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Lecture goals/outline
Goal: present the basic concepts of accelerator physics to understand also the 
Nufact/Beta beam/Superbeam design
day 1-2) 
Introduction to accelerators
Beam transverse dynamics
Superconductivity for accelerators

day 2-3) 
Longitudinal beam dynamics
Collective effects

day 2-3) 
Superbeam design
Neutrino Factory design
Beta beams design

Whenever possible, example taken from existing machine, like LHC, CNGS.
Attempt to mix reality with a bit of theory

These lectures are not meant to be a MONOLOGUE



Existing facility as example: 
the CERN accelerator complex overview

26 - 450 GeV/c

450 GeV /c – 7 TeV /c

50 MeV – 1.4 GeV 1.4 GeV – 26 GeV/c

SPS

PS
CNGS, the CERN 
neutrino beam



Mathematical approach of the lectures
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“Ipse dixit (he himself said it)” means: I have no time to explain the subject in details, 
I give you a reference in case, the details in that case are not fundamental for the understanding

Linus security blanket 

Iʼll try to notice if you arrive 
at this stage during the lectures.. 

Iʼll use a minimum of math 
for the ones who fill better 
and to prove at least the 

basics principles



What we would like to understand ...
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Interlude: a brief recall of energy scales
• WARNING: for purists or non-experts: Energy, Masses and Momentum have different units, 

which turn to be the same since c (speed of light) is considered equal to one.

• Energy[GeV], Momentum [GeV/c], Masses [GeV/c²] 
(Remember golden rule, E=mc² has to be true also for units...)

• Just an as a rule of thumb: 0.511 MeV/c2 (electron mass) corresponds to about 9.109 10-31 kg 

An Example about energy scales: my cellular phone battery. 

Voltage:  3.7  V 
Height:   4.5 cm
proton mass ~ 1 GeV 
To accelerate an electron to an energy equivalent to a proton mass: 

1 GeV/3.7 eV = 270 270 270 batteries
270 270 270 batteries * 0.045 m ~ 12 000 000 m

12 000 000 m ~ THE EARTH DIAMETER

Obviously one has to find a smarter way to accelerate particles to 
high energies instead of piling up cellular phone batteries ....



How an accelerator works ?

Magnetic field confines 
particles 

on a given trajectory 

Electric field 
accelerates particles

Particles of 
different energy 

(speed) behave differently 

F (t) = q
(

E(t) + v(t) ⊗ B(t)
)

Goal: keep enough particles confined in 
a well defined volume to accelerate them. 

How ? Lorentz Force!

An accelerator is formed by a sequence 
(called lattice) of:

a) Magnets → Magnetic Field

b) Accelerating Cavity → Electric Field
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Today lectures... letʼs go circular

The Large Hadron Collider

The LHC is a 28km long circular accelerator and collider for

protons and ions. It accelerates protons from 450GeV to 7TeV and

nucleons of lead ions to 2.26TeV.

600.2 m

tune controlcollimatiom rf cavities

15 cell
arc

15 cell
arc

µ+ or µ− injection

ν

Figure 67. Racetrack design for the Neutrino Factory storage rings.

2.7. Decay ring

In the Neutrino Factory [5] neutrinos are generated from muon decays according to:

µ− → e−ν̄eνµ ; and µ+ → e+νeν̄µ . (23)

Neutrinos are aimed at far detectors by collecting muons in storage rings with long straight sections

pointing at the distant experimental facilities. The storage rings dip into the ground with angles of

18◦ and 36◦, for baselines of 4000 and 7500 km, respectively.

Two geometries of ring have been considered. The geometry shown in figure 67 is designed to

store either µ+ or µ− with a single straight pointing into the ground. The return straight is used for

collimation, RF and tune control. A development of this concept can accommodate counter-rotating

muons of both signs. An alternative is a triangular lattice (figure 68) with two production straights

pointing in different directions sending neutrinos to combination of detectors dictated by the apex

angle [296]. Since the beam must travel in a unique direction, two triangular rings would be built side

by side in the same tunnel, one containing µ+ and the other µ−.

Some parameters driving the choice of the muon storage-ring geometry are the efficiency, defined

as the ratio of the total length of neutrino production straights to the total circumference, and the

depth of the tunnel, which implies geological and cost considerations. There will be at most three µ+

and three µ− bunch trains in the ring. Based on the proton driver described in section 2.2, a decay

ring of 1.6 km in circumference can accommodate the equally-spaced, 250 ns long bunch trains and

can allow time intervals of at least 100 ns between the neutrino bursts arising from the µ+ and the

µ− bunches. The maximal tunnel depths for rings of this size are 444 m for the racetrack and 493 m

for the triangle.

The optical properties of these rings are challenging. In order to keep the divergence of the neutrino

beam sufficiently small, the rms divergence of the muon beam in the production straight section must

not exceed 10% of the natural angular divergence of 1/γ that arises from the kinematics of muon

decay. This requirement translates into high values for the β-functions in the production straights

(∼ 150 m) which need to be matched into the low values of ∼ 14 m in the arcs. At the ends of

each straight, small bending magnets are included to ensure that neutrinos created in the matching

section (where the muon beam still has a large divergence angle) cannot be seen by the detector. The

production straights for the racetrack design are 599.4 m long, providing an efficiency of 37.2% for

single-sign muon beams. The corresponding figures for the triangle lattice is 398.5 m (2 straights,

24.8% efficiency each).
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Nufact storage ring

LHC, the ring and its optics
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How a circular accelerator works ?

Magnetic field confines 
particles 

on a given trajectory 

Particles of 
different energy 

(speed) behave differently 

F (t) = q
(

E(t) + v(t) ⊗ B(t)
)

Goal: keep enough particles confined in 
a well defined volume to accelerate them. 

How ? Lorentz Force!
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Dipole

B

Force given by the vertical magnetic field 
compensates the centrifugal force to keep the 
particles on the central trajectory, i.e. in the center of 
the beam pipe.

