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Introduction

@ N = 4 Yang Mills is a maximally supersymmetric [']. theory
has been intensively studied over the last 30 years,
especiallly in the large N limit.

® Nonetheless, the spectrum of supersymmetric states in this
theory is still poorly understood, even in the large N limit.

@ In this talk I will review the situation and then present a few
new conjectures about this susy spectrum.

[1] It enjoys invariance under 16 + 16 supercharges. As susy multiplets more than 16 supercharges always have

fields with spin larger than one, this is likely the largest number of susys an interacting QFT can have.
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The special supercharge

@ Complete information about states annihilated by any one
leftmoving charge completely determines the spectrum.
Choose

11 1 1 1
Q~ (Q,Q, Q3,J1,do) = <2.2.2.2.2> (1)

2{0,S}=E—-(J1+h+Q+Q+QK)=A (2)

@ State susy same as A = 0.
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Table of Adjoint Letters in A/ = 4 SYM

Letters | E (JL,JF,') (J1,J2) (Q ,02,03)
X,Y,Z| 1] (0,0) (0, 0) (1,0,0), (0,1,0), (0,0, 1)
Yor | 5] (0,£5) | (£5.F7) (3:2:3)

vio |3 (3.0 (2 %) (2:=2:2) (=3:2:3), (3: 3.~
F.. [2] (1,0 (1,1) (0,0,0)

oy 2] (20| (-2—2) (3:2:2)

D.r | 1] (3,£3)](1,0),(0,1) (0,0,0)

Table: The BPS letters in A/ = 4 Yang-Mills and their charges. Here E
is the energy, J; /g or Ji > label the angular momenta and are related

by J./r = J‘iJZ
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Bosonic and Bose Fermi Cone

@ Charges of Bosonic letters:

vi = (1,0,0,0,0), v, =(0,1,0,0,0), w3 =(0,0,1,0,0)
v = (0,0,0,1,0),  v5=(0,0,0,0,1)
(3)

@ Charges from multiparticling (Bosonic Cone)
¢ >0, (i=1...5) (4)

@ Charges of Fermionic Letters

S A U T N O U U O B A U O |
¢~ \