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Isospin-breaking corrections to 7= — 7~ 7,

Motivation

CVC between EM and weak form factors:

(0) 1 dl' (7~ — 7~ 7%;) Rip(s)
Ue+e——>2ﬂ( ) = (0)
N (s)Te ds SEW
2 2 m
where N (s) = %s (1 - n%) (1 + i—i) 0 — ?;273 and
Fun(s) = — LB ) |EY ()
P Ge(s) Bonm(8) | f+(5)

and Sgew — dominant short-distance electroweak corrections
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Isospin-breaking corrections to 7= — 7 v,
Other works
Form [Castro et al, '24]:
Source Aahﬁd* LO[rr, 7] (10~ 10)
Gs KS GP
Davier et al. FF1 FF2
Sew —12.21(0.15) —11.96(0.15)
Grm ~1.92(0.90) —17155
FSR +4.67(0.47) +4.56(0.46)
Mgz — My effect on o —7.88 —7.47
Mg+ —Mgo effect on T +4.09 +4.02 +4.07
M+ —myo effect on T - - +0.37
Myt =My +0.2010%7 4011708 +1.27H143
p—w interference  +2.80(0.19)  +2.80(0.15) +3.561088
Ty —5.91(0.59) —6.39(0.64) —5.14(445) —1.54(1.54)
TOTAL -16.07(1.22) -16.70(1.23) -12.457%5% —8857Z%

Martina Cottini (ITP):

ar = 7r7rou.,—

Q1: Model dependence of the assumed form factor parametrizations
Q2: Model assumptions for the p parameters
Q3: Simplified assumptions for long-range corrections — this talk

Q4: Simplified assumptions for RG corrections and matching
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Isospin-breaking corrections to 7= — 7~ 7,

General considerations

For 7= (I1) — 7 (q1)7%(q2) v (I2):

iM = —iGpVyu(la, vr )" (1 —ys5)u(ly, T)
x (@1 — @2)uf+(s,t) + (@1 + g2)uf-(s,1)]

where f, — JP =17 is the weak current component, f_ — J” = 0% and

s=(h—1)?=(n+aq),
t=(—q)=(2+1).

At tree level:
7' _____
Fres(s,t) = frls) . foeo(s.t) = 0. @
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Isospin-breaking corrections to 7= — 7~ 7,

Previous work: O (p*) and O(e’p®) corrections
e [Cirigliano et al, '01 & '02]: O(e*p?) corrections in YPT + FF

1. xPT diagrams:
One-loop radiative corrections
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Isospin-breaking corrections to 7= — 7~ 7,

Previous work: O (p*) and O(e’p®) corrections

External leg corrections:

Counterterms:

Z( __m__ ) X tree level T

s ™

\Z<%> X tree level

2. Form factor:
Fi(s,t) = Fi(s) [1+ fiam(t M)
where
AT J— (2,0, () + Hcone-(5)] + £
+(s) = (8) exp mOr—\$8 KoOg-\$ local

M2 — s —iM,T,
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Isospin-breaking corrections to 7= — 7~ 7,

Previous work: O (p*) and O(e’p®) corrections
3. Short-distance corrections:

2 2

23-SD e mr

Xg- =1—-Sew — — log —

€ Ag EW — 15108 M,%
5. Bremsstrahlung: full photon-energy spectrum

6. Result:
AayF = (=120 £ 26 +£3) x 107!

— 7-decay data-driven approach abandoned because isospin-breaking
corrections model-dependent — disagreement with eTe™: reliability?

® [Davier et al, '10]: reconsidered the 7= — 7~ 7%,

» meson dominance model + photon —
corrections according to [Flores-Tlalpa et al,
06]: affVPEO = (7053 + 45) x 10~
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Isospin-breaking corrections to 7= — 7~ 7,

LECs

2 1
05 ¢ (2500 - 330 - %500 )

Defining
h h o
XE™* (1) = X5 (1) — 4KTy(p) = XE™ (1) = X5° + X§ ()
e [Cirigliano et al, '01 & '02]:

1 = )
r — -3
Kip(My) = —(3+1) x 1077, [X3] < a2 | X6 (Mp)| < an)?
e Lattice QCD [Peng-Xiang et al, '21]: exactly needed LECs due to LFU
4 . 1 o« M 1 (5
X HXIM) = ——— (0% - S log =W )+ — (2 -4
3 1+ X6 (M) 27T0¢(WV7r 8ﬂ0gM3)+87r2(4 ag)

> DKV[?LT: box contribution for 7y3 decay [Feng et al, 20 & Yoo et al, 23]
> a4 Oas) QCD correction
>« corrections for X[ (M,) vs X5 (M,) (Q4)
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Isospin-breaking corrections to 7= — 7~ 7,