Once the beam accelerates, the magnetic field is 
increased synchronously

B

SPS dipoles, in total about 500

v



Two dipoles you should know we well

B

B
Earth Magnetic Field : ~ 0.6 Gauss

Typical SPS dipole field: ~ 20000 Gauss (2 Tesla)

Typical magnet current required: 1 kA



Synchrotron (1952, 3 GeV, BNL)
New concept of circular accelerator. The magnetic field of the bending magnet varies with time.

 As particles accelerate, the B field is increased proportionally. 
The frequency of the accelerating cavity, used to accelerate the particles, has also to change.

Bρ =

p

e
Particle rigidity:

B = B(t) magnetic field from the
        bending magnets

p = p(t) particle momentum varies
        by the RF cavity

e          electric charge

ρ         constant radius of curvature

Bending strength limited by used technology 
to max ~ 1 T for room temperature conductors



An example of cycling machine: the CERN-PS (Proton Synchrotron)

PS: first synchrotron ever build with Quadrupoles 
PS is a slow synchrotron: pulses every 1.2 s (or multiples)

Inj. field: 1013 G, extraction 12000 G

RCS: Rapid cycling synchrotron, few 100 ms to ramp the magnets 

B(t)

dB

dt
= 24G/ms

t



Beam rigidity vs E and B fields
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Why bend particles with magnetic fields and not electric fields at high energy ?

Lorentz Force

Lorentz Force Centrifugal force

Simple magnet Very high voltage
(max few MV/m)



Van De Graaf electrostatic generator (1928)
A flavor how to get 10 MV/m ....

A rotating belt charges a top terminal up to the 
maximum voltage before sparking.

Maximum accelerating Voltage: 10 MV

Typical speed: 20 m/s
Hight: 0.5 m
Top terminal:  1 MV - 10 MV



How an accelerator works ?

Magnetic field confines 
particles 

on a given trajectory 

Particles of 
different energy 

(speed) behave differently 

F (t) = q
(

E(t) + v(t) ⊗ B(t)
)

Goal: keep enough particles confined in 
a well defined volume to accelerate them. 

How ? Lorentz Force!
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Synchrotrons: strong focusing machine
Dipoles are interleaved with quadrupoles to focus the beam. 

Quadrupoles act on charged particles as lens for light. 
By alternating focusing and defocusing lens

 (Alternating Grandient quadrupoles) the beam dimension is kept small (even few mum2). 

Typical lattice is FODO, 
focusing-drift-defocusing

B field is focusing in one plane 
but defocusing in the other.

QUADRUPOLES



Quadrupole field

J.M. Jowett  Particle Accelerators, Lecture 4, Page 10

Focusing Magnet Fields
B = !"#m m  where  is magnetic scalar potential, #
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B = −� ΦmB = −� Φm = Vector potential

The field increases linearly with the distance from the center of the magnet

Obviously, K, the gradient, has a sign. By convention + means focusing quadrupole in 
the horizontal plane.

l K = − l

Bρ

∂B

∂x
=

1

f

tan θ = −x

f



FODO structure
The FODO structure allows the focussing in both plane as in classical optics.

Quadrupolar focusing
basically everywhere after
this point...
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An example of a lattice: LHC cell

beam 
waist

H

V

SSS

quadrupole
MQF

sextupole
corrector
(MCS)
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(MCDO)

lattice
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 LHC Cell - Length about 110 m (schematic layout) 

Vertical / Horizontal plane
(QF / QD)

Quadrupole magnets controlling the
beam size „to keep protons together“
(similar to optical lenses)

Classical FODO cell with about 900 phase advance per cell 
(F=focusing, O=drift, D=defocusing)

F D F



The SPS tunnel

Quadrupole
Dipoles



A synchrotron in a view: LEIR (Low Energy Ion Ring)



Combined function magnets

k

 

 

2009 and covered the refurbishment of 55 magnets including 51 installed units as well as 4 spares 
(Table 2). 

 

 
Fig. 15: PS main magnet unit before … 

 
Fig. 16: … and after renovation 

 
Fig. 17: Thermographic inspection of PFW 

THE PS MAGNETS

48

 

 

pulses were constantly increased with the consequence of deteriorating organic materials due to a 
combined effect of ionizing radiation and pulsed magnetic forces. In particular the glue holding the 
steel lamination of the magnet blocks together started to degrade leading to a de-lamination of the 
blocks on the magnet extremities.  In the same way the insulating materials of the PFW and the main 
coils were affected.  

In February 1970, after a major breakdown of MU 01, it was recognized for the first time that 
some laminations on the extremity of the magnet blocks had become loose. The Araldite bonding had 
been slowly destroyed under the effect of radiation [5]. Under the influence of the pulsed magnetic 
forces the end laminations were bent outwards in the region of the pole tips damaging the PFW 
insulation and causing an electrical short-circuit [6]. Until 1977 when an overall repair was launched, 
some 40 blocks around the machine showed the same degradation. During several annual stops 
between 1977 and 1979, the pole tips of the two outer blocks (block no.1 and block no.10) on all main 
units were systematically equipped with fasteners [7]. These fasteners consist of two stainless-steel 
plates placed on the pole sides and two tie rods. A well-defined pressure was applied by means of the 
two pre-stressed and insulated tie rods made of copper-beryllium. In addition, wedges made of epoxy-
impregnated glass-fibre laminate were mounted in the gaps between the inner blocks. In the following 
years up to 2003 no more problems with unbounded laminations have been reported. 

During the 2002/2003 winter shutdown, a damaged fastener was found on the first block of 
MU 31. The copper-beryllium tie rod was broken on its threaded end and the stainless-steel plate 
became loose. A movement of about 25 laminations was observed when the magnet was pulsed. This 
moving of approximately 1 mm towards the end caps of the PFW was now enough to cause damage 
to the epoxy insulation of the PFW. Unfortunately, owing to the high radiation level at this position, 
the magnet could not be repaired and a replacement was not possible, since no operational spare 
magnet of this type was available at that time. In the meantime the magnet has been replaced in the 
framework of the PS main magnet consolidation programme. 

4.3 Magnet blocks 

The 1010 blocks originally produced by Ansaldo (see Fig. 10) were used to build the 101 original 
main units installed in the ring tunnel and in the reference room in 1959. Between 1959 and 1966 the 
PS ran without any spare unit; in 1966, one spare unit was assembled from the 10 additional blocks of 
the original production [8]. 

