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During the years, the ZPW …

has developed into a forum to discuss in an informal setting the latest 
developments on different aspects of particle physics phenomenology. In 2025 
we will have a special focus on present and future prospects in precision 
physics, and a special session dedicated to the evolution of effective field 
theory methods from low to high energies, in occasion of the 75th birthday of 
Daniel Wyler.  


This talk explores the highlighted aspects & their link to Daniel’s & my research 
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[Ever tried. Ever failed. No matter. Try Again. Fail Again. Fail Better. — Beckett]
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<latexit sha1_base64="27GtM+2ErESXX3qRenqF8HeZSKE=">AAAB/3icbVDLSgMxFM3UV62vUcGNm8EiuLHMiFSXBTeupIJ9QDuUTHrbhmYyQ3JHLGMX/oobF4q49Tfc+Tem7Sy09UDI4Zx7yM0JYsE1uu63lVtaXlldy68XNja3tnfs3b26jhLFoMYiEalmQDUILqGGHAU0YwU0DAQ0guHVxG/cg9I8knc4isEPaV/yHmcUjdSxD9oID5iyRCmQeJrd445ddEvuFM4i8TJSJBmqHfur3Y1YEpowE1TrlufG6KdUIWcCxoV2oiGmbEj70DJU0hC0n073HzvHRuk6vUiZI9GZqr8TKQ21HoWBmQwpDvS8NxH/81oJ9i79lMs4QZBs9lAvEQ5GzqQMp8sVMBQjQyhT3OzqsAFVlKGprGBK8Oa/vEjqZyWvXCrfnhcrN1kdeXJIjsgJ8cgFqZBrUiU1wsgjeSav5M16sl6sd+tjNpqzssw++QPr8wcyApbq</latexit>

current-current

<latexit sha1_base64="+qTPRWpBsRqEhGBXTYFLj+bzgEk="></latexit>

Q2 = (s̄L�µcL)(c̄L�
µbL) , Q7 =

e

16⇡2
mb s̄L�µ⌫bRFµ⌫

<latexit sha1_base64="PvL9rwvP4rhfiXKcq+7lGdNYYgk=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoJVgETyURqR4LXjxJBfsBbSib7aRdusmG3YlYQ3+JFw+KePWnePPfuG1z0NYHA4/3ZpiZFySCa3Tdb6uwtr6xuVXcLu3s7u2X7YPDlpapYtBkUkjVCagGwWNoIkcBnUQBjQIB7WB8PfPbD6A0l/E9ThLwIzqMecgZRSP17XIP4REzmYCiKNW0b1fcqjuHs0q8nFRIjkbf/uoNJEsjiJEJqnXXcxP0M6qQMwHTUi/VkFA2pkPoGhrTCLSfzQ+fOqdGGTihVKZidObq74mMRlpPosB0RhRHetmbif953RTDKz/jcZIixGyxKEyFg9KZpeAMuAKGYmIIZYqbWx02oooyNFmVTAje8surpHVe9WrV2t1FpX6bx1Ekx+SEnBGPXJI6uSEN0iSMpOSZvJI368l6sd6tj0VrwcpnjsgfWJ8/w62T3Q==</latexit>

operator

<latexit sha1_base64="S1dc1SUgXolCyc3374C/btv52qE=">AAAB/3icbVBNS8NAEN34WetXVPDiJVgETyURqR4LXjxJBfsBbSib7bRdutmE3YlYYg/+FS8eFPHq3/Dmv3HT5qCtDxYe783MzrwgFlyj635bS8srq2vrhY3i5tb2zq69t9/QUaIY1FkkItUKqAbBJdSRo4BWrICGgYBmMLrK/OY9KM0jeYfjGPyQDiTvc0bRSF37sIPwgCkIYKiizATkbNK1S27ZncJZJF5OSiRHrWt/dXoRS0KQyATVuu25MfopVWaagEmxk2iIKRvRAbQNlTQE7afT/SfOiVF6Tj9S5kl0purvjpSGWo/DwFSGFId63svE/7x2gv1LP+UyThAkm33UT4SDkZOF4fS4MneLsSGUKW52ddiQKsrQRFY0IXjzJy+SxlnZq5Qrt+el6k0eR4EckWNySjxyQarkmtRInTDySJ7JK3mznqwX6936mJUuWXnPAfkD6/MHNtmW7Q==</latexit>

electromagnetic
<latexit sha1_base64="2D4g5gKfG0ODmHazpyN4yPVkhog=">AAAB/3icbVDLSgNBEJz1GeNrVfDiZTAInsKuSPQY8OJJIpgHJEuYnXSSIbM7y0yvGNYc/BUvHhTx6m9482+cPA6aWNBQVHXT3RUmUhj0vG9naXlldW09t5Hf3Nre2XX39mtGpZpDlSupdCNkBqSIoYoCJTQSDSwKJdTDwdXYr9+DNkLFdzhMIIhYLxZdwRlaqe0ethAeMOuIREmgKgHNUOlR2y14RW8Cukj8GSmQGSpt96vVUTyNIEYumTFN30swyJhGwSWM8q3UQML4gPWgaWnMIjBBNrl/RE+s0qFdpW3FSCfq74mMRcYMo9B2Rgz7Zt4bi/95zRS7l0Em4iRFiPl0UTeVFBUdh0E7QgNHObSEcS3srZT3mWYcbWR5G4I///IiqZ0V/VKxdHteKN/M4siRI3JMTolPLkiZXJMKqRJOHskzeSVvzpPz4rw7H9PWJWc2c0D+wPn8AfBnlsA=</latexit>

dipole operator

[seminal work on b→sγ by Greub, Hurth & Wyler, hep-ph/9603404]
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<latexit sha1_base64="XSG8l+6ULVw+zsoIb7+Q5srFxak="></latexit>

dC7(µ)

d lnµ
=

�27
16⇡2

C2(µ)

<latexit sha1_base64="+S0S4wqsPXpo2EUaP5WcT06s/lQ="></latexit>

C7(mb)

C2(MW )
' � �27

16⇡2
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<latexit sha1_base64="RGewWNZWNcGHdMe/JOKMXM4wK7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kmq2A9oQ9lsN+3STTbsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpG11O/9ci1ESp+wHHC/YgOYhEKRtFKne69GAyRaq2eeqWyW3FnIMvEy0kZctR7pa9uX7E04jEySY3peG6CfkY1Cib5pNhNDU8oG9EB71ga04gbP5udPCGnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi0/9JX2jOUI4toUwLeythQ6opQ5tS0YbgLb68TJrnFa9aqd5dlGu3eRwFOIYTOAMPLqEGN1CHBjBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCYSZGE</latexit>)

<latexit sha1_base64="dutU5DmDyOrrVyKlrY3SJhEKoNM=">AAACA3icbVDLSgMxFM34rPU16k43wSK4KjMi1WXBjSupYB/QDiWTpm1oJhmSO2IZCm78FTcuFHHrT7jzb8y0s9DWA4HDOfdyc04YC27A876dpeWV1bX1wkZxc2t7Z9fd228YlWjK6lQJpVshMUxwyerAQbBWrBmJQsGa4egq85v3TBuu5B2MYxZEZCB5n1MCVuq6hx1gD5ASqSIiVGJwj0dMZuOTrlvyyt4UeJH4OSmhHLWu+9XpKZrYfaCCGNP2vRiClGjgVLBJsZMYFhM6IgPWtlSSiJkgnWaY4BOr9HBfafsk4Kn6eyMlkTHjKLSTEYGhmfcy8T+vnUD/Mki5jBNgks4O9ROBQeGsEBtYMwpibAmhmtu/YjokmlCwtRVtCf585EXSOCv7lXLl9rxUvcnrKKAjdIxOkY8uUBVdoxqqI4oe0TN6RW/Ok/PivDsfs9ElJ985QH/gfP4ANaKYlA==</latexit>

anomalous dimension
<latexit sha1_base64="ynMRnyfHJENakjtDXz/sj9YcHKQ=">AAACDHicbVDLTgIxFO3gC/GFunTTSExckRliwCWJG1cGEnkkQEinFGhoO5P2joFM+AA3/oobFxrj1g9w59/YgVkoeJLmnpx7b27P8UPBDbjut5PZ2Nza3snu5vb2Dw6P8scnTRNEmrIGDUSg2z4xTHDFGsBBsHaoGZG+YC1/cpP0Ww9MGx6oe5iFrCfJSPEhpwSs1M8XusCmEDNFgwFXIyz5NClzXO+XcBcCWyt2yi26C+B14qWkgFLU+vmv7iCgkWQKqCDGdDw3hF5MNHAq2DzXjQwLCZ2QEetYqohkphcvzMzxhVUGeBho+xTghfp7IybSmJn07aQkMDarvUT8r9eJYHjdi7kKI7B2l4eGkcDWZJIMHnDNKIiZJYRqbv+K6ZhoQsHml7MheKuW10mzVPTKxXL9qlC9S+PIojN0ji6Rhyqoim5RDTUQRY/oGb2iN+fJeXHenY/laMZJd07RHzifP5YgmrQ=</latexit>

encoding mixing Q2 ! Q7

<latexit sha1_base64="A9yLmXOZr/fNFscsfNoevPFyV0A=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSDES9gViR4DXjwEiWAekIQwO+kkQ2Znl5leMSw5efFXvHhQxKvf4M2/cfI4aGJBQ1HVTVPlR1IYdN1vZ2l5ZXVtPbWR3tza3tnN7O1XTRhrDhUeylDXfWZACgUVFCihHmlggS+h5g+uxn7tHrQRobrDYQStgPWU6ArO0ErtzFET4QETCawjVI/KsMe0wH5Ac6XS6aidybp5dwK6SLwZyZIZyu3MV7MT8jgAhVwyYxqeG2ErYRoFlzBKN2MDEeMD1oOGpYoFYFrJJMaInlilQ7uhtqOQTtTfFwkLjBkGvt0MGPbNvDcW//MaMXYvW4lQUYyg+PRRN5YUQzruhHaEBo5yaAnjNr7glPeZZhxtc2lbgjcfeZFUz/JeIV+4Pc8Wb2Z1pMghOSY54pELUiTXpEwqhJNH8kxeyZvz5Lw4787HdHXJmd0ckD9wPn8A11+YwQ==</latexit>

leading logarithm (LL)
<latexit sha1_base64="QniWneij/iNes+tVMXPZqs5V8Y4=">AAACAHicbVDLSgNBEJz1GeMr6sGDl8EgeAq7ItFjQERPEsU8IAlhdtJJhszsLjO9Ylj24q948aCIVz/Dm3/j5HHQxIKGoqqb7i4/ksKg6347C4tLyyurmbXs+sbm1nZuZ7dqwlhzqPBQhrruMwNSBFBBgRLqkQamfAk1f3Ax8msPoI0Ig3scRtBSrBeIruAMrdTO7TcRHjHRYGKloEP9Ib27ukxpO5d3C+4YdJ54U5InU5Tbua9mJ+SxggC5ZMY0PDfCVsI0Ci4hzTZjAxHjA9aDhqUBU2BayfiBlB5ZpUO7obYVIB2rvycSpowZKt92KoZ9M+uNxP+8Rozd81YigihGCPhkUTeWFEM6SoN2hAaOcmgJ41rYWynvM8042syyNgRv9uV5Uj0peMVC8fY0X7qZxpEhB+SQHBOPnJESuSZlUiGcpOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AEZDljw=</latexit>

resummed by RGE
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<latexit sha1_base64="QdaLcGe6W3QX1UCutm+KBh6dCbU=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgqiQi1Y1QcONKKtgHNKFMppN26GQSZiZCDcFfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6tpeWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJsKKcCdrUTHPaSSTFUcBpOxhdT/z2A5WKxeJejxPqR3ggWMgI1kbq2YdXyAslJpmTZx5NFOOxyHt2xak6U6BF4hakAgUaPfvL68ckjajQhGOluq6TaD/DUjPCaV72UkUTTEZ4QLuGChxR5WfT63N0YpQ+CmNpSmg0VX9PZDhSahwFpjPCeqjmvYn4n9dNdXjpZ0wkqaaCzBaFKUc6RpMoUJ9JSjQfG4KJZOZWRIbYhKFNYGUTgjv/8iJpnVXdWrV2d16p3xZxlOAIjuEUXLiAOtxAA5pA4BGe4RXerCfrxXq3PmatS1YxcwB/YH3+AIKrlVU=</latexit>