Model-independent dispersive approach

Approximation: up to 27 as hadronic intermediate state

Under control: O(e?p?) corrections

Fils) = l/mds'M fe = L [T

— UV-finite but IR-divergent
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Isospin-breaking corrections to 7= — 7~ 7,

TVFF

Fy (s) = Gip(s)(s)

™

where Q(s) is the Omnes function [Schneider et al, "12]

Q(s) =exp {%/4;2 ds'%}

and GX () is a conformal polynomial taking into account inelastic channels
[Colangelo et al, '19]

N
N(s) =1+ ¢ (zk(s) - zk(0)>
k=1
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Isospin-breaking corrections to 7= — 7~ 7,

Omneés function Q(s)
°® ete” = e
> 50 resonance dominance
> p—w mixing * /
—P-wave phase in the 777~ channel

o rt 5 g0y 0

> p* resonance dominance
> o', p" contribution &

s(Gev?)

— see Ruiz de Elvira's talk at KEK (Q2)

—P-wave phase in the 7%7* channel
=>ij: - Mpo = —1.4 MeV due to 6, = M+ — Mo from Re [t](s)] =0

(Cirigliano et al, '01 & '02]: Mye — My = (0 £1) MeV
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Isospin-breaking corrections to 7= — 7~ 7,

Numerical treatment of IR-divergent Do(m?2, M2, M2,0,t,s,m2,0, M2, s")

Singularity at s’ = s:

Dy(s,t) = ﬁ |:2d0( )log _|_ Drest( ):|
F+(s:t) 3/00 ds” Im f (s") (pl(sat) I'I|'P2(s,t)s”) y
AM2 T
|:2d0( )log Drest( //):| ’

A? s > " 1 s
2y _ " T =2 d 1
I (s, A7) QAMZ ds" log P 02(5) /4M,2, S ¥

¢ |R-divergences in dim-reg

® application: ete™ — 77~ asymmetry
> simplified imaginary part in [Colangelo et al, 22|, no scheme ambiguity
> see new results in [Budassi et al, '24]
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Isospin-breaking corrections to 7= — 7~ 7,

Real emissions: full photon-energy spectrum

|-/\/lReEm|2 =

From [Cirigliano et al, '01 & '02]:

M =eGrViige (k) [Fyalla)ys (1 = ) (mr + /1 — ) yu(l)
+ (Vi = Aw) al2)y” (1 = 75) u(ln)]
® bremsstrahlung off initial 7: F, = (qz_g}+,f+(s)

® vector and axial-vector components of W~ (I; — lo) — 7~ (q1)7°(g2)v(k)
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Isospin-breaking corrections to 7= — 7~ 7,
Real emissions: full photon-energy spectrum
® Leading Low approximation, for (s,t) in the non-radiative Daliz plot

dFﬂ'w G2 SEW |Vud|2
ds dz = F64_7T3m3 |f+(s)‘2D(S7t)gbrems(Sat)

where gbrems(57 t) = % [Jll(s, t) + Jgo(S, t) + JOQ(S, t)]

e [T Blod®k W (1l —lo—q1 —qo— k)
Tmn(5,8) = 5 = du 29 2k0 MZ\T MZ\"
e on- ) %)
In dim-reg: log M? — —2 + yp — log 47 + log u?* — IR-finite

€IR

® Infrared finite remainder of the rate — grest(S,t): numerically calculated
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Isospin-breaking corrections to 7= — 7~ 7,

Matching with xPT

* xPT <> low-energy theorems
* Triangle with form factors: sensitive to high-energy behaviour of f, (s)

— matching procedure: expansion of f(s,t) around s,t =0

frateh (s, ) = fYFF(s,1) — £YFF(0,0) + £77(0,0)

UV divergences: fYFF(s,t) and (fXPT(s,t) + LECs) — UV-finite

IR divergences:
fVFF(s t) + 2J11(s,t) — IR-finite
—fYFF(0,0) + f2P7(0,0) + & [Jag(s, ) + Joa(s,t)] — IR-finite

Correct chiral-log restored from fXPT(O 0)

® Narrow resonance limit: fVFF(O 0) — fXPT(O 0)
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Isospin-breaking corrections to 7= — 7~ 7,

Matching with xPT

— matched
— cirigliano

Interference with the TL:

d
d—g = /dthTL(Svt)‘Qf-l-(svt)

FF@O(e?p?): cont. to dT/ds/10714Gev

match 62 1 2
f+(s,t) =N (s, t) + =— (——logu )

27‘(’2 €IR

mEe Myt (mi +M2—t+ \/A(t,m%,M@)]

X | =1+

24/ A(t, m2, M2) 2m, M,
2G%|Vaal?
M (s, 8)]° = @#,}'TWLUAS)P [m2 (t+u—2M2) + AM? — 4tu]
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Isospin-breaking corrections to 7= — 7~ 7