 
Fig. 10: Magnet blocks ready for assembly 

A new spare blocks fabrication was launched in the end of the 1960s when the remaining stock 
of the original steel sheets had been used up. A total of 48 blocks were manufactured by Siemens [9] 
and delivered to CERN in the years 1969 to 1971. Siemens had rebuilt all necessary toolings 
(stamping tool, stacking tool) which were recuperated by CERN once the production had been 
finished. Great care was taken to ensure that the new blocks were identical to the original Ansaldo 

THE PS MAGNETS

41

Some accelerators, like the PS have combined function magnets, i.e., quadrupolar and
dipolar component is generated in a single magnets

Non-Scaling FFAG Magnet Challenges, Neil Marks.! PAC09!

Helical Coil Arrangements!

dipole!

quadrupole!

sextupole!

octupole!

combination!

See later for FFAGs (Fixed Field Alternating 
Gradients accelerators) 



An accelerator that you know very well

From Wikipedia

1. Three Electron guns (for red, green, and blue phosphor dots)
2. Electron beams
3. Focusing coils
4. Deflection coils
5. Anode connection
6. Mask for separating beams for red, green, and blue part of displayed image
7. Phosphor layer with red, green, and blue zones
8. Close-up of the phosphor-coated inner side of the screen



Real beam images
major problems were evident, and the measurement 

technique was demonstrated to work well. 

Table 2: Measured apertures (nominal sigma) in the 

horizontal plane for the beam 1 dump system. The 

measurement error is 1-2 sigma. 

Meas. Phase 

[deg] 

+ve 

Limit   Location 

-ve 

Limit   Location 

0 12.5 Q4 6.5 TCDS 

30 13.5 Q4 6.5 TCDS 

60 13.5 TCDS n/a n/a 

90 7.5 TCDS 13.5 MSDC 

Beam dump diagnostics 

The beam dump diagnostics system is reported in detail 

in [6]. The automatic analysis for MKD and MKB kickers 

produced good results, including the finding of some 

disconnected trigger cables which led to a repair and an 

update in the procedure for maintenance. The analysis of 

BI systems started with beam, which was mainly the 

BTVDD screen. The analysis results and references agree 

well, for example Fig. 6 taken with uncaptured beam, 

which shows that the MSD, MKD and MKB strengths are 

all correct, with the sweep well-centred.  

Figure 6: Comparison between analysed extraction sweep 

(red and blue) and simulated sweep (green) on BTVDD. 

Beam instrumentation 

The dedicated instrumentation for the beam dump 

system worked extremely well, with loss monitors, BTV 

screens and BPMs all available immediately. All data was 

stored and available for analysis in the logging system. 

Loss monitor sensitivity was good enough to allow 

accurate aperture measurements, and the screen profiles 

proved invaluable for the initial steering of the dump lines 

and debugging of the strength problem with the MSD. 

The large BTVDD screen in particular provided a wealth 

of data for the post operation diagnostic checks, Fig. 7. 

Figure 7: Various beam sweeps and sizes on the BTVDD. 

CONCLUSION 

The LHC beam dump system for both rings was 

successfully commissioned with pilot beam, during the 

injection tests and the short period of ring operation in 

2008. The system has so far performed as expected, with 

the few tests performed in the limited time available. 

Only a small subset of the planned measurements could 

be carried out, enough to demonstrate the correct 

functioning of the main components and of the system as 

a whole. The main challenges for 2009-2010 will be 

increasing intensity and energy, abort gap cleaning and 

setting up of protection devices. The tools, techniques and 

teams deployed in 2008 performed well, and only minor 

improvements of diagnostic and analysis tools are needed. 
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Beam transport with solenoids

146 CHAPTER 5. SOLENOIDAL CHANNEL STABILITY

The matrices of the same solenoid but with a reversed field have the
following relations for the fringe fields:

F in
+ = F out

− (5.10)

F in
− = F out

+ (5.11)

and the matrix R− has the same expression as R+ but with the reverse
sign for θ.

5.2 Solenoidal periodic channel

A solenoid with fixed length and bore aperture can be used as building block
for two different channels. The first channel is composed by a sequence of

z

r

0.00E+00
1.00E+04
2.00E+04
3.00E+04
4.00E+04
5.00E+04
6.00E+04

-100 -50 0 50 100 150 200 250 300 350z(cm)
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z(cm)
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r

z
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Figure 5.2: Example of two channels composed by the same series of solenoids
with same current polarity (right) and with alternate polarity (left)

solenoids with the same current polarities see figure (5.2 left), while in the
second the solenoid polarity is alternated (see figure 5.2 right).
The channel can be described by its period, which has been chosen to start
in the middle of the positive solenoid. The transfer matrix for one period of
the channel with solenoids of the same polarity is obtained by the following
matrix multiplication:

T+ = R+ 1
2
· F in

+ · F out
+ · R+ · F in

+ · F out
+ · R+ 1

2
(5.12)

Chapter 5

Solenoidal channel stability

The first part of the neutrino factory, defined as the front end, is composed
mainly by two elements: solenoids for the beam focusing and RF (Radio
Frequency) cavities for the manipulation of the longitudinal phase space.
The stability of a linac composed only by solenoid as focusing elements can
be discussed in terms of absolute values of the transfer matrix eigenvalues
of one period of the channel. The same approach is used to study channels
with solenoid alternating polarities and also for channels where the solenoids
are described by fieldmaps. Once the lattice is chosen, the method allows
to calculate the energy acceptance of the channel. Tracking simulations are
used to check the stability conditions.

5.1 Matrix representation of a solenoid

The transport of particles in a solenoid is reduced to the solution of the equa-
tion of motion derived from the Lorentz force†, namely:

!F = e!v ∧ !B (5.1)

The magnetic field can be divided into three regions (see figure 5.1): the cen-
tral section where the magnetic field is purely longitudinal ( !B = (0, 0, Bz)),
and the two end regions, where the field has a radial component ( !B =
(Bx, By, Bz)) due to the non vanishing gradient:

Br = −r

2

∂Bz(z)

∂z
(5.2)

†The non-relativistic case is considered for sake of simplicity. c=1 here and in the
following.