=
0

✏

<latexit sha1_base64="ypw8sZAWtdTRmxFOOlg0dlYPlew=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqewWab0IBS+epIL9gHYts2m2DU2yS5JVytL/4cWDIl79L978N6btHrT1wcDjvRlm5gUxZ9q47reTW1vf2NzKbxd2dvf2D4qHRy0dJYrQJol4pDoBaMqZpE3DDKedWFEQAaftYHw989uPVGkWyXsziakvYChZyAgYKz30hiAE9NNKbYqvcL9YcsvuHHiVeBkpoQyNfvGrN4hIIqg0hIPWXc+NjZ+CMoxwOi30Ek1jIGMY0q6lEgTVfjq/eorPrDLAYaRsSYPn6u+JFITWExHYTgFmpJe9mfif101MeOmnTMaJoZIsFoUJxybCswjwgClKDJ9YAkQxeysmI1BAjA2qYEPwll9eJa1K2auWq3cXpfptFkcenaBTdI48VEN1dIMaqIkIUugZvaI358l5cd6dj0VrzslmjtEfOJ8/Nr2RuQ==</latexit>�27 =
<latexit sha1_base64="TGjMv7aOy/aIFwSulodjElAqzVw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/oFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LslcpV+pXpep9FkceTuAUzsGDa6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwB4s4zG</latexit>

+
<latexit sha1_base64="TGjMv7aOy/aIFwSulodjElAqzVw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/oFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LslcpV+pXpep9FkceTuAUzsGDa6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwB4s4zG</latexit>

+
<latexit sha1_base64="TGjMv7aOy/aIFwSulodjElAqzVw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/oFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LslcpV+pXpep9FkceTuAUzsGDa6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwB4s4zG</latexit>

+ <latexit sha1_base64="YktcE+U08gZyAo3UOL1HbUdU0J4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPBiyepYD+gDWWz2bRrN7thdyKU0v/gxYMiXv0/3vw3btsctPXBwOO9GWbmhangBj3v2ymsrW9sbhW3Szu7e/sH5cOjllGZpqxJlVC6ExLDBJesiRwF66SakSQUrB2ObmZ++4lpw5V8wHHKgoQMJI85JWilVk9ECk2/XPGq3hzuKvFzUoEcjX75qxcpmiVMIhXEmK7vpRhMiEZOBZuWeplhKaEjMmBdSyVJmAkm82un7plVIjdW2pZEd67+npiQxJhxEtrOhODQLHsz8T+vm2F8HUy4TDNkki4WxZlwUbmz192Ia0ZRjC0hVHN7q0uHRBOKNqCSDcFffnmVtC6qfq1au7+s1O/yOIpwAqdwDj5cQR1uoQFNoPAIz/AKb45yXpx352PRWnDymWP4A+fzB8NNj08=</latexit>. . .

<latexit sha1_base64="lW66XasTEr6CZ320tYy5wEGjLHE=">AAAB73icbVBNSwMxEJ2tX7V+rXr0EiyCp7IrUj0WvHgoUsF+QLuUbJptQ5PsmmSFsvRPePGgiFf/jjf/jWm7B219MPB4b4aZeWHCmTae9+0U1tY3NreK26Wd3b39A/fwqKXjVBHaJDGPVSfEmnImadMww2knURSLkNN2OL6Z+e0nqjSL5YOZJDQQeChZxAg2VupkPSVQvT7tu2Wv4s2BVomfkzLkaPTdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm987RWdWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roOsiYTFJDJVksilKOTIxmz6MBU5QYPrEEE8XsrYiMsMLE2IhKNgR/+eVV0rqo+NVK9f6yXLvL4yjCCZzCOfhwBTW4hQY0gQCHZ3iFN+fReXHenY9Fa8HJZ47hD5zPH7Ebj8w=</latexit>

LL
<latexit sha1_base64="+ENQ2UE5/hV6mBMg70MNBMPHyg0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVaT0WvHgopYL9kHYp2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aOEkVoi0Q8Ut0Aa8qZpC3DDKfdWFEsAk47weR27neeqNIskg9mGlNf4JFkISPYWOkx7SuBGvX6bFAsuWV3AbROvIyUIENzUPzqDyOSCCoN4VjrnufGxk+xMoxwOiv0E01jTCZ4RHuWSiyo9tPFwTN0YZUhCiNlSxq0UH9PpFhoPRWB7RTYjPWqNxf/83qJCW/8lMk4MVSS5aIw4chEaP49GjJFieFTSzBRzN6KyBgrTIzNqGBD8FZfXiftq7JXKVfur0u1RhZHHs7gHC7BgyrU4A6a0AICAp7hFd4c5bw4787HsjXnZDOn8AfO5w9PFJAk</latexit>

NLL

[LL, Ciuchini et al., hep-ph/9307364, hep-ph/9311357; NLL, Chetyrkin, Misiak & Münz, hep-ph/9612313]
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g g
<latexit sha1_base64="TGjMv7aOy/aIFwSulodjElAqzVw=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMePEkCZgHJEuYnfQmY2Znl5lZIYR8gRcPinj1k7z5N06SPWhiQUNR1U13V5AIro3rfju5tfWNza38dmFnd2//oHh41NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6Hbmt55QaR7LBzNO0I/oQPKQM2qsVL/oFUtu2Z2DrBIvIyXIUOsVv7r9mKURSsME1brjuYnxJ1QZzgROC91UY0LZiA6wY6mkEWp/Mj90Ss6s0idhrGxJQ+bq74kJjbQeR4HtjKgZ6mVvJv7ndVIT3vgTLpPUoGSLRWEqiInJ7GvS5wqZEWNLKFPc3krYkCrKjM2mYEPwll9eJc3LslcpV+pXpep9FkceTuAUzsGDa6jCHdSgAQwQnuEV3pxH58V5dz4WrTknmzmGP3A+fwB4s4zG</latexit>

+
<latexit sha1_base64="GrWg/6kqUwyLJ8L988YJt5urHNA=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEV2WmaK27ghtXUsE+oB1KJk3b0ExmSO6IZSj4K25cKOLW73Dn35hpZ6GtBwKHc+4l9xw/ElyD43xbuZXVtfWN/GZha3tnd8/eP2jqMFaUNWgoQtX2iWaCS9YADoK1I8VI4AvW8sfXqd96YErzUN7DJGJeQIaSDzglYKSefdQF9ghJ2b2qXuA+J0NFAj3t2UWn5MyAl4mbkSLKUO/ZX91+SOOASaCCaN1xnQi8hCjgVLBpoRtrFhE6JkPWMVSSgGkvmZ0/xadG6eNBqMyTgGfq743EnKQngW8mAwIjveil4n9eJ4ZB1Uu4jGJgks4/GsQCQ4jTLkxexSiISRqcKm5uxXREFKFgGiuYEtzFyMukWS65lVLl7rxYu83qyKNjdILOkIsuUQ3doDpqIIoS9Ixe0Zv1ZL1Y79bHfDRnZTuH6A+szx9KnZUe</latexit>

21985 diagrams

Calculation of 4-loop anomalous dimensions proved to be a challenge due to 
large number of diagrams, emergence of numerous “unphysical” operators as 
ultraviolet subdivergences caused by infrared rearrangement, … 

[Czakon, UH & Misiak, arXiv:0612329]
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zBox1

NNLL calculation would not have 
been possible without (mis)use of 
zBox1 supercomputer, built in 2002 
for cosmological N-body simulations 
by astrophysics group of University 
of Zurich

[Daniel provided funding for zBox4, the great-granddaughter of zBox1]
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[Czakon, UH & Misiak, arXiv:0612329]

dimensions. The Riemann zeta function value ζ(3) ≃ 1.20206 is denoted by ζ3. The number
of active flavours in the effective theory and the sum of their charges are denoted by f and
Q, respectively. For Z17 and Z27, the charge Qu of the charm quark is retained arbitrary.
The incoming quark charge is set to −1

3 in all the expressions for Zi7, which means that they
correspond to the down-type quark q̄q′γ coupling after substituting Qu = 2

3 . For the external
up-type quark case, one should multiply all the terms in Zi7 that come with no charge factor
by −2, and then replace Qu by Qd = −1

3 . The same rule applies to the matrices B(n) that are
given in Eqs. (5.9)–(5.11) at the end of this section. We find

Z17 = − α̃2

ϵ

(
4

243 +
1
3Qu

)
+ α̃3

ϵ

{
1
ϵ

[
− 274

6561 −
40

2187f +
(
130
27 − 8

27f
)
Qu

]
+ 3239

6561 −
32

6561f −
(
352
81

− 1
81f

)
Qu

}
+ α̃4

ϵ

{
1
ϵ2

[
97508
59049 +

487
6561f − 104

6561f
2 −

(
1556
27 − 193

27 f + 2
9f

2
)
Qu − 5

108Q
]

+ 1
ϵ

[
−93353

19683 +
94513
236196f − 100

19683f
2 +

(
47807
648 − 599

81 f + 1
81f

2
)
Qu − 245

972Q
]
− 1385935

8503056 −
20435
6561 ζ3

+
(

46625
354294 +

91
729ζ3

)
f + 70

19683f
2 +

[
14797
432 + 8381

162 ζ3 +
(
11969
5832 − 8

81ζ3
)
f + 79

1458f
2
]
Qu

+
(
3695
3888 −

25
54ζ3

)
Q
}
,

Z18 = 167
648

α̃2

ϵ + α̃3

ϵ

[
1
ϵ

(
−6098

2187 +
1373
5832f

)
− 40655

34992 +
431

34992f
]
+ α̃4

ϵ

[
1
ϵ2

(
11512021
314928 − 313309

52488 f + 839
3888f

2
)

