 GeV?

.,

%Qﬁ%

L\

5.
g\?& L N

Ensembles
N6 A5
E5 F7

2 4

6

N
=

SO P N W ks Ot o N 00 ©

Ay(t, 1i?)  —0.0634(4)

Ayt %) 0.0009(3)

Ag(t, 1®)  —0.000004(3)
w=3 GeV
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loffe-time tPDFs: Singlet distribution

3¢, (vt z2)

1.0

0.8

0.6

0.4

0.2

0.0

—0.2

t =0 GeV?

Pty

Ensembles
N6 A5
E5 k7

N

N
=

SO P N W ks Ot o N 00 ©

Preliminary!

As(t, 1°) 0.3239(9)
As(t,p?)  —0.0096(2)
As(t,1®)  0.000090(6)
Az (t,1i?)  —0.00000029(5)

n=3 GeV
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loffe-time distributions

t=0GeV?, p=3GeV t=0GeV?, pu=3GeV
0] ) . . — S . . . _,___l_\ .
0.75 \\\\ i // \\\
NG 0.6 F //' \\ 1
N\, N
e 050f 1 < “
< AN + /
- N, - - / -1
= 025f | F04
g \\\ § ///
- \\ . /
0.00 0.2} 1
\‘\ /
—0.25} S /
N /
. . . : 00 ¢ . . . . . ]
0 2 4 6 0 1 2 4 5 6
14
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loffe-time distributions

Ra, (v,t, 1)

t=0GeV?, p=3GeV t=0GeV?, pu=3GeV
L0f =i ' 0.8F ' jJ—
0.75} e .
0.6
0.50 h
0.25| 5 o4f
\\\\ § /
0.00 F 0.2}
~0.25}
: : : 0.0F | : : :
0 2 4 6 1 2 4 5
v
n |1 2 3 4 5 6 7
m,(¢,p%) | 0.3239(9) 0.1279(9) 0.057(1) 0.0216(7) 0.011(1) 0.0030(2) 0.0015(2)
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Conclusions and future steps

Summary
e Ongoing study of 7, meson structure through tPDFs within lattice QCD.

e Exploitation Ioffe-time distrbutions’ analiticity.

e Model bias reduction to truncation error.
e Transparent treatment of target mass corrections.

e Extraction of 7, meson (Ioffe-time) tPDF for v < 4 — 6.

Future steps
e Refine analysis in the singlet sector: Gluon coupling.

Extend kinematics and statistics: ¢-values and new ensembles.

Refine analysis of lattice artifacts: e.g. finite volume or quark masses.

Reconstruction of z-space distributions.




Thank you!
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t-dependent Parton Distribution Functions (tPDFs)

Hadron structure

How do quarks and gluons combine to make hadrons up?

7" (9) 7(4)
Generalized Bjorken limit
Q% = co with Q2 >> ¢
and & fixed.
~_ Factorization
2 [Phys.Rev.D59(1999)074009]
h (p) t=©p —-p) h () 7

H(etQ%) =D /11 K (gf;a (;fp)> H” (,¢,t,u})
P=q,9"

Generalized Parton distributions: Off-forward parton distribution functions



Two-point functions: Effective masses

4.0

3.8

E(p) [GeV]

Ensemble E5 P [GeV] 40 Ensemble F7 [Pl [GeV]
2.0 2.0
L ] 38} ]
i 1 1.5 36} 1 1.5
=
3
3 1 1.0 —34r 1 1.0
s
v 5 v
V. i L ]
0.5 k2 0.5
° B VIR AR IR AR RRARFRRTTR
L0, oo g
- | B0 oo R | |
0.0 ' < 0.0
1 1 1 - 2.8 1 1
0 10 20 30 0 20 40
tSre.-Sink 4] tsre.-Sink ]

Energy spectrum compatible with expectation within finite-volume and cut-off effects.
Systematics: - Fit range: Model averaging (AIC) [phys.rev.D:103(2021)114502]
- Excited states: GEVP [Nucl.Phys.B:259(1985)58, JHEP:04(2009)094]




Two-point functions: Dispersion relations

Ensemble: D5 Ensemble: E5

x*/dof = 9.005/15 = 0.600 x*/dof = 22.331/15 = 1.489
34 s 3.050
a = (1.049 £ 0.00) - 10 a = 0.097 + 0.001

ag b= (9.733+0.005) - 10" 3.025 b= (9.675+0.003) - 10"
= = 3.000
O 3.2 o,
= = 2975
& 3.1 =
& 2 9950

[¢]
3.0 2.925 o Gev?
O 0.09 GeV?
2.9 2.900
0.00 025 050 075 1.00 125 150 175 0.0 0.1 0.2 0.3 0.4 0.5

p* [GeV?] [p1* [GeV?)

Consistency check: Expected energy-momentum dispersion relations fulfilled.




Three-point functions: Ratio fits

Momentum : p;.Wilson line : z
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Three-point functions

Momentum : p;.Wilson line : z, Momentum : p,.Wilson line : zg
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Light-cone matching (1)

(R O*(2)hD) 2], ~ ZCMS 212 (h(p)| O Y h(p)) 2, Hzmh.t
k=1

o (22 1) (D) B (007 Y (0) a(p) 2,

+ OYS () (W) [Pe(0)y 3D, (0)|h(p)) 2,2, + Bt

CoS (2 1) (2P  ag (i) — AMbg)z, = —20CY™ (2”1 ) (1)



Light-cone matching (I)

Oi\TS(Zﬂlz) [(QPMGLO(HZ) - A“51,0(#2))Pu1 =+ (QPMQLO(MQ) — AM bl,o)(ﬂz)Pu
1 1
—igﬂm (2P201,0(N2) = JPe A171,0(#2)) + 5(213#@1,1(#2) - Aubm(llz))A#l

1 1
+§(2pﬂla1,1(ﬂ2) — AMby (p?)AF — EQWI(Q(P “Aag 1 (1) — A%y 4 (1%)) ZuZy,

NS 22 p? 2°t
= Civls(zQ,uz) lﬁlvz (1 = 4y2> al,O(:U'Q) + *bm(/f)



Light-cone matching (llI)

— 2
(@O @)zl ~ ~2w O (& )ang() + 47 OF () (124;)a1,o(u2)+-~

= -2 5070(2'2)f21/(1+22ﬁ(y,22,t,m2))5170(z2)+~~-}

with
n0(z%) = CYS (221 a, (1)

Therefore
G, t,27) ~ z50,0(2'2) —20(1 + 2% f (v, 22,t7m2)51,0(22) + -



One-loop light-cone matching

One loop matching kernel in the non—singlet SeCtOr [Phys. Rev. D 100, 1160011 (2019)]

2vg+1 2
Cla, 2212 a) = 5(1—(1)—%01: log —22u26 Lo
2m 4 1-a N

I (10‘5(1—04))+ 91— a)+} +0(d)

11—«

Moments

2vg+1
2 2 Qg 2 2€ 1 1 3
) = 1-= 1 — 2H (n) — - =
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