143
For low energy beams, beam transport can be done using solenoids 
(remember for low energy part of the Neutrino Factory)

In the transport, the transverse momentum in conserved
for the zone at constant field:  

3.3. SIMULATION AND RESULTS 89

Br(r, z) = 0.5B0[
kr
ζ2 ][1 − 0.75(kr

ζ )2]

where ζ = 1 + kz and k = 5.

Since the action is conserved in an adiabatic varying field, one could show
that [60]:

Bρ2 = const (3.21)
B

pT
2

= const (3.22)

which are nothing else than magnetic flux conservation through a surface
of radius ρ (the radius of curvature of a pion) and the angular momentum
conservation. From those two relations one can observe that a reduction of
a factor of four in the transverse momentum implies an increase of the same
amount for the tranverse dimension of the pion beam.
The target is placed in the 20 T solenoid with an angle of 50 mrad and the
proton beam is collinear with the target. The angle is not necessarily opti-
mum for the CERN scenario.
The system injects directly into the 1.8 T solenoid of the decay channel, rep-
resented in figure 3.10 by the 1 m long straight section after the tapered field.

3.3 Simulation and results

Pions are generated and transported through the magnetic field of the two
systems by MARS.
Particles are counted at the same distance from the end of the target, namely
at z = 332 cm, inside the 1.8 T solenoid of the decay channel for both the fo-
cusing systems. Figure 3.11 shows the transverse phase space for pions for the
horn and the solenoid at the same z location. The ellipse plotted corresponds
to a normalized emittance of 1.5 cm rad, namely the transverse acceptance of
first µRLA (Muon Recirculating Linac). The longitudinal plane underlines
an important difference between the two systems. As one can notice from
figure 3.13, the solenoid collects pions in a larger energy acceptance, while the
horn was designed to have pions of 500 MeV/c produced with a transverse
momentum of 162 MeV/c exiting from the horn with zero divergence (see
figure 3.12 for the transverse momentum before and after the horn). Pions
are selected in the transverse acceptance of 1.5 cm rad for both x-x’ and y-y’
plane and table 6.1 shows the yields for three different energy intervals.

Sort of FODO (+-+-)Quasi infinite solenoid



Our reference frame: xxʼ, the phase space

Reference particle, s

x = amplitude

x’ = angle Any parti
cle momentum

u'(s0)

u(s0)

  
!(s0)" = E(s)

  
"

  
#(s0)" = A(s)

particle with

"amplitude"

particle distribution

x

�4

�2

0

2

4
�4

�2

0

2

4

�1.0
�0.5
0.0

y

The space occupied in the xxʼ (or yyʼ) 
plane by the beam at a given position in 
the machine is defined as Emittance

The occupied phase space  is an ellipse



Emittance: statistical definition
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Letʼs consider a centered beam:

Def: The physical emittance is defined as the second 
order momentum of the particle distribution

Units of the emittance: [mm mrad] (typically)



The beam ellipse
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The beam ellipse is described by convention by 3 parameters
the TWISS PARAMETERS  : α,β, γ

The ellipse equation takes the form:

γx2 + 2α xx� + βx� 2 = �

xʼ

x

Beta is NOT v/c

Gamma is NOT E/m

This is an unfortunate choice
of our predecessors for which

I cannot be blamed ....



THE LAW: Lioville theorem
Theorem: In the vicinity of a particle, the particle density in phase space is a constant if the 
particle move in an external magnetic field or in a general field which the force do not depend upon 
velocity (ipse dixit...), i.e., the beam is like an incompressible fluid in phase space

Implications: 
a) the emittance is conserved when the beam is transported via a magnetic system 

The ellipse is distorted/streched but the surface is conserved.

b) the emittance is NOT conserved if we accelerate, except if we normalize the emittance
wrt to βγ (relativistic). xʼ is reduced by the acceleration.

c) if we want to reduce emittance at constant energy, we have to “cheat”: BEAM COOLING

The area within the contour is proportional to the emittance of the beam.  At constant
energy we express this as the area !  = ! y' dy  in units of ".mm.milliradians. We have shown
the contour at a place where the #  function is at a maximum or minimum and where the major
and minor axes of an upright ellipse are $(!# )and $(!/#.)

This emittance is conserved, whatever  magnetic focusing or bending operation we do
on the beam.  This is a consequence of the conservation of transverse momentum or, more
strictly, a consequence of Liouville's theorem which states that:

"In the vicinity of a particle, the particle density in phase space is  constant if the
particles move in an external magnetic field or in a  general field in which the forces do
not depend upon velocity."

Clearly this definition rules out the application of Liouville's theorem to space charge
problems or when particles emit synchrotron light.  However, with these exceptions, it allows
us to be confident that though the beam cross section may take on many shapes around the
accelerator, its phase space area will not change (Fig. 3).  Thus if the beam is at a narrow
waist (a) its divergence will be large. In an F quadrupole (d) where the betatron function is
maximum, its  divergence will be small and a small angular deflection can greatly dilute phase
space.

Fig. 3  The development of a constant emittance beam in phase space at a) a narrow waist, b) a
broad waist or maximum in the beta  function, c) place where the beam is diverging
and d) at a broad maximum at the centre of an F lens.

In regions where the #  function is not at a maximum or minimum the ellipse is tilted
representing a beam that is either diverging or converging. In Fig. 4 we see the ellipse
portrayed in terms of the Twiss parameters.  The equation of the ellipse (often called the
Courant and Snyder invariant) is:

" s( )y2 + 2# s( )yy'+$ s( )y'2 = %  .

and the invariance of this quantity as we move to different points in the ring is a consequence
of Liouville's theorem.

All of this is true for a beam circulating at constant energy, but we may go further and
apply Liouville's theorem to a proton beam during acceleration.  To do so we must express
emittance in the canonical phase space (q, p). and we must first look carefully at the
coordinates:  displacement, y, and divergence, y', we have been using so far. The canonical
coordinates of relativistic mechanics are:

q = y

p = mẏ
1& v2 c2

= mc"$y

TRANSVERSE BEAM DYNAMICS

3

�norm = �phys ∗ βrel ∗ γrel



Beam cooling
An low intensity ion beam is accumulated in the storage ring. To reduce the emittance,
a very intense mono-energetic electron beam is sent parallel to the ion beam.

The large emittance ion beam is like an hot fluid which is cooled by the very ordinate
electron beam. Same as putting one near another two fluids at different temperatures

Electron cooler



Why emittance is so important?

See in a moment, determine the beam dimension from the optics/lattice design

Here we want to reduce beam 
emittance to be able to feed 
the rest of the accelerator 
complex



Classical mechanics.... spring with a mass

F = ma = m
d2x

dt2
= −kx

with k the spring constant and m the mass

Solution of the equation of motion is a periodic function:

x(t) = A cos(2πf t+ φ)

f =
1

2π

�
k

m

with 1/period equals to 



Equation of motion, not too in details

d2x

ds
+K(s)x = 0 x(s) = a

�
β(s) cos(φ(s) + φ0)

Equation of motion of a particle in an accelerator composed by a sequence of 
elements, each one eventually with a k at a position s of the ring, repeated at every C

*Hillʼs equation: pendulum-like with non-constant spring force wrt to s. 

!! "#$%&#'(#)*+',-

*there was a Mr. Hill, an astronomer

K(s) = 1/ρ2 + k(s)

Local force at a position s in the ring

K(s) = K(s+ C)

beer = solution

Dipoles Quadrupoles
This imply periodicity
of the solution

me too... in a moment...

forget them for a moment



Solution of Hillʼs equation

x(s) = a
�

β(s) cos(φ(s) + φ0)

x(t) = A cos(2πf t+ φ)
Spring solution

this contains k and m

this “probably” contains k

This actually... look alike should not be there...
The beta function is a product of the locally changing 
force in the accelerator, i.e., of the quadrupoles.
Every section of an accelerator has a constant k, so
alone would be similar to an harmonic oscillator

By definition (ipse dixit...): 

is called the phase advance 

φ(s) =

�
1

β(s)
ds



Relationship between beam ellipse and beta
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What is this???

1) Letʼs suppose

2) Letʼs apply
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def. We brilliantly find...



..... what we wanted...

γx2 + 2α xx� + βx� 2 = �oh surprise...

Learned: 

a) definition of Twiss parameters comes from the equation of motion and beta function

b) The dynamics is really on/within an ellipse
!"#$%&'(#)%"*#%*+((,-,$.#%$*/012)(2*

*

!"#$%&$'"()&&"'"#$*+#(,&-++'(.//0((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((12(34''"#*(56

(

! " (#"7#"%"8*%(*-"(#292%2(:"$9;"8<"'+7"(7"#(=84*("94**$8&">(

! # (#"7#"%"8*%(*-"(#292%2(:"$9(?4<"#@"8&"(7"#(=84*("94**$8&">(

! $ (4%(7#+7+#*4+8$'(*+(*-"(&+##"'$*4+8(:"*A""8(!($8?(!"2(

xʼ

x

Twiss parameters:

!"#$%&'(#)%"*#%*+((,-,$.#%$*/012)(2*

*

!"#$%&$'"()&&"'"#$*+#(,&-++'(.//0((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((12(34''"#*(56

78(49*":#$*4+9(+;(*-"(%"&+9<("=>$*4+9(?"(+@*$49( (
.

/

A B
A B

!
" !

!
# !

! " #
!

!
(

$9<(@8(>%49:(*-4%(#"'$*4+9((
5

C
DD /# $ #
#

$ % & " 2(

14*-(*-"(<";494*4+9(+;(*-"(@"*$*#+9E;>9&*4+9(( .A B F A B! # !' " (?"(<"#4G"(;+#(*-"($HI'4E

*><"($9<(I-$%"(+;(*-"(+%&4''$*4+9F(

( )/

/

A B A B &+% A B

A B
A B

!

% ! ! !

" !
!

!

* ' ! +

!
'

" & & %

" #
!

!

(

7>4'<49:(*-"(;4#%*(<"#4G$*4G"($9<(<";4949:((
DA B

A B F
.

!
!

'
, " $ J(?"(+@*$49(

( ) ( )- ./ /DA B A B &+% A B %49 A B
A B

% ! ! ! !
!

*
, ! + ! +

'
" $ & % % % (

!"#$%&'(#)%"*#%*+((,-,$.#%$*/012)(2*

*

!"#$%&$'"()&&"'"#$*+#(,&-++'(.//0((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((12(34''"#*(56

!-"("78$*4+9(:+#(;(&$9(<"(*#$9%:+#=">(*+((

! "
.

.

/&+%
!

# $
% &

' (
)
?(

@-4&-(&$9(<"(8%">(49(&+=<49$*4+9(@4*-(*-"("78$*4+9(:+#(;A(*+(+<*$49(

! "
.

.

/%49 A! !
& *

# $
% % &

+ ,
' ( ) ' )- .- .

/ 0
(

B%49C( . .&+% %49 D' ( (@"(>"#4E"(

.
. F G

F G A
F G F G

! "
! " !

" "

*
& %

& &

+ ,
' ) ' ) (- .- .
/ 0

(

@-4&-(&$9(<"(*#$9%:+#=">(<H(>":4949C(
.D F G

F G I
F G

"
"

"

*
1

&
'

( (*+I(

.
. . A D
. A A ? @-"#" $9>

.
! ! ! !

& *
1 * & % * 1

&
'

' ' ( ( 2 ( (

!"#$%&'(#)%"*#%*+((,-,$.#%$*/012)(2*

*

!"#$%&$'"()&&"'"#$*+#(,&-++'(.//0((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((((12(34''"#*(56

78(49*":#$*4+9(+;(*-"(%"&+9<("=>$*4+9(?"(+@*$49( (
.

/

A B
A B

!
" !

!
# !

! " #
!

!
(

$9<(@8(>%49:(*-4%(#"'$*4+9((
5

C
DD /# $ #
#

$ % & " 2(

14*-(*-"(<";494*4+9(+;(*-"(@"*$*#+9E;>9&*4+9(( .A B F A B! # !' " (?"(<"#4G"(;+#(*-"($HI'4E

*><"($9<(I-$%"(+;(*-"(+%&4''$*4+9F(

( )/

/

A B A B &+% A B

A B
A B

!