+ 1
ϵ

(
7084465
839808 + 575321

314928f + 659
34992f

2
)
− 490821325

22674816 − 368107
8748 ζ3 −

(
2647291
944784 + 10381

3888 ζ3
)
f − 1955

52488f
2
]
,

Z27 = α̃2

ϵ

(
8
81 + 2Qu

)
+ α̃3

ϵ

{
1
ϵ

[
−4636

2187 +
80
729f −

(
206
9 − 16

9 f
)
Qu

]
+ 6698

2187 +
64

2187f +
(
128
27

− 2
27f

)
Qu

}
+ α̃4

ϵ

{
1
ϵ2

[
560390
19683 − 7400

2187f + 208
2187f

2 +
(
4379
18 − 323

9 f + 4
3f

2
)
Qu +

5
18Q

]

+ 1
ϵ

[
−735973

13122 + 173111
39366 f + 200

6561f
2 −

(
39427
216 − 613

27 f + 2
27f

2
)
Qu +

245
162Q

]
+ 3142663

1417176 +
5068
2187ζ3

−
(
79754
59049 +

146
243ζ3

)
f − 140

6561f
2 +

[
11699
36 − 6140

27 ζ3 −
(
17153
972 + 128

27 ζ3
)
f − 79

243f
2
]
Qu

+
(
−3695

648 + 25
9 ζ3

)
Q
}
,

Z28 = 19
27

α̃2

ϵ + α̃3

ϵ

[
1
ϵ

(
−23063

2916 + 571
972f

)
+ 5167

2916 −
917
5832f

]
+ α̃4

ϵ

[
1
ϵ2

(
10632025
104976 − 63787

4374 f + 161
324f

2
)

− 1
ϵ

(
11481667
139968 − 714847

52488 f + 1307
5832f

2
)
+ 252836197

3779136 − 487691
5832 ζ3 −

(
6112793
629856 + 1679

648 ζ3
)
f − 2489

17496f
2
]
,

Z37 = 16
81

α̃2

ϵ + α̃3

ϵ

[
1
ϵ

(
−18236

2187 + 160
729f + 4Q

)
+ 49144

2187 − 1816
2187f − 56

9 Q
]
+ α̃4

ϵ

{
1
ϵ2

[
2436463
19683 − 27850

2187 f

+ 416
2187f

2 −
(
1265
18 − 14

3 f
)
Q
]
+ 1

ϵ

[
−10574227

26244 + 1737559
39366 f − 5864

6561f
2 +

(
76669
648 − 22

3 f
)
Q
]

+ 141396541
708588 − 59074

2187 ζ3 −
(
13789403
472392 + 598

243ζ3
)
f − 244

6561f
2 +

[
18007
324 − 56

3 ζ3 −
(

1
27 +

8
9ζ3
)
f
]
Q
}
,

Z38 = 92
27

α̃2

ϵ + α̃3

ϵ

[
1
ϵ

(
−63293

1458 + 4085
972 f

)
+ 87031

1458 − 3361
1458f

]
+ α̃4

ϵ

[
1
ϵ2

(
32831857
52488 − 3821329

34992 f + 2891
648 f

2
)

+ 1
ϵ

(
−97744615

69984 + 73524781
419904 f − 19453

5832 f
2
)
+ 176999365

118098 − 1095749
2916 ζ3 −

(
248941103
5038848 + 505

162ζ3
)
f

+
(
27313
34992 −

5
18ζ3

)
f 2
]
,

Z47 = − α̃2

ϵ

(
170
243 −

8
81f

)
+ α̃3

ϵ

[
1
ϵ

(
59824
6561 − 148

81 f + 80
729f

2 + 5
3Q
)
− 104951

6561 + 2774
6561f + 16

2187f
2 − 70

27Q
]
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Large 4-loop anomalous 
dimensions make NNLL & 
NLL comparable in size. 
Cancellation between NLL & 
NNLL contributions results 
in total RGE effects of O(1%)
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Combining our results for various O(α2
s) corrections to the weak radiative B-meson decay, we

are able to present the first estimate of the branching ratio at the next-to-next-to-leading order in
QCD. We find B(B̄ → Xsγ) = (3.15 ± 0.23) × 10−4 for Eγ > 1.6 GeV in the B̄-meson rest frame.
The four types of uncertainties: nonperturbative (5%), parametric (3%), higher-order (3%) and
mc-interpolation ambiguity (3%) have been added in quadrature to obtain the total error.

PACS numbers: 12.38.Bx, 13.20.He

The inclusive radiative B-meson decay provides im-
portant constraints on the minimal supersymmetric stan-
dard model and many other theories of new physics at the
electroweak scale. The power of such constraints depends
on the accuracy of both the experiments and the stan-
dard model (SM) calculations. The latest measurements
by Belle and BABAR are reported in Refs. [1, 2]. The
world average performed by the Heavy Flavor Averaging
Group [3] for Eγ > 1.6 GeV reads

B(B̄ → Xsγ) =
(

3.55 ± 0.24 +0.09
−0.10 ± 0.03

)

× 10−4. (1)

The combined error in the above result is of the same
size as the expected O(α2

s) next-to-next-to-leading or-
der (NNLO) QCD corrections to the perturbative de-
cay width Γ(b → Xparton

s γ), and larger than the known
nonperturbative corrections to the relation Γ(B̄ →
Xsγ) ≃ Γ(b → Xparton

s γ) [4]–[6]. Thus, calculating the
SM prediction for the b-quark decay rate at the NNLO is
necessary for taking full advantage of the measurements.

Evaluating the O(α2
s) corrections to B(b → Xparton

s γ)
is a very involved task because hundreds of three-loop
on-shell and thousands of four-loop tadpole Feynman di-
agrams need to be computed. In a series of papers [7]–
[14], we have presented partial contributions to this en-
terprise. The purpose of the present Letter is to combine
all the existing results and obtain the first estimate of
the branching ratio at the NNLO. We call it an estimate
rather than a prediction because some of the numeri-
cally important contributions have been found using an
interpolation in the charm quark mass, which introduces
uncertainties that are difficult to quantify.

γ

W−b s
t t

FIG. 1: Sample LO diagram for the b → sγ transition.

Let us begin with recalling that the leading-order (LO)
contribution to the considered decay originates from one-
loop diagrams in the SM. An example of such a diagram
is shown in Fig. 1. Dressing this diagram with one or
two virtual gluons gives examples of diagrams that one
encounters at the next-to-leading order (NLO) and the
NNLO. In addition, one should include diagrams describ-
ing the bremsstrahlung of gluons and light quarks.

An additional difficulty in the analysis of the con-
sidered decay is the presence of large logarithms
(αs ln M2

W /m2
b)

n that should be resummed at each or-
der of the perturbation series in αs. To do so, one em-
ploys a low-energy effective theory that arises after de-
coupling the top quark and the heavy electroweak bosons.
Weak interaction vertices (operators) in this theory are
either of dipole type (s̄σµνbFµν , s̄σµνT abGa

µν) or con-
tain four quarks ([s̄Γb][q̄Γ′q]). Coupling constants at
these vertices (Wilson coefficients) are first evaluated
at the electroweak renormalization scale µ0 ∼ mt, MW

by solving the so-called matching conditions. Next,
they are evolved down to the low-energy scale µb ∼ mb
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portant constraints on the minimal supersymmetric stan-
dard model and many other theories of new physics at the
electroweak scale. The power of such constraints depends
on the accuracy of both the experiments and the stan-
dard model (SM) calculations. The latest measurements
by Belle and BABAR are reported in Refs. [1, 2]. The
world average performed by the Heavy Flavor Averaging
Group [3] for Eγ > 1.6 GeV reads

B(B̄ → Xsγ) =
(

3.55 ± 0.24 +0.09
−0.10 ± 0.03

)

× 10−4. (1)

The combined error in the above result is of the same
size as the expected O(α2

s) next-to-next-to-leading or-
der (NNLO) QCD corrections to the perturbative de-
cay width Γ(b → Xparton

s γ), and larger than the known
nonperturbative corrections to the relation Γ(B̄ →
Xsγ) ≃ Γ(b → Xparton

s γ) [4]–[6]. Thus, calculating the
SM prediction for the b-quark decay rate at the NNLO is
necessary for taking full advantage of the measurements.

Evaluating the O(α2
s) corrections to B(b → Xparton

s γ)
is a very involved task because hundreds of three-loop
on-shell and thousands of four-loop tadpole Feynman di-
agrams need to be computed. In a series of papers [7]–
[14], we have presented partial contributions to this en-
terprise. The purpose of the present Letter is to combine
all the existing results and obtain the first estimate of
the branching ratio at the NNLO. We call it an estimate
rather than a prediction because some of the numeri-
cally important contributions have been found using an
interpolation in the charm quark mass, which introduces
uncertainties that are difficult to quantify.
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FIG. 1: Sample LO diagram for the b → sγ transition.

Let us begin with recalling that the leading-order (LO)
contribution to the considered decay originates from one-
loop diagrams in the SM. An example of such a diagram
is shown in Fig. 1. Dressing this diagram with one or
two virtual gluons gives examples of diagrams that one
encounters at the next-to-leading order (NLO) and the
NNLO. In addition, one should include diagrams describ-
ing the bremsstrahlung of gluons and light quarks.

An additional difficulty in the analysis of the con-
sidered decay is the presence of large logarithms
(αs ln M2

W /m2
b)

n that should be resummed at each or-
der of the perturbation series in αs. To do so, one em-
ploys a low-energy effective theory that arises after de-
coupling the top quark and the heavy electroweak bosons.
Weak interaction vertices (operators) in this theory are
either of dipole type (s̄σµνbFµν , s̄σµνT abGa

µν) or con-
tain four quarks ([s̄Γb][q̄Γ′q]). Coupling constants at
these vertices (Wilson coefficients) are first evaluated
at the electroweak renormalization scale µ0 ∼ mt, MW

by solving the so-called matching conditions. Next,
they are evolved down to the low-energy scale µb ∼ mb
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The striking success of the Standard Model in explaining precision data and, at the same
time, its lack of explanations for various fundamental phenomena, such as dark matter
or the baryon asymmetry of the universe, suggests new physics at an energy scale much
larger than the electroweak scale. In the absence of a short-range–long-range conspiracy,
the Standard Model can be viewed as the leading term of an effective ‚remnant‘ theory
(referred to as the SMEFT) of a more fundamental structure. Over the last years, many
aspects of the SMEFT have been investigated and it has become a standard tool to
analyze experimental results in an integral way. In this article, after briefly presenting
the salient features of the Standard Model, we review the construction of the SMEFT.
We discuss the range of its applicability and bounds on its coefficients imposed by
general theoretical considerations. Since new-physics models are likely to exhibit exact or
approximate accidental global symmetries, especially in the flavor sector, we also discuss
their implications for the SMEFT. The main focus of our review is the phenomenological
analysis of experimental results. We show explicitly how to use various effective field
theories to study the phenomenology of theories beyond the Standard Model. We give a
detailed description of the matching procedure and the use of the renormalization group
equations, allowing to connect multiple effective theories valid at different energy scales.
Explicit examples from low-energy experiments and from high-pT physics illustrate the
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Figure 2: The preferred regions at 68% and 95% CL from our combined fit to EWPO and rare

decays are shown as the dark-gray and light-gray ellipses, respectively. The colored bands show

the 68% CL constraints from the individual observables. The star denotes the SM value.

and Br(Bs ! µ+µ�). In addition, we show the region compatible with the measurements
in Table 1 at 68% and 95% CL.