Vr
Gem(s)
—-- LOlcirgiano
e
ftmam(s) dtD S t)A(S t)
tumin(s) i

Gem(s) = tmas (5) 3

JumesS dtD(s, t) $
. 0.5 1.0 S(1(.;58\/2) 2.0 2.5 3.0

where
2
D(s,t) = 557 (m? ) + 2M2 = 2t (m

2 —s+2M72) + 2t

2,2
A(s, ) =14+2f77 (5,1) + grems(5: t) + grest (s, 1)
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Isospin-breaking corrections to 7= — 7~ 7,

Results
From [Davier et al, "10]:

2
AIBaLO,had[ﬂ_ﬂ_ T] — a2m72' ero /mT K(S) dNX
lj, )
4

6[Vual?m? Be  Jans2 s Nxds
—2 -1
s 2s Rip(s)
1- 2 1422 1
- ( m?) ( +m3> [ Suw

Rig(s) _ 1.
SEw GeMm(s)

Only Ggm(s) contribution =

X, =14%x1073

AIBabO,had[ = t.b.d. for { -3
Gont(o) X,=11x10

T, 7|

= (—=1.92 +£0.90) x 10719
GrmMm(s)

= (—1.717958) x 10710

* [Davier et al, '10]: ABgLOhad[rr, 7]

* [Castro et al, '24]: AlBgLO-had [y 7]

GEM (S)
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Isospin-breaking corrections to 7= — 7~ 7,

Work in progress

Higher order corrections

7 "

g
T -- 0
Vr

i m LT
- 4 -7 = - 4
’ N ’ N N 4

\ 7 \ \ 7
/ S / / N
\\_,/ \\ N -

— see Monnard PhD thesis and Ruiz de Elvira's talk at KEK



Conclusions & Outlooks

* model-independent approach for the O(e?p?) isospin-breaking
corrections to the 7—decay

* pion vector form factors: FY (s) vs f. (s)
> included: p’ and p”

® matching with xPT: correct low energy behavior
> decrease w.r.t. [Cirigliano et al., '01 & '02]

® Ggm(s) contribution to ay: full photon-energy spectrum

¢ Qutlooks:
» fully consistent matching between Ggnm(s), Sew, Oyw |« including RG
corrections (Q4) — see [Cirigliano et al, '23] for neutron decay
> p parameters and isospin breaking corrections in form factor [Colangelo
et al, work in progress| (Q1, Q2)
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Numerical treatment of IR-divergent Dy

f+(s,t) D A:; ds” {ImFT‘r/(s") —ImFY (s)} <p1(5’2/,+_pz(s’t)s +p2(5,t))

"
x {Qdo(t) log ——— + DIst(t, s”)]

s —s

e3¢} Drest t 1"

+Im F,Y(s){(m(& t) 4 pa(s,t)s) / ds” M
4M2 s =S

oo

+p2(8,t) AMQ dSH DBeSt(t, SI/)

T do() [m(s, D111 (5,42) + (p1 (5. ) + pa(s, t)s)fez(s)] }



Leading Low approximation

Taking into account (I1 —12)? = s + 2(q1 + q2) - k, Low’s theorem is
manifestly satisfied :

Vi =1+(5) ‘”*‘k (@1~ ),
)

+ f(s

)

df+( <Q1MQQ k un) (a1 — @), + O(F)




+

Endpoint singularity in ete™ — 7771~ asymmetry

Result for the imaginary part including
Do(m2,m?2, M2, M2, s,t,0,m2,s", M2) in the eTe™ — 77~ asymmetry

_ 2 2
Ir(s) :2{log<1+zg> [l i+2l g<1 56 ﬂ + log? (1 + 2)

log (1 — 32 1— 222 1-p
i e () = s (15)

(14 226%) log G;ig)] —log? (1 — 2B) — Li <(z1—_1;ﬁ>

() (5 )




Endpoint singularities in the phase space

N(s,t)
3<t - tmin)(t - tmax)
— endpoint singularity in the ¢ phase space integral BUT numerically

showed that the two infinities cancel — finite result.
Analytically:

Vv .
P2 (s,8) = fIM(s,t) +

N(s,t) = (t — tmax) N+(s,t)
(t — tmax) (N4 (s, 1) B N (5, tmin)

(t — tmax)(t — tmin) N (s, 1) .

— expand N (s,t) around t = tmax/min When the integration in ¢ is close to
the boundaries 2y /min-



p — Y mixing

® Vector meson dominance approach

2 2 2

A— + 104 (q%) IL, (%) )

D1:<q ") 1 = D, D.,, D
IL,(¢*) ¢* — M7 +T,(q%) T e e

QQDV‘/ +e (gpmr - gpee) Dyp - gpeegpwerpp
e?D.,

Fr(s) =
® Dispersive approach:

Fo(s) 1 1/°° dS,ImFﬂ(s’)
avz - S'(s"—s)

S S ™

— 7 and p poles with the right masses by construction



Seagull diagram