% ! ! !

" !
!

!

* ' ! +

!
'

" & & %

" #
!

!

(

7>4'<49:(*-"(;4#%*(<"#4G$*4G"($9<(<";4949:((
DA B

A B F
.

!
!

'
, " $ J(?"(+@*$49(

( ) ( )- ./ /DA B A B &+% A B %49 A B
A B

% ! ! ! !
!

*
, ! + ! +

'
" $ & % % % (

Those are not
the relativistic
homonyms



Definition of envelope

σ∗
x,y =

�
β∗

x,y · �x,y

Beam physical dimension

Optical machine parameter that depends 
on the lattice of the machine, in particular 
on the QUADRUPOLES.

Emittance: Parameter 
which describes the 
spread of the particles 
in the phase space (xx’) 
or (yy’).
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F quad

D quad

The envelope is defined as the 
maximum amplitude for which the 
particle remains in the machine 
vacuum chamber at a given 
position s.

The envelope can be determined 
by the beta function and by the
beam emittance



Envelope of PS beam

PS magnets

σ ∝
�
β

PS circumference = 628 m

... supposing I know the 
k of all the quadrupoles



Particle transport in a lattice

x

x’

x

y

Reference particle

x = amplitude
xʼ = angle Any particle momentum

Phase space evolution

Spot size evolution
y

x



How the transport is computed!"#$%&'(#)%"*#%*+((,-,$.#%$*/012)(2*
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Every element of a machine, drift and quadrupoles, can be described AT FIRST ORDER by 
a TRANSFER MATRIX (2x2 or 4x4), equivalent and deduced from the equation of motion. 
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Obs: A dipoles is like a drift 
since the reference frame is 
turning with the central 
trajectory, i.e., the reference 
frame is following the bent 
trajectory 

 One particle 



Ray tracing and envelope in the LHC
2.2 Linear transverse dynamics

QF

QD

MB

600 700 800 900 1000

�0.2

0.0

0.2

�0.4

s �m�

x
�mm�

envelope

trajectories

600 700 800 900 1000
1.6

2.0

2.4

s �m�

Μ x

Figure 2.2: Up: An example of different orbits (thin lines) in a FODO lat-
tice, consisting of a periodic series of focussing quadrupoles (QF, thin rectan-
gles pointing upwards), defocussing quadrupoles (QD, thin rectangles, pointing
downwards) and bending magnets (MB, grey rectangles). The thick black lines
show the envelope function ±

√
�xβx, where �x is the average of Jx over an en-

semble of particles: �x = �Jx�. This is discussed more in Sec. 2.4. Down: the
betatron phase µx of the same lattice.

All information about the linear focussing of a lattice can be obtained from
βx. A differential equation in βx can be obtained by inserting Eq. (2.10) in
Eq. (2.5):

1
2
βxβ��

x −
1
4
β�

x
2 + K(s)β2

x = 1 (2.12)

However, Eq. (2.12) is analytically solvable only in special cases.

Analogous definitions exist for the vertical plane. However, since dispersion is
generated by dipoles [see Eq. (2.7)], which in flat accelerators bend only in the
x− s plane, the vertical dispersion typically vanishes in rings.

In Fig. 2.2, one of the most common layouts of a lattice, called FODO, is shown.
It consists of a series of focussing and defocussing quadrupoles with bending
magnets or drifts in between. When focussing and defocussing quadrupoles are
combined in pairs, their combined effect is a focussing in both planes if they
have equal gradients (see for example Ref. [9] for details). A common design
philosophy of accelerators is therefore to use a modular approach, where such
a pair of quadrupoles, with bending dipole magnets between them, form a cell.
The arcs of all rings discussed in this thesis (LHC, RHIC and SPS) are built

10

The same apply for a machine like the LHC



Arc cell at injection for beam 1 and beam 2
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Tune

Reference particle

x

�4

�2

0

2

4
�4

�2

0

2

4

�1.0
�0.5
0.0

y

Tune: 
number of oscillations (called betatronic) in the xxʻ plane a particle does in one machine turn.

The tune depends on the quadrupoles settings and is the 
integral of the phase advance on one machine turn
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Accelerator physics

from many FODO cells. This periodic structure can clearly be seen in Fig. 2.2.

The number of betatron oscillations Qx per machine turn is called tune and
depends mainly on the quadrupoles. It is given by

Qx =
1
2π

�
ds

βx(s)
. (2.13)

Normally accelerators are operated so that Qx and Qy are far from certain values
called resonances. The simplest of them can be understood by considering the
x-position of a particles at some fixed value s0 over several consecutive turns.
Since βx(s) is periodic, it is clear that the amplitude in Eq. (2.10) is constant�

2Jxβx(s0). The only variable changing is the phase µx, which increases by
2πQx on every turn. Therefore, the motion in x at s0 is indistinguishable from
a sampled harmonic oscillation. If Qx were an integer, the motion in Eq. (2.10)
would be periodic and x(s0) would have the same value on every revolution.
In that case, any imperfections in the magnetic field around the ring act as
perturbations, which are synchronous with the oscillation frequency. This will
excite resonances, causing an increasing amplitude and unstable motion.

Therefore, integer values of Qx have to be avoided. As it turns out [9] other
resonances are excited by higher order multipole errors if the horizontal and
vertical tunes satisfy

kQx + lQy = m, (2.14)

where (k, l,m) are integers. Each resonance is connected with a certain order of
a magnetic multipole. Normally the resonances at small values of (k, l,m) are
the strongest and most dangerous ones. Eq. (2.14) describes a set of lines in the
Qx −Qy plane, which should be avoided and the tunes are normally chosen far
from the lowest order resonances. This position in the plane is called working
point.

The Hill equation (2.5) takes only linear magnetic fields into account, which are
normally the dominating ones. However, higher-order multipoles are present
in all real accelerators. Examples of sources of such non-linearities include
imperfections in the magnet construction, effects at the ends of magnets or
from non-linear elements put in the ring on purpose, in particular sextupole
magnets. They are deployed for chromaticity correction. The spread in δ among
the particles within the beam causes each particle to be focussed differently in
the quadrupoles and therefore to have different values of Qx. The ratio ∆Qx/δ is
called chromaticity [9]. This is a second-order effect and therefore not present in
Eq. (2.5). To properly account for non-linearities, one needs to include higher
order terms in Eq. (2.5). If small, they can be treated as perturbations. A
mathematical treatment of this can be found in literature [9, 10].