We find that the branching ratio of Bs ! µ+µ� and the T parameter currently lead to
the most stringent constraints. In particular, the combination of the two leads to a strong
bound on both Wilson coe�cients C(1)

�q,33 log(µW /⇤) v2/⇤2 and C�u,33 log(µW /⇤) v2/⇤2, of
the order of a few percent. We note that t-channel single-top production leads to the bound
�0.032 < v2C(1)

�q,33/⇤
2 < 0.044 (cf. Eq. (3.3)). This is weaker than the indirect bounds and

leaves C�u,33 completely unconstrained.
In the future, we expect improvements in the measurement of Br(Bs ! µ+µ�), with

a final uncertainty of ⇠ 5% [55]. In addition, various experiments plan to measure the
branching ratios of the rare K decays with high precision. The NA62 experiment at CERN
aims at a final precision of ⇠10% for the charged mode, which could be improved to ⇠3%
by an experiment at Fermilab [56]. The KOTO experiment aims at a similar precision for
the neutral mode. On the other hand, the bounds from EWPO are mainly obtained from
fits to LEP data and we do not expect any significant improvement within the next few
years. In the right panel of Fig. 2 we show our future projections. As an illustration we
assume a branching ratio measurement of all three rare decay modes with the SM central
values and a precision of 5%. We keep the current constraints from the EWPO, but note
that these bounds could be improved at future e+e� colliders [57].

The indirect constraints on the anomalous tt̄Z couplings are much stronger than the
constraints from direct searches, i.e. from tt̄ + Z production, even after a high-luminosity
upgrade of the LHC. For instance, the authors of Ref. [3] give the bounds �0.04 <

11
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2-loop LL e↵ect
<latexit sha1_base64="9PpXmjMtMmUTnjgezWE/QEHh1O4=">AAACAHicbVC7SgNBFJ31GeMramFhMxgEG8OuSLQM2FgEiWAekIQwO7mbDJndWWbuimFJ46/YWChi62fY+TdOHoUmHhg4nHMvd87xYykMuu63s7S8srq2ntnIbm5t7+zm9vZrRiWaQ5UrqXTDZwakiKCKAiU0Yg0s9CXU/cH12K8/gDZCRfc4jKEdsl4kAsEZWqmTO2whPGLqnUmlYlouUwgC4Djq5PJuwZ2ALhJvRvJkhkon99XqKp6EECGXzJim58bYTplGwSWMsq3EQMz4gPWgaWnEQjDtdBJgRE+s0qWB0vZFSCfq742UhcYMQ99Ohgz7Zt4bi/95zQSDq3YqojhBiPj0UJBIioqO26BdoW1aObSEcS3sXynvM8042s6ytgRvPvIiqZ0XvGKheHeRL93O6siQI3JMTolHLkmJ3JAKqRJORuSZvJI358l5cd6dj+nokjPbOSB/4Hz+AA7Hlh4=</latexit>

1-loop LL e↵ect

<latexit sha1_base64="8GVI5/D9TRxMyVwOHe2NEE+Uhvg="></latexit>

Cj(µ)

Ci(µ0)
' � �ji

16⇡2
ln

✓
µ0

µ

◆
+

�jm�mi

512⇡4
ln2

✓
µ0

µ

◆

The 2-loop LL effects can be derived from 
the known 1-loop anomalous dimensions. 
The 2-loop anomalous dimensions solely 
generate NLL corrections 

[discussion follows Buras & Jung, 1804.05852]



Examples of 2-loop LL effects
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<latexit sha1_base64="3YawCDYq63I9NeWJsQaNmMP1nVg="></latexit>

CH⇤(µ) /
y4
t

(4⇡)4
C(1)

tt
(µ0) ln

2

✓
µ0

µ

◆
,

CHG(µ) /
g3
s
y2
t

(4⇡)4
CG(µ0) ln

2

✓
µ0

µ

◆
,

CHW (µ) / g2ybyt
(4⇡)4

C(1)
qtqb

(µ0) ln
2

✓
µ0

µ

◆
, . . .

[UH, unpublished]



2-loop LL effects in gg→h
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<latexit sha1_base64="0tnq+6BMM+tK4LIJqWdyl9Ntc64="></latexit>

�g ' 12⇡2

↵s

�HG,tG�tG,G

512⇡4

v2

⇤2
CG(⇤) ln

2

✓
⇤

mh

◆

' �27gsy2t
8⇡

v2

⇤2
CG(⇤) ln

2

✓
⇤

mh

◆
' �0.09CG(2TeV)

[UH, unpublished]



2-loop LL effects in gg→h
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<latexit sha1_base64="0tnq+6BMM+tK4LIJqWdyl9Ntc64="></latexit>

�g ' 12⇡2

↵s

�HG,tG�tG,G

512⇡4

v2

⇤2
CG(⇤) ln

2

✓
⇤

mh

◆

' �27gsy2t
8⇡

v2

⇤2
CG(⇤) ln

2

✓
⇤

mh

◆
' �0.09CG(2TeV)

A 10% measurement of the signal strength 
in gluon-gluon-fusion Higgs production 
enables setting an indirect bound on the 
triple gluon operator, which is as good or 
better than direct limits obtained from      
di-jet or top-pair production

[UH, unpublished]



<latexit sha1_base64="RGewWNZWNcGHdMe/JOKMXM4wK7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kmq2A9oQ9lsN+3STTbsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpG11O/9ci1ESp+wHHC/YgOYhEKRtFKne69GAyRaq2eeqWyW3FnIMvEy0kZctR7pa9uX7E04jEySY3peG6CfkY1Cib5pNhNDU8oG9EB71ga04gbP5udPCGnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi0/9JX2jOUI4toUwLeythQ6opQ5tS0YbgLb68TJrnFa9aqd5dlGu3eRwFOIYTOAMPLqEGN1CHBjBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCYSZGE</latexit>)

How big are 2-loop NLL effects? 
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<latexit sha1_base64="ozHSWz70PM0JXpaK8VGvTROD5Cg="></latexit>

�
HD,

(1)
qq
(µ) =

3y4
t

2⇡2
, �

HD,
(3)
qq
(µ) =

9y4
t

2⇡2
, �

HD,
(1)
tt
(µ) =

3y4
t

⇡2

<latexit sha1_base64="ZHOYkIezMRtLgR5rWgqq0icvpjE=">AAACHnicbZDLSsNAFIYn9VbrrerSzWAR6qYkotWNULCLrqQFe4GmDZPpJB06k4SZiVBCn8SNr+LGhSKCK30bp20WtfWHgZ/vnMOZ87sRo1KZ5o+RWVvf2NzKbud2dvf2D/KHRy0ZxgKTJg5ZKDoukoTRgDQVVYx0IkEQdxlpu6O7ab39SISkYfCgxhHpceQH1KMYKY2c/FXDSWrVCbyFxVrfHiDfJwJWHZvHsHbet5FUi7w/59DJF8ySORNcNVZqCiBV3cl/2YMQx5wECjMkZdcyI9VLkFAUMzLJ2bEkEcIj5JOutgHiRPaS2XkTeKbJAHqh0C9QcEYXJxLEpRxzV3dypIZyuTaF/9W6sfJuegkNoliRAM8XeTGDKoTTrOCACoIVG2uDsKD6rxAPkUBY6URzOgRr+eRV07ooWeVSuXFZqNyncWTBCTgFRWCBa1ABNVAHTYDBE3gBb+DdeDZejQ/jc96aMdKZY/BHxvcv8Iaf8g==</latexit>

QHD = (H†
DµH)⇤(H†

D
µ
H)

t

t t

t

t

Qtt
(1)

H

H

H

H

t t

t

[based on UH & Schnell, 2410.13304; unpublished]



How big are 2-loop NLL effects? 
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<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact
<latexit sha1_base64="KLBSkX4TIOGCazaLZ0+ljzVCqNI=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBVZkRqS4LunBZwT6gLSWT3rahSWZI7ohlqBt/xY0LRdz6F+78G9PHQlsPXDicc29y7wljKSz6/re3tLyyurae2chubm3v7Ob29qs2SgyHCo9kZOohsyCFhgoKlFCPDTAVSqiFg6uxX7sHY0Wk73AYQ0uxnhZdwRk6qZ07bCI8YGrAJkpBhzLN5BAFH7Vzeb/gT0AXSTAjeTJDuZ37anYinijQyCWzthH4MbZSZtxrEkbZZmIhZnzAetBwVDMFtpVOLhjRE6d0aDcyrjTSifp7ImXK2qEKXadi2Lfz3lj8z2sk2L1spULHCYLm04+6iaQY0XEctCMMcJRDRxg3wu1KeZ8ZxtGFlnUhBPMnL5LqWSEoFoq35/nS9SyODDkix+SUBOSClMgNKZMK4eSRPJNX8uY9eS/eu/cxbV3yZjMH5A+8zx+DtZeY</latexit>

resummed analytic
<latexit sha1_base64="CGG9u7V8XIYZuAe3vdYAvyvOdVU=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArEj0G9OAhSATzgGQJs5NOMmT2wUyvGJb4K148KOLVD/Hm3zhJ9qDRgoaiqpvuLj+WQqPjfFm5ldW19Y38ZmFre2d3z94/aOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vpz5rXtQWkThHU5i8AI2DMVAcIZG6tnFLsIDpje1GmWcJ4ohTHt2ySk7c9C/xM1IiWSo9+zPbj/iSQAhcsm07rhOjF7KFAouYVroJhpixsdsCB1DQxaA9tL58VN6bJQ+HUTKVIh0rv6cSFmg9STwTWfAcKSXvZn4n9dJcHDhpSKME4SQLxYNEkkxorMkaF8o4CgnhjCuhLmV8hFTjKPJq2BCcJdf/kuap2W3Uq7cnpWqV1kceXJIjsgJcck5qZJrUicNwsmEPJEX8mo9Ws/Wm/W+aM1Z2UyR/IL18Q3AjZTd</latexit>

NLL accurate
<latexit sha1_base64="GBROdY8Nqp5UZwPHFlLroXoBjWo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArEj0G9OAhhwjmAckSZiedZMjsg5leSVjyK148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4shUbH+bZyG5tb2zv53cLe/sHhkX1cbOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vp37rSdQWkThI05j8AI2DMVAcIZG6tnFLsIE01qNMs4TxRBmPbvklJ0F6DpxM1IiGeo9+6vbj3gSQIhcMq07rhOjlzKFgkuYFbqJhpjxMRtCx9CQBaC9dHH7jJ4bpU8HkTIVIl2ovydSFmg9DXzTGTAc6VVvLv7ndRIc3HipCOMEIeTLRYNEUozoPAjaFwo4yqkhjCthbqV8xBTjaOIqmBDc1ZfXSfOy7FbKlYerUvUuiyNPTskZuSAuuSZVck/qpEE4mZBn8krerJn1Yr1bH8vWnJXNnJA/sD5/AB7slIU=</latexit>

LL accurate

[based on UH & Schnell, 2410.13304; unpublished]



How big are 2-loop NLL effects? 
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<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact
<latexit sha1_base64="KLBSkX4TIOGCazaLZ0+ljzVCqNI=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBVZkRqS4LunBZwT6gLSWT3rahSWZI7ohlqBt/xY0LRdz6F+78G9PHQlsPXDicc29y7wljKSz6/re3tLyyurae2chubm3v7Ob29qs2SgyHCo9kZOohsyCFhgoKlFCPDTAVSqiFg6uxX7sHY0Wk73AYQ0uxnhZdwRk6qZ07bCI8YGrAJkpBhzLN5BAFH7Vzeb/gT0AXSTAjeTJDuZ37anYinijQyCWzthH4MbZSZtxrEkbZZmIhZnzAetBwVDMFtpVOLhjRE6d0aDcyrjTSifp7ImXK2qEKXadi2Lfz3lj8z2sk2L1spULHCYLm04+6iaQY0XEctCMMcJRDRxg3wu1KeZ8ZxtGFlnUhBPMnL5LqWSEoFoq35/nS9SyODDkix+SUBOSClMgNKZMK4eSRPJNX8uY9eS/eu/cxbV3yZjMH5A+8zx+DtZeY</latexit>

resummed analytic
<latexit sha1_base64="CGG9u7V8XIYZuAe3vdYAvyvOdVU=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArEj0G9OAhSATzgGQJs5NOMmT2wUyvGJb4K148KOLVD/Hm3zhJ9qDRgoaiqpvuLj+WQqPjfFm5ldW19Y38ZmFre2d3z94/aOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vpz5rXtQWkThHU5i8AI2DMVAcIZG6tnFLsIDpje1GmWcJ4ohTHt2ySk7c9C/xM1IiWSo9+zPbj/iSQAhcsm07rhOjF7KFAouYVroJhpixsdsCB1DQxaA9tL58VN6bJQ+HUTKVIh0rv6cSFmg9STwTWfAcKSXvZn4n9dJcHDhpSKME4SQLxYNEkkxorMkaF8o4CgnhjCuhLmV8hFTjKPJq2BCcJdf/kuap2W3Uq7cnpWqV1kceXJIjsgJcck5qZJrUicNwsmEPJEX8mo9Ws/Wm/W+aM1Z2UyR/IL18Q3AjZTd</latexit>

NLL accurate
<latexit sha1_base64="GBROdY8Nqp5UZwPHFlLroXoBjWo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArEj0G9OAhhwjmAckSZiedZMjsg5leSVjyK148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4shUbH+bZyG5tb2zv53cLe/sHhkX1cbOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vp37rSdQWkThI05j8AI2DMVAcIZG6tnFLsIE01qNMs4TxRBmPbvklJ0F6DpxM1IiGeo9+6vbj3gSQIhcMq07rhOjlzKFgkuYFbqJhpjxMRtCx9CQBaC9dHH7jJ4bpU8HkTIVIl2ovydSFmg9DXzTGTAc6VVvLv7ndRIc3HipCOMEIeTLRYNEUozoPAjaFwo4yqkhjCthbqV8xBTjaOIqmBDc1ZfXSfOy7FbKlYerUvUuiyNPTskZuSAuuSZVck/qpEE4mZBn8krerJn1Yr1bH8vWnJXNnJA/sD5/AB7slIU=</latexit>

LL accurate
<latexit sha1_base64="njoBHQJkf8ct9HmB0+QYmsgoKi4=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCF8OuSPQY0IPHCOYBSQizk04yZHZnmemVhCX+ihcPinj1Q7z5N04eB00saCiquunuCmIpDHret5NZW9/Y3Mpu53Z29/YP3MOjmlGJ5lDlSirdCJgBKSKookAJjVgDCwMJ9WB4M/Xrj6CNUNEDjmNoh6wfiZ7gDK3UcfMthBGmMGIcqX8ulYonHbfgFb0Z6CrxF6RAFqh03K9WV/EkhAi5ZMY0fS/Gdso0Ci5hkmslBmLGh6wPTUsjFoJpp7PjJ/TUKl3aU9pWhHSm/p5IWWjMOAxsZ8hwYJa9qfif10ywd91ORRQnCBGfL+olkqKi0yRoV2jgKMeWMK6FvZXyAdM2CJtXzobgL7+8SmoXRb9ULN1fFsq3iziy5JickDPikytSJnekQqqEkzF5Jq/kzXlyXpx352PemnEWM3nyB87nD8FwlNw=</latexit>

exact 1-loop

[based on UH & Schnell, 2410.13304; unpublished]
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<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact
<latexit sha1_base64="KLBSkX4TIOGCazaLZ0+ljzVCqNI=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBVZkRqS4LunBZwT6gLSWT3rahSWZI7ohlqBt/xY0LRdz6F+78G9PHQlsPXDicc29y7wljKSz6/re3tLyyurae2chubm3v7Ob29qs2SgyHCo9kZOohsyCFhgoKlFCPDTAVSqiFg6uxX7sHY0Wk73AYQ0uxnhZdwRk6qZ07bCI8YGrAJkpBhzLN5BAFH7Vzeb/gT0AXSTAjeTJDuZ37anYinijQyCWzthH4MbZSZtxrEkbZZmIhZnzAetBwVDMFtpVOLhjRE6d0aDcyrjTSifp7ImXK2qEKXadi2Lfz3lj8z2sk2L1spULHCYLm04+6iaQY0XEctCMMcJRDRxg3wu1KeZ8ZxtGFlnUhBPMnL5LqWSEoFoq35/nS9SyODDkix+SUBOSClMgNKZMK4eSRPJNX8uY9eS/eu/cxbV3yZjMH5A+8zx+DtZeY</latexit>

resummed analytic
<latexit sha1_base64="CGG9u7V8XIYZuAe3vdYAvyvOdVU=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7ArEj0G9OAhSATzgGQJs5NOMmT2wUyvGJb4K148KOLVD/Hm3zhJ9qDRgoaiqpvuLj+WQqPjfFm5ldW19Y38ZmFre2d3z94/aOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vpz5rXtQWkThHU5i8AI2DMVAcIZG6tnFLsIDpje1GmWcJ4ohTHt2ySk7c9C/xM1IiWSo9+zPbj/iSQAhcsm07rhOjF7KFAouYVroJhpixsdsCB1DQxaA9tL58VN6bJQ+HUTKVIh0rv6cSFmg9STwTWfAcKSXvZn4n9dJcHDhpSKME4SQLxYNEkkxorMkaF8o4CgnhjCuhLmV8hFTjKPJq2BCcJdf/kuap2W3Uq7cnpWqV1kceXJIjsgJcck5qZJrUicNwsmEPJEX8mo9Ws/Wm/W+aM1Z2UyR/IL18Q3AjZTd</latexit>

NLL accurate
<latexit sha1_base64="GBROdY8Nqp5UZwPHFlLroXoBjWo=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArEj0G9OAhhwjmAckSZiedZMjsg5leSVjyK148KOLVH/Hm3zhJ9qCJBQ1FVTfdXX4shUbH+bZyG5tb2zv53cLe/sHhkX1cbOooURwaPJKRavtMgxQhNFCghHasgAW+hJY/vp37rSdQWkThI05j8AI2DMVAcIZG6tnFLsIE01qNMs4TxRBmPbvklJ0F6DpxM1IiGeo9+6vbj3gSQIhcMq07rhOjlzKFgkuYFbqJhpjxMRtCx9CQBaC9dHH7jJ4bpU8HkTIVIl2ovydSFmg9DXzTGTAc6VVvLv7ndRIc3HipCOMEIeTLRYNEUozoPAjaFwo4yqkhjCthbqV8xBTjaOIqmBDc1ZfXSfOy7FbKlYerUvUuiyNPTskZuSAuuSZVck/qpEE4mZBn8krerJn1Yr1bH8vWnJXNnJA/sD5/AB7slIU=</latexit>

LL accurate
<latexit sha1_base64="njoBHQJkf8ct9HmB0+QYmsgoKi4=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCF8OuSPQY0IPHCOYBSQizk04yZHZnmemVhCX+ihcPinj1Q7z5N04eB00saCiquunuCmIpDHret5NZW9/Y3Mpu53Z29/YP3MOjmlGJ5lDlSirdCJgBKSKookAJjVgDCwMJ9WB4M/Xrj6CNUNEDjmNoh6wfiZ7gDK3UcfMthBGmMGIcqX8ulYonHbfgFb0Z6CrxF6RAFqh03K9WV/EkhAi5ZMY0fS/Gdso0Ci5hkmslBmLGh6wPTUsjFoJpp7PjJ/TUKl3aU9pWhHSm/p5IWWjMOAxsZ8hwYJa9qfif10ywd91ORRQnCBGfL+olkqKi0yRoV2jgKMeWMK6FvZXyAdM2CJtXzobgL7+8SmoXRb9ULN1fFsq3iziy5JickDPikytSJnekQqqEkzF5Jq/kzXlyXpx352PemnEWM3nyB87nD8FwlNw=</latexit>

exact 1-loop

The 2-loop LL effects typically capture dominant 2-loop 
corrections. However, in cases where LL and NLL terms 
tend to cancel, 2-loop NLL effects and corrections 
associated with resummation of g and g′ contributions 
need to be included to get accurate results

[based on UH & Schnell, 2410.13304; unpublished]
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<latexit sha1_base64="Lk3rETdRUhQXZRkxcWKOIU8M5ic="></latexit>

�
HWB,

(3)
qq
(µ) = �gg0y2

t

2⇡2

<latexit sha1_base64="K7Yo4zmUFY33mSaazKuEK9LxMgw="></latexit>

QHWB = (H†
�
i
H)W i

µ⌫
B

µ⌫

q

q q

q

q

Qqq
(3)