Misalignments of magnets create perturbations. In particular, if a quadrupole
is misaligned in the horizontal or vertical plane, the design orbit enters the
magnet off-centre where there is a non-zero magnetic field. Therefore, particles
receive dipolar kicks. The superposition of many kicks from misalignments over

11



Tune: number of  betatron oscillation 
in the transverse plane

http://mgasior.web.cern.ch/mgasior/pro/3D-BBQ/ps.html



Machine imperfections ....
Real LHC orbit - correction of dipolar error

LHC average momentum at injection = 	

450.5 ± 0.2 GeV

⇒Dipole error Δb1 between rings ≈ 1.5×10-4

⇒Δb1 among 8 sectors ≈ 3×10-4 Courtesy of J. Wenninger
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Machine imperfections
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 Magnetic errors can cause beam losses/instability if appears as certain multipoles of the tune



Tune and resonances

Like on a “swing”, to keep the oscillations 
bounded in amplitude, one has to avoid to 
excite the beam in a resonant way, 
in particular due to magnets imperfections.

The tune has to be far away from 
some values, like exciting the beam with 
the same force at each turn 
(dipolar errors)

To be avoided



Dispersion
2.4 Particle distribution in phase space

In the longitudinal plane, the distribution is given by

ρτδ(τ, δ) =
exp

�
− τ2

2σ2
τ
− δ2

2σ2
δ

�

2πστσδ
, (2.25)

with στ , σδ being the standard deviations of the coordinates (τ, δ).

Considering Jx and δ as independent random variables, and assuming a Gaus-
sian distribution in δ, the standard deviation in x at a given position in the
lattice is

σx(s) =
�

�xβx(s) + �δ2�D2
x(s). (2.26)

A similar relation holds in y, although Dy = 0 in flat accelerators.

Several effects influence the distribution of circulating beams. Most important
for the LHC and RHIC are intrabeam scattering (IBS), collisions and syn-
chrotron radiation damping (only for LHC).

IBS occurs when particles are deviated through many small-angle elastic
Coulomb scatterings on other particles in the same bunch. The overall re-
sult is a growth of all three beam dimensions. Two models, from Piwinski [13]
and Bjorken-Mtingwa [14], are commonly used to describe this. Both models
are assuming Gaussian distributions and, at high energy, the two models agree
fairly well. An example of this is given in Paper IV. The emittance blowup
caused by IBS is a function of all three bunch dimensions and the intensity.
This is normally modelled by an instantaneous risetime TIBS,x, defined through

1
TIBS,x

=
�̇x

�x
. (2.27)

Radiation damping occurs when charged particles emit synchrotron radiation
as their trajectories are bent. The photons are emitted parallel to the direction
of motion and, because of the oscillating trajectories, this direction is not nec-
essarily parallel to s but has also transverse components. On the other hand,
when the energy loss is replenished by the RF cavities, only the longitudinal
momentum is increased. The combined effect results in shrinking beam dimen-
sions, which counteracts IBS. One usually defines an instantaneous damping
time Trad to describe this analogous to Eq. (2.27) but with a negative sign.
Details on how Trad is calculated are given in Ref. [7].

Particles are removed through collisions and other unwanted loss mechanisms.
This can be described through an instantaneous lifetime

1
Tl

= −Ṅ

N
(2.28)

for each loss process. As shown in Paper IV, the instantaneous lifetimes and rise-
times can be combined into a system of ordinary differential equations (ODEs)
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So far, beam considered monoenergetic, in fact, it is not ...

Bending strength of the dipoles depends on the energy 

Bρ=const*p

p< pref

p>pref

p=prefp

s
Dispersion D at position s parametrize the different amplitude x due to the difference in energy  
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Arc cell at injection for beam 1 and beam 2
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Chromaticity
• If the energy of a particle is different from the energy of the 

reference particle, the quadrupoles will focus less or more, so the 
tune will change according to the energy, as if the accelerator 
suffer from ASTIGMATISM (or MIOPHY).

• This is defined as CHROMATICITY 

• Since one want to avoid crossing resonances, the 
CHROMATICITY has to be kept small and corrected.

• This can be done by using SEXTUPOLES, thanks to the lattice 
design, can focus differently different energies!"#$%&'(")*&
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Actually ... thatʼs chromaticity...

gk p
e

=

particle having ...   
          to high energy 
          to low energy 
          ideal energy 



Sextupoles

J.M. Jowett  Particle Accelerators, Lecture 4, Page 10

Focusing Magnet Fields
B = !"#m m  where  is magnetic scalar potential, #
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Chromaticity correction scheme
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In a region where Dispersion is not zero, the sextupoles uses the correlation between energy 
and displacement to correct the different focal point for the different energies

Why chromaticity is bad? In fact not all the time, but due to                             particles with 
large energy errors could intercept some resonances 
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Dynamical Aperture
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Dynamic aperture (DA) is largest region of phase space where stable motion occurs. 
Computed by particle tracking simulating different sets of machine imperfection due to:

(A) machine alignement/mechanical aperture
(B) multipoles generated by the magnets (see sextupoles...)

x’

x

In the transverse phase space, one cannot really see an ellipse which describes the normal betatronic 
phase space in a FODO lattice. Islands and chaotic (both in mathematical sense as in how it looks like) 
motion appear due to fields that vary with amplitudes (x) ⇒ Multipoles  

Dynamic aperture for different LHC “realisation” 



In fact, if can control properly the non-linearities you can even split up the beam

Experiment done in the PS at 14 GeV/c (not @ the LHC) to show the splitting in 5 islands of the 
beam by using sextupoles and octupoles and crossing the 1/5 resonance, i.e. Qx=0,2

If this not done not under controlled conditions, losses appear

If one can produce multibeams, one can for sure produce tails in a nice gaussian beam profile...