HH
t

q

WB

[based on UH & Schnell, 2410.13304; unpublished]
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<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact
<latexit sha1_base64="KLBSkX4TIOGCazaLZ0+ljzVCqNI=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBVZkRqS4LunBZwT6gLSWT3rahSWZI7ohlqBt/xY0LRdz6F+78G9PHQlsPXDicc29y7wljKSz6/re3tLyyurae2chubm3v7Ob29qs2SgyHCo9kZOohsyCFhgoKlFCPDTAVSqiFg6uxX7sHY0Wk73AYQ0uxnhZdwRk6qZ07bCI8YGrAJkpBhzLN5BAFH7Vzeb/gT0AXSTAjeTJDuZ37anYinijQyCWzthH4MbZSZtxrEkbZZmIhZnzAetBwVDMFtpVOLhjRE6d0aDcyrjTSifp7ImXK2qEKXadi2Lfz3lj8z2sk2L1spULHCYLm04+6iaQY0XEctCMMcJRDRxg3wu1KeZ8ZxtGFlnUhBPMnL5LqWSEoFoq35/nS9SyODDkix+SUBOSClMgNKZMK4eSRPJNX8uY9eS/eu/cxbV3yZjMH5A+8zx+DtZeY</latexit>

resummed analytic
<latexit sha1_base64="uaEoa1CV62D6gCNcICrqBwcO2j0=">AAACCXicbZC9SgNBFIVn/Y3xL2ppMxgEG8OuSLQMaGEZwcRAEsLdyU0yODu7zNwVw5LWxlexsVDE1jew822cxBRqPDDwcc69DPeEiZKWfP/Tm5tfWFxazq3kV9fWNzYLW9t1G6dGYE3EKjaNECwqqbFGkhQ2EoMQhQqvw5uzcX59i8bKWF/RMMF2BH0te1IAOatT4C3CO8qs1H2Fhyrug5E0iDgIkRogHHUKRb/kT8RnIZhCkU1V7RQ+Wt1YpBFqEgqsbQZ+Qu0MDEmhcJRvpRYTEDfQx6ZDDRHadja5ZMT3ndPlvdi4p4lP3J8bGUTWDqPQTUZAA/s3G5v/Zc2UeqftTOokJdTi+6NeqjjFfFwL70qDgtTQAQhXgRRcDMCAIFde3pUQ/D15FupHpaBcKl8eFyvn0zpybJftsQMWsBNWYResympMsHv2yJ7Zi/fgPXmv3tv36Jw33dlhv+S9fwGbyJrv</latexit>

single-logarithm accurate

[based on UH & Schnell, 2410.13304; unpublished]
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<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact
<latexit sha1_base64="KLBSkX4TIOGCazaLZ0+ljzVCqNI=">AAACAXicbVDLSgMxFM34rPVVdSO4CRbBVZkRqS4LunBZwT6gLSWT3rahSWZI7ohlqBt/xY0LRdz6F+78G9PHQlsPXDicc29y7wljKSz6/re3tLyyurae2chubm3v7Ob29qs2SgyHCo9kZOohsyCFhgoKlFCPDTAVSqiFg6uxX7sHY0Wk73AYQ0uxnhZdwRk6qZ07bCI8YGrAJkpBhzLN5BAFH7Vzeb/gT0AXSTAjeTJDuZ37anYinijQyCWzthH4MbZSZtxrEkbZZmIhZnzAetBwVDMFtpVOLhjRE6d0aDcyrjTSifp7ImXK2qEKXadi2Lfz3lj8z2sk2L1spULHCYLm04+6iaQY0XEctCMMcJRDRxg3wu1KeZ8ZxtGFlnUhBPMnL5LqWSEoFoq35/nS9SyODDkix+SUBOSClMgNKZMK4eSRPJNX8uY9eS/eu/cxbV3yZjMH5A+8zx+DtZeY</latexit>

resummed analytic
<latexit sha1_base64="uaEoa1CV62D6gCNcICrqBwcO2j0=">AAACCXicbZC9SgNBFIVn/Y3xL2ppMxgEG8OuSLQMaGEZwcRAEsLdyU0yODu7zNwVw5LWxlexsVDE1jew822cxBRqPDDwcc69DPeEiZKWfP/Tm5tfWFxazq3kV9fWNzYLW9t1G6dGYE3EKjaNECwqqbFGkhQ2EoMQhQqvw5uzcX59i8bKWF/RMMF2BH0te1IAOatT4C3CO8qs1H2Fhyrug5E0iDgIkRogHHUKRb/kT8RnIZhCkU1V7RQ+Wt1YpBFqEgqsbQZ+Qu0MDEmhcJRvpRYTEDfQx6ZDDRHadja5ZMT3ndPlvdi4p4lP3J8bGUTWDqPQTUZAA/s3G5v/Zc2UeqftTOokJdTi+6NeqjjFfFwL70qDgtTQAQhXgRRcDMCAIFde3pUQ/D15FupHpaBcKl8eFyvn0zpybJftsQMWsBNWYResympMsHv2yJ7Zi/fgPXmv3tv36Jw33dlhv+S9fwGbyJrv</latexit>

single-logarithm accurate

[based on UH & Schnell, 2410.13304; unpublished]

To obtain precise results in the studied case, one must 
numerically integrate the coupled RGEs, including the 
2-loop anomalous dimensions, rather than relying on 
analytic solutions. Tools such as DsixTools, RGESolver 
or Wilson are well-suited for this purpose 



<latexit sha1_base64="RGewWNZWNcGHdMe/JOKMXM4wK7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kmq2A9oQ9lsN+3STTbsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpG11O/9ci1ESp+wHHC/YgOYhEKRtFKne69GAyRaq2eeqWyW3FnIMvEy0kZctR7pa9uX7E04jEySY3peG6CfkY1Cib5pNhNDU8oG9EB71ga04gbP5udPCGnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi0/9JX2jOUI4toUwLeythQ6opQ5tS0YbgLb68TJrnFa9aqd5dlGu3eRwFOIYTOAMPLqEGN1CHBjBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCYSZGE</latexit>)

New 2-loop anomalous dimensions @ work
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T 2 [�0.23, 0.25]

<latexit sha1_base64="feBO0rASceKNTsDJ5cSwF42eN/0="></latexit>
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[based on UH & Schnell, 2410.13304; unpublished]
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C(3)
qq

⇤2
2 [�63.2, 95.5]

TeV2

<latexit sha1_base64="GrKoKabXH5QvaTmgwjxPCMw3nVg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1qSUqrLghtXUtE+IA1lMp20QyeTMDMRaij+ihsXirj1P9z5N04fC60euHA4517uvSdIOFPacb6s3NLyyupafr2wsbm1vWPv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQwvJ37rnkrFYnGnRwn1I9wXLGQEayN17YNb1GECeWdOqVw5RU7JrfqoaxedkjMF+kvcOSnCHPWu/dnpxSSNqNCEY6U810m0n2GpGeF0XOikiiaYDHGfeoYKHFHlZ9Prx+jYKD0UxtKU0Giq/pzIcKTUKApMZ4T1QC16E/E/z0t1eOFnTCSppoLMFoUpRzpGkyhQj0lKNB8Zgolk5lZEBlhiok1gBROCu/jyX9Ism8RK1ZtKsXY9jyMPh3AEJ+DCOdTgCurQAAIP8AQv8Go9Ws/Wm/U+a81Z85l9+AXr4xuhZ5Iq</latexit>

S 2 [�0.24, 0.16]

[based on UH & Schnell, 2410.13304; unpublished]

<latexit sha1_base64="RGewWNZWNcGHdMe/JOKMXM4wK7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kmq2A9oQ9lsN+3STTbsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpG11O/9ci1ESp+wHHC/YgOYhEKRtFKne69GAyRaq2eeqWyW3FnIMvEy0kZctR7pa9uX7E04jEySY3peG6CfkY1Cib5pNhNDU8oG9EB71ga04gbP5udPCGnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi0/9JX2jOUI4toUwLeythQ6opQ5tS0YbgLb68TJrnFa9aqd5dlGu3eRwFOIYTOAMPLqEGN1CHBjBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCYSZGE</latexit>)
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<latexit sha1_base64="RGewWNZWNcGHdMe/JOKMXM4wK7k=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4kmq2A9oQ9lsN+3STTbsTpQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpG11O/9ci1ESp+wHHC/YgOYhEKRtFKne69GAyRaq2eeqWyW3FnIMvEy0kZctR7pa9uX7E04jEySY3peG6CfkY1Cib5pNhNDU8oG9EB71ga04gbP5udPCGnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi0/9JX2jOUI4toUwLeythQ6opQ5tS0YbgLb68TJrnFa9aqd5dlGu3eRwFOIYTOAMPLqEGN1CHBjBQ8Ayv8Oag8+K8Ox/z1hUnnzmCP3A+fwCYSZGE</latexit>)

<latexit sha1_base64="GrKoKabXH5QvaTmgwjxPCMw3nVg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEF1qSUqrLghtXUtE+IA1lMp20QyeTMDMRaij+ihsXirj1P9z5N04fC60euHA4517uvSdIOFPacb6s3NLyyupafr2wsbm1vWPv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQwvJ37rnkrFYnGnRwn1I9wXLGQEayN17YNb1GECeWdOqVw5RU7JrfqoaxedkjMF+kvcOSnCHPWu/dnpxSSNqNCEY6U810m0n2GpGeF0XOikiiaYDHGfeoYKHFHlZ9Prx+jYKD0UxtKU0Giq/pzIcKTUKApMZ4T1QC16E/E/z0t1eOFnTCSppoLMFoUpRzpGkyhQj0lKNB8Zgolk5lZEBlhiok1gBROCu/jyX9Ism8RK1ZtKsXY9jyMPh3AEJ+DCOdTgCurQAAIP8AQv8Go9Ws/Wm/U+a81Z85l9+AXr4xuhZ5Iq</latexit>

S 2 [�0.24, 0.16]

Indirect 2-loop constraints on Wilson coefficients from 
EW precision measurements can match or even surpass 
the sensitivity of direct tree-level probes (such as 4-top 
production in the examples shown) only if the indirect 
probe receives a LL correction at the 2-loop level

[based on UH & Schnell, 2410.13304; unpublished]
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Electromagnetic Logarithms in B̄ → Xsℓ+ℓ−
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Abstract

The B̄ → Xsℓ+ℓ− decay rate is known at the next-to-next-to-leading order in QCD. It is pro-
portional to αem(µ)2 and has a ±4% scale uncertainty before including the O (αem ln(M2

W/m2
b))

electromagnetic corrections. We evaluate these corrections and confirm the earlier findings of
Bobeth et al.. Furthermore, we complete the calculation of logarithmically enhanced elec-
tromagnetic effects by including also QED corrections to the matrix elements of four-fermion
operators. Such corrections contain a collinear logarithm ln(m2

b/m
2
ℓ) that survives integration

over the low dilepton invariant mass region 1 GeV2 < m2
ℓℓ < 6 GeV2 and enhances the inte-

grated decay rate in this domain. For the low-m2
ℓℓ integrated branching ratio in the muonic case,

we find B(B → Xsµ+µ−) = (1.59± 0.11)× 10−6, where the error includes the parametric and
perturbative uncertainties only. For B(B → Xse+e−), in the current BaBar and Belle setups,
the logarithm of the lepton mass gets replaced by angular cut parameters and the integrated
branching ratio for the electrons is expected to be close to that for the muons.
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[Huber, Lunghi, Misiak & Wyler, hep-ph/0512066]
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Origin of QED logarithms
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Hard collinear emissions of photons result in flavor-dependent logarithms. 
Understanding of effects crucial for precision measurements of RK  , Vcb, …

[see e.g. Bordone, Isidori & Pattori, 1605.07633; Cornella, König & Neubert, 2212.14430 for studies of QED effects in B physics]
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[see e.g. Arbuzov et al., hep-ph/0202102, hep-ph/0205172, hep-ph/0206036 for structure function approach]

LL corrections to spectrum obtained from tree-level result through convolution 
with leading-order lepton-lepton splitting function



Electron energy spectrum in b→ceν

40
[Bigi, Bordone, Gambino, UH & Piccione, 2309.02849]

0.0 0.2 0.4 0.6 0.8
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4

y

f(
y)