Data

Simulation (x,x’)

Qx=0,2



Magnets, a change in technology when energy increases 
Bending Field  →          p(TeV) = 0.3 B(T) R(Km)

(earth magnetic field is between 24 mT and 66 mT)

Tunnel R ≈ 4.3 Km  LHC     7 TeV → B ≈ 8.3 T → Superconducting coils
    LEP   0.1 TeV  → B ≈ 0.1 T → Room temperature coils



Remember for combined function magnets...

Non-Scaling FFAG Magnet Challenges, Neil Marks.! PAC09!

Helical Coil Arrangements!

dipole!

quadrupole!

sextupole!

octupole!

combination!

Why this shape ?



 Very, very short introduction to Superconductivity for accelerators 

Superconductivity is a property of some materials.  
At very low temperature they can carry currents 
without voltage drop, i.e. their resistivity goes to 
zero.   LHC cables: Nb-Ti working at 1.9 K

The conductor remains Superconductor 
if its status in Current Density, Temperature, B field 
phase space is below the Critical Surface 

What can increase 
the temperature in a magnet ?

Transition to a normal 
conducting state is 
called magnet quench

The distance between the working point 
and the critical surface for a fixed B field 
and Current Density is the temperature 
margin (critical temperature)



Two-in-one magnet design

Nb -Ti 
superconducting cable 
in a Cu matrix

The LHC is one ring 
where two accelerators 
are coupled by the 
magnetic elements.



At 7 TeV:

Imax = 11850 A  Field=8.33 T 
Stored energy= 6.93 MJ
Weight = 27.5 Tons
Length =15.18 m at room temp.
Length (1.9 K )=15 m - ~10 cm

Test bench for magnetic measurements at 1.9 K 

PS: they are not straight,
small bending of 5.1 mrad 



V.  V. S. Introduction to Superconductivity II 
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Courtesy of Stephan Russenschuck

Beam losses can eat the temperature 
margin because of energy deposition

Limit of accepted losses: ~ 10 mW/cm3

to avoid ΔT> 2 K, the temperature margin



From E. Todesco CERN Summer student lecture

INTERLUDE:
THE TERMINATOR-3 ACCELERATOR

We apply some concepts to the accelerator
shown in Terminator-3 [Columbia Pictures, 2003]

Estimation of the magnetic field

Energy = 5760 GeV
Radius ∼30 m
Field = 5760/0.3/30 ∼ 700 T (a lot !)

Why the magnet is not shielded with iron ?
Assuming a bore of 25 mm radius, inner field
of 700 T, iron saturation at 2 T, one needs
700*25/2=9000 mm=9 m of iron … no space
in their tunnel !
In the LHC, one has a bore of 28 mm radius,
inner field of 8 T, one needs 8*25/2=100 mm
of iron

Is it possible to have 700 T magnets ??
A magnet whose fringe field is not shielded

Energy of the machine (left) and size of the accelerator (right)



How much is 10 mW/cm3 ?
A fluorescente (known as neon) tube can be 
typically 1.2 m long with a diameter of 26 
mm, with an input power of 36 W.

This makes a power density of about 
56 mW/cm3.

The power of a neon tube can 
quench about 5 LHC dipoles at 
collision energy.... because one does 
not need 10 mW/cm3 for the entire 
volume of a magnet, but for about 
1 cm3.

If you do the same basic 
computation with a normal 
100 W resistive bulbs is even worst
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Fig. 6  Ideal current distributions producing pure dipole and quadrupole fields

A 2D cosθ current 
distribution generates a
quasi-perfect vertical field 
in the aperture between 
the two conductors.
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P.Pugnat
During tests the energy of 7 MJ in one magnet was
released into one spot in the coil (interturn short)

When something goes wrong.... bad quench...



LHC cryogenics will need 40,000 leak-tight pipe junctions.
12 million litres of liquid nitrogen will be vaporised during 
the initial cooldown of 31,000 tons of material and the total 
inventory of liquid helium will be 700,000 l (about 100 tonnes).

Which coolant ? Liquid superfluid helium 



Why helium ?
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He at 1.8-2 K has a very 
large thermal conductivity 
and very low viscosity 



What can influence an accelerator?

 
The physics case: 
the Z mass at LEP has been measured with an error of  2 MeV.
Energy of the accelerator has to be know better than 20 ppm.

What can influence the energy of a collider?

Energy measurements obtained by 
during last years of LEP operation 



The problem: an accelerator is not in the middle of nothing

Observed variation of the 
bending strength of the LEP 

dipoles during the day 



Influence of train leakage current

LEP beam pipe as ground for leakage current.
Variation of the dipole field due to the current .
Change in energy following the SNCF train table 



The evidence, TGV to Paris at 16:50 ...



First part summary

• Dipoles bend charged particles in the accelerator

• Quadrupoles focus particles and define the beam tune

• Sextupoles keep the tune spread (Chromaticity) due to an 
energy spread small

• RF cavities accelerate the beam 

• The emittance is the space occupied by the particles in the 
xxʼ plane

• The enveloppe is defined by the quadrupoles via the beta 
function



The right instrument for a given dimension

The typical energy of our life is eV
So, how we can reach the energy/dimension of the big bang?

En
er
gy



History/Energy line vs discovery
Higgs and super-symmetry ?
Or something else maybe

Obs: you can notice different particle species used in the different colliders
electron-positrons and hadron colliders (either p-p as Tevratron, p-p as LHC)
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Why particle accelerators ?
• Why accelerators?: need to produce under controlled conditions HIGH INTENSITY, at a 

CHOSEN ENERGY particle beams of GIVEN PARTICLE SPECIES to do an EXPERIMENT

• An experiment consists of studying the results of colliding particles either onto a fixed target 
or with another particle beam. 

The cosmos accelerates already particles more than the TeV
While I am speaking about 66 109 particles/cm2/s are traversing your 
body, about 105 LHC-equivalent experiment done by cosmic rays
With a space distribution too dispersed for todayʼs HEP physics!

Cloud chamber, from YOUTUBE
from: Swinburne University web site

Cosmic ray flux

LHC energy



Typical LHC Operational cycle

Courtesy R. Bailey

about 10h