<latexit sha1_base64="xAryBILLMc0zTXV4MOrQKA5Mi2s=">AAACP3icjVBNS8NAFNz4WetX1KOXxSJUhJKIVI8FBT1WsFVoYtlsNu3ibhJ2X4QS8s+8+Be8efXiQRGv3tzWHPw6OLAwzMzj7ZsgFVyD4zxYU9Mzs3PzlYXq4tLyyqq9tt7VSaYo69BEJOoyIJoJHrMOcBDsMlWMyECwi+D6aOxf3DCleRKfwyhlviSDmEecEjBS3+56gkWA616kCM1D7J0QKUmRh6MCe4oPhrCDr/K6s1PgXfy/rGuyfbvmNJwJ8G/ilqSGSrT79r0XJjSTLAYqiNY910nBz4kCTgUrql6mWUroNRmwnqExkUz7+eT+Am8bJcRRosyLAU/UrxM5kVqPZGCSksBQ//TG4l9eL4Po0M95nGbAYvq5KMoEhgSPy8QhV4yCGBlCqOLmr5gOiWkHTOVVU4L78+TfpLvXcJuN5tl+rXVc1lFBm2gL1ZGLDlALnaI26iCKbtEjekYv1p31ZL1ab5/RKauc2UDfYL1/ABVOrcI=</latexit>✓
d�

dy

◆(0)

+

✓
d�

dy

◆(1)

<latexit sha1_base64="aLLefBcZa4bO1aA92jlQI4kXEu8=">AAACE3icbVDLSsNAFJ34rPVVdelmsAiti5KIVJcFBV1WsA9oaplMJu3QmSTM3Agl5B/c+CtuXCji1o07/8bpY6GtBy4czrmXe+/xYsE12Pa3tbS8srq2ntvIb25t7+wW9vabOkoUZQ0aiUi1PaKZ4CFrAAfB2rFiRHqCtbzh5dhvPTCleRTewShmXUn6IQ84JWCkXuHEFSwAXHIDRWjqY/eaSEmy1B9l2FW8P4Ayvk9LdjnDvULRrtgT4EXizEgRzVDvFb5cP6KJZCFQQbTuOHYM3ZQo4FSwLO8mmsWEDkmfdQwNiWS6m05+yvCxUXwcRMpUCHii/p5IidR6JD3TKQkM9Lw3Fv/zOgkEF92Uh3ECLKTTRUEiMER4HBD2uWIUxMgQQhU3t2I6ICYdMDHmTQjO/MuLpHlacaqV6u1ZsXY1iyOHDtERKiEHnaMaukF11EAUPaJn9IrerCfrxXq3PqatS9Zs5gD9gfX5Ax26nQ0=</latexit>✓
d�

dy

◆(0)



Electron energy spectrum in b→ceν

41
[Bigi, Bordone, Gambino, UH & Piccione, 2309.02849]

0.0 0.2 0.4 0.6 0.8

-40

-20

0

20

y

f(1
) (y

)
<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact

<latexit sha1_base64="p5ugWUY2TD25the2GO4FVO7Bmfc=">AAACEnicbVC7SgNBFJ31GeMramkzGITYhF2RaBnQwjKCeUA2htnJ3WRwdnaZuSuEJd9g46/YWChia2Xn3zh5FJp4YLiHc+7lzj1BIoVB1/12lpZXVtfWcxv5za3tnd3C3n7DxKnmUOexjHUrYAakUFBHgRJaiQYWBRKawf3l2G8+gDYiVrc4TKATsb4SoeAMrdQtnPhSUV9CiLRE/VAznkXd4O50ZAvYQn0t+gOkJ7RbKLpldwK6SLwZKZIZat3Cl9+LeRqBQi6ZMW3PTbCTMY2CSxjl/dRAwvg960PbUsUiMJ1sctKIHlulR8NY26eQTtTfExmLjBlGge2MGA7MvDcW//PaKYYXnUyoJEVQfLooTCXFmI7zoT2hgaMcWsK4FvavlA+YzQVtinkbgjd/8iJpnJa9Srlyc1asXs3iyJFDckRKxCPnpEquSY3UCSeP5Jm8kjfnyXlx3p2PaeuSM5s5IH/gfP4AG2WcgQ==</latexit>

ln

✓
m2

b

m2
e

◆

<latexit sha1_base64="OaQWgKlFzk8ND2g8gKrxZrAEgKA=">AAACEnicbVC7SgNBFJ31GeMramkzGITYhF2RaBnQwjKCeUA2htnJ3WRwdnaZuSuEJd9g46/YWChia2Xn3zh5FJp4YLiHc+7lzj1BIoVB1/12lpZXVtfWcxv5za3tnd3C3n7DxKnmUOexjHUrYAakUFBHgRJaiQYWBRKawf3l2G8+gDYiVrc4TKATsb4SoeAMrdQtnPhSUV9CiLRE/VAznkVdfnc6sgVsob4W/QHSE9otFN2yOwFdJN6MFMkMtW7hy+/FPI1AIZfMmLbnJtjJmEbBJYzyfmogYfye9aFtqWIRmE42OWlEj63So2Gs7VNIJ+rviYxFxgyjwHZGDAdm3huL/3ntFMOLTiZUkiIoPl0UppJiTMf50J7QwFEOLWFcC/tXygfM5oI2xbwNwZs/eZE0TstepVy5OStWr2Zx5MghOSIl4pFzUiXXpEbqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9wPn8AHP2cgg==</latexit>

ln

✓
m2

c

m2
e

◆



Electron energy spectrum in b→ceν

42
[Bigi, Bordone, Gambino, UH & Piccione, 2309.02849]

0.0 0.2 0.4 0.6 0.8

-40

-20

0

20

y

f(1
) (y

)
<latexit sha1_base64="IpcyyOz7EmMYcztxSOUBIMaLD9s=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0lEqseCHjxWsLXQhLLZTtulm03YnUhL6N/w4kERr/4Zb/4bt20O2vpg4PHeDDPzwkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8Sp5tDksYx1O2QGpFDQRIES2okGFoUSHsPRzcx/fAJtRKwecJJAELGBEn3BGVrJ9xHGmMGYcZx2yxW36s5BV4mXkwrJ0eiWv/xezNMIFHLJjOl4boJBxjQKLmFa8lMDCeMjNoCOpYpFYIJsfvOUnlmlR/uxtqWQztXfExmLjJlEoe2MGA7NsjcT//M6Kfavg0yoJEVQfLGon0qKMZ0FQHtCA0c5sYRxLeytlA+ZtgnYmEo2BG/55VXSuqh6tWrt/rJSv83jKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8wfBC5It</latexit>

exact

<latexit sha1_base64="p5ugWUY2TD25the2GO4FVO7Bmfc=">AAACEnicbVC7SgNBFJ31GeMramkzGITYhF2RaBnQwjKCeUA2htnJ3WRwdnaZuSuEJd9g46/YWChia2Xn3zh5FJp4YLiHc+7lzj1BIoVB1/12lpZXVtfWcxv5za3tnd3C3n7DxKnmUOexjHUrYAakUFBHgRJaiQYWBRKawf3l2G8+gDYiVrc4TKATsb4SoeAMrdQtnPhSUV9CiLRE/VAznkXd4O50ZAvYQn0t+gOkJ7RbKLpldwK6SLwZKZIZat3Cl9+LeRqBQi6ZMW3PTbCTMY2CSxjl/dRAwvg960PbUsUiMJ1sctKIHlulR8NY26eQTtTfExmLjBlGge2MGA7MvDcW//PaKYYXnUyoJEVQfLooTCXFmI7zoT2hgaMcWsK4FvavlA+YzQVtinkbgjd/8iJpnJa9Srlyc1asXs3iyJFDckRKxCPnpEquSY3UCSeP5Jm8kjfnyXlx3p2PaeuSM5s5IH/gfP4AG2WcgQ==</latexit>

ln

✓
m2

b

m2
e

◆

<latexit sha1_base64="OaQWgKlFzk8ND2g8gKrxZrAEgKA=">AAACEnicbVC7SgNBFJ31GeMramkzGITYhF2RaBnQwjKCeUA2htnJ3WRwdnaZuSuEJd9g46/YWChia2Xn3zh5FJp4YLiHc+7lzj1BIoVB1/12lpZXVtfWcxv5za3tnd3C3n7DxKnmUOexjHUrYAakUFBHgRJaiQYWBRKawf3l2G8+gDYiVrc4TKATsb4SoeAMrdQtnPhSUV9CiLRE/VAznkVdfnc6sgVsob4W/QHSE9otFN2yOwFdJN6MFMkMtW7hy+/FPI1AIZfMmLbnJtjJmEbBJYzyfmogYfye9aFtqWIRmE42OWlEj63So2Gs7VNIJ+rviYxFxgyjwHZGDAdm3huL/3ntFMOLTiZUkiIoPl0UppJiTMf50J7QwFEOLWFcC/tXygfM5oI2xbwNwZs/eZE0TstepVy5OStWr2Zx5MghOSIl4pFzUiXXpEbqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9wPn8AHP2cgg==</latexit>

ln

✓
m2

c

m2
e

◆

LL QED effects indeed provide dominant contributions to 
the electron energy spectrum in b→ceν. Motivated by this 
observation, we have calculated the partonic NLL QED 
corrections as well as the LL QED contributions to the 
quadratic and cubic power corrections within the HQE
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In total decay width of b→clν, LL QED corrections are not present as required 
by Kinoshita-Lee-Nauenberg theorem — true also for power-suppressed OPE 
contributions. What are dominant corrections to total decay width? 
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' 1.6%

π2-enhanced QED effects, i.e. so-called Coulomb corrections, arise from 
soft virtual photon exchange from configurations close to charm threshold 
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⇡2-enhanced terms give 1.57%
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⇡2-enhanced terms give 1.57%

The QED corrections to the total decay width of b→clν 
amount to 2.3%. They are dominated by the short-distance 
EW LL contributions, derived by Sirlin in his seminal 1982 
paper, and by π2-enhanced threshold corrections



In BaBar & Belle, photon radiation is removed in analyses of b→ceν 
spectra. Subtraction is performed using PHOTOS, which includes soft & 
collinear radiation from final-state charged leptons & hadrons with 
logarithmic accuracy. It lacks interference between initial- & final-state 
photons, hard & structure-dependent radiative effects as well as virtual 
effects, like π2-enhanced terms. How good are these approximations?

Comparison to experiment 

48
[see e.g. Barberio & Was, Comput. Phys. Commun. 79 for details on PHOTOS]
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Differences between BaBar and our calculation of QED 
effects amount to always less than 0.5σ. Interestingly, the 
inclusion of power corrections tends to improve the 
agreement between calculations of QED effects in the 
branching ratio and the electron energy moments



Conclusions

• Daniel has envisioned and accomplished groundbreaking advancements 

in theoretical particle physics, far ahead of their time: SMEFT, lepto-

quarks, neutrinos, flavor physics, chiral perturbation theory, … 

• While I never collaborated with him, his research has had a significant 

indirect impact on my own work. Yet, it still feels as though I’m the hare 

chasing the hedgehog — Daniel is always out in front.
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Ecut �BRBaBar

incl
�BRLL

incl
�BRNLL

incl
�BR↵

incl
�BR

1/m2
b

incl
�BRincl �

0.6 �1.26% �1.92% �1.95% �0.54% �0.50% �0.45% +0.34

0.8 �1.87% �2.88% �2.91% �1.36% �1.29% �1.22% +0.30

1.0 �2.66% �4.03% �4.04% �2.38% �2.26% �2.15% +0.25

1.2 �3.56% �5.43% �5.41% �3.65% �3.43% �3.27% +0.14

1.5 �5.22% �8.41% �8.26% �6.37% �5.73% �5.39% �0.09

Table 2. Relative size of the QED corrections to BRincl(Ecut). The values of Ecut are given in
units of GeV. The entries in the column �BRBaBar

incl are the corrections obtained by BaBar in [44],
while the numbers for �BRLL

incl, �BR
NLL
incl and �BR↵

incl successively include the LL, NLL and complete
O(↵) corrections to the b ! ce⌫ branching ratio. The �BR

1/m2
b

incl numbers include all partonic QED
effects as well as the LL QED corrections to the O(⇤2

QCD/m
2
b) power corrections. The entries in

the column �BRincl represent our best predictions and include besides all partonic QED effects
the power-suppressed LL QED corrections up to O(⇤3

QCD/m
3
b)

�
see (5.2)

�
. The relative shifts in

standard deviations (�) that we obtain when using our best QED calculation to correct the BaBar
measurements are given in the last column. See main text for additional details.

reduction would be larger by around 0.4% if the constant �11/6 had been included in AEW

and not in f(y)
�
cf. (5.1) and (5.2)

�
. As a result when using our best QED calculation to

correct the BaBar measurements we obtain BRincl(Ecut) values that are on average larger
by about 0.2� than the QED corrected values for BRincl(Ecut) given in [44].

The absolute shift of the QED corrections to `1(Ecut), `2(Ecut) and `3(Ecut) is shown
in the three panels in Figure 7. In order to not spoil the strong cancellations between
the quantum corrections to the numerator and the denominator that enter the normalised
central moments [7, 47] we perform a double-series expansion in ↵ and ⇤QCD/mb when cal-
culating the ratios (4.23). In this expansion we keep all the terms up to the order indicated
by the superscript following the notation introduced in (5.2). We add that we have verified
that the expanded and unexpanded results of the central moments are numerically quite
close together. The black curves correspond to the QED corrections estimated by BaBar
in [44] with the help of PHOTOS, while the red (green) lines represent our LL

�
full O(↵)

�

predictions. The grey bands represent the systematic uncertainties that are associated to
the experimental subtraction procedure of QED corrections performed in [44], while the
black error bars correspond to the total uncertainties of the BaBar measurements. From all
three plots it is evident that the LL QED corrections describe the BaBar corrections pretty
well and that the numerical impact of the non-LL O(↵) corrections is notably smaller in
the case of `1(Ecut), `2(Ecut) and `3(Ecut) than for BRincl(Ecut). Still the inclusion of the
term ↵/⇡

�
�f

(1)(y)� 11/6
�

in the calculation of the central moments in general improves
the agreement between the BaBar and our QED corrections. Also notice that in the case
of `2(Ecut) the differences between the BaBar numbers and our best QED predictions are
within the systematic uncertainty band of the PHOTOS bremsstrahlungs corrections, while
this is not the case for `1(Ecut) and `3(Ecut). Given that the systematic uncertainties as-
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Ecut �`
BaBar
1

�`
LL
1

�`
NLL
1

�`
↵
1

�`
1/m2

b
1

�`1 �

0.6 �1.29% �1.60% �1.58% �1.48% �1.45% �1.42% �0.22

0.8 �1.01% �1.22% �1.20% �1.16% �1.13% �1.10% �0.31

1.0 �0.74% �0.89% �0.88% �0.87% �0.84% �0.82% �0.40

1.2 �0.53% �0.63% �0.62% �0.62% �0.59% �0.58% �0.32

1.5 �0.29% �0.33% �0.32% �0.34% �0.31% �0.30% �0.13

Ecut �`
BaBar
2

�`
LL
2

�`
NLL
2

�`
↵
2

�`
1/m2

b
2

�`2 �

0.6 +0.31% +1.65% +1.43% +0.91% +0.48% +0.50% +0.07

0.8 �0.34% +0.50% +0.34% +0.04% �0.40% �0.33% +0.01

1.0 �1.00% �0.27% �0.38% �0.60% �1.08% �0.95% +0.04

1.2 �1.27% �0.78% �0.85% �1.05% �1.60% �1.42% �0.08

1.5 �1.91% �1.15% �1.18% �1.40% �2.24% �1.93% �0.01

Ecut �`
BaBar
3

�`
LL
3

�`
NLL
3

�`
↵
3

�`
1/m2

b
3

�`3 �

0.6 �17.3% �22.1% �23.1% �22.7% �22.6% �22.5% +0.35

0.8 �42.8% �68.9% �69.2% �66.7% �62.9% �62.9% +0.45

1.0 +63.9% +67.3% +66.3% +63.9% +56.2% +57.6% +0.34

1.2 +11.7% +18.1% +17.6% +17.1% +13.3% +14.7% +0.28

1.5 �0.47% +5.92% +5.69% +5.61% +2.10% +4.69% +0.23

Table 3. Relative size of the QED corrections to the first three central moments of the electron
energy spectrum (4.23). The notation resembles that used in Table 2.

In Table 3 we present a complete breakdown of the individual relative QED corrections
to `1(Ecut), `2(Ecut) and `3(Ecut). All theory predictions are again normalised to the state-
of-the-art QCD results for the central moments [2]. One first notices that while in the case
of `1(Ecut) and `2(Ecut) the relative corrections are at the level of 1% or below, for `3(Ecut)

the �`3(Ecut) values typically exceed 10%. This feature can be traced back to the smallness
of the QCD prediction for `3(Ecut) (cf. Table 1) with `3(0.9GeV) ' 0 leading to a sign
flip of �`3(Ecut) between Ecut = 0.8GeV and Ecut = 1.0GeV. In the case of `1(Ecut),
one furthermore sees that successively including the NLL, the complete O(↵) corrections
as well as the LL QED terms of the O(⇤2

QCD
/m

2

b) and O(⇤3

QCD
/m

3

b) power corrections
steadily improves the agreement between our and the BaBar numbers. As a result, our
best QED predictions differ from the BaBar results by no more than 0.13% for `1(Ecut).
In the case of `2(Ecut) and `3(Ecut), we find that the LL QED corrections of O(⇤2

QCD
/m

2

b)

and O(⇤3

QCD
/m

3

b) are larger than the partonic O(↵) corrections, and that the inclusion of
the former contributions in many cases help to improve the agreement between our and
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Table 3. Relative size of the QED corrections to the first three central moments of the electron
energy spectrum (4.23). The notation resembles that used in Table 2.

In Table 3 we present a complete breakdown of the individual relative QED corrections
to `1(Ecut), `2(Ecut) and `3(Ecut). All theory predictions are again normalised to the state-
of-the-art QCD results for the central moments [2]. One first notices that while in the case
of `1(Ecut) and `2(Ecut) the relative corrections are at the level of 1% or below, for `3(Ecut)

the �`3(Ecut) values typically exceed 10%. This feature can be traced back to the smallness
of the QCD prediction for `3(Ecut) (cf. Table 1) with `3(0.9GeV) ' 0 leading to a sign
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best QED predictions differ from the BaBar results by no more than 0.13% for `1(Ecut).
In the case of `2(Ecut) and `3(Ecut), we find that the LL QED corrections of O(⇤2

QCD
/m

2

b)

and O(⇤3

QCD
/m

3

b) are larger than the partonic O(↵) corrections, and that the inclusion of
the former contributions in many cases help to improve the agreement between our and

– 23 –



Comparison to BaBar 

63

Ecut �`
BaBar
1

�`
LL
1

�`
NLL
1

�`
↵
1

�`
1/m2

b
1

�`1 �

0.6 �1.29% �1.60% �1.58% �1.48% �1.45% �1.42% �0.22

0.8 �1.01% �1.22% �1.20% �1.16% �1.13% �1.10% �0.31

1.0 �0.74% �0.89% �0.88% �0.87% �0.84% �0.82% �0.40

1.2 �0.53% �0.63% �0.62% �0.62% �0.59% �0.58% �0.32

1.5 �0.29% �0.33% �0.32% �0.34% �0.31% �0.30% �0.13

Ecut �`
BaBar
2

�`
LL
2

�`
NLL
2

�`
↵
2

�`
1/m2

b
2

�`2 �

0.6 +0.31% +1.65% +1.43% +0.91% +0.48% +0.50% +0.07

0.8 �0.34% +0.50% +0.34% +0.04% �0.40% �0.33% +0.01

1.0 �1.00% �0.27% �0.38% �0.60% �1.08% �0.95% +0.04

1.2 �1.27% �0.78% �0.85% �1.05% �1.60% �1.42% �0.08

1.5 �1.91% �1.15% �1.18% �1.40% �2.24% �1.93% �0.01

Ecut �`
BaBar
3

�`
LL
3

�`
NLL
3

�`
↵
3

�`
1/m2

b
3

�`3 �

0.6 �17.3% �22.1% �23.1% �22.7% �22.6% �22.5% +0.35

0.8 �42.8% �68.9% �69.2% �66.7% �62.9% �62.9% +0.45

1.0 +63.9% +67.3% +66.3% +63.9% +56.2% +57.6% +0.34

1.2 +11.7% +18.1% +17.6% +17.1% +13.3% +14.7% +0.28

1.5 �0.47% +5.92% +5.69% +5.61% +2.10% +4.69% +0.23

Table 3. Relative size of the QED corrections to the first three central moments of the electron
energy spectrum (4.23). The notation resembles that used in Table 2.

In Table 3 we present a complete breakdown of the individual relative QED corrections
to `1(Ecut), `2(Ecut) and `3(Ecut). All theory predictions are again normalised to the state-
of-the-art QCD results for the central moments [2]. One first notices that while in the case
of `1(Ecut) and `2(Ecut) the relative corrections are at the level of 1% or below, for `3(Ecut)

the �`3(Ecut) values typically exceed 10%. This feature can be traced back to the smallness
of the QCD prediction for `3(Ecut) (cf. Table 1) with `3(0.9GeV) ' 0 leading to a sign
flip of �`3(Ecut) between Ecut = 0.8GeV and Ecut = 1.0GeV. In the case of `1(Ecut),
one furthermore sees that successively including the NLL, the complete O(↵) corrections
as well as the LL QED terms of the O(⇤2

QCD
/m

2

b) and O(⇤3

QCD
/m

3

b) power corrections
steadily improves the agreement between our and the BaBar numbers. As a result, our
best QED predictions differ from the BaBar results by no more than 0.13% for `1(Ecut).
In the case of `2(Ecut) and `3(Ecut), we find that the LL QED corrections of O(⇤2

QCD
/m

2

b)

and O(⇤3

QCD
/m

3

b) are larger than the partonic O(↵) corrections, and that the inclusion of
the former contributions in many cases help to improve the agreement between our and

– 23 –

[Bigi, Bordone, Gambino, UH & Piccione, 2309.02849]



[Bigi, Bordone, Gambino, UH & Piccione, 2309.02849; Finauri & Gambino, 2310.20324]

QED corrections in |Vcb| extraction

64

Correction δBRincl @ lowest Ecut value leads to largest shift of -0.4% 
in |Vcb|.  QED corrections to moments of electron energy spectrum 
instead amount to an effect of +0.2%. Applying our new results for 
the QED corrections to electron energy spectrum & its moments to 
the BaBar data, therefore gives a total modification of around -0.2% 
in |Vcb| compared to an inclusive determination without QED effects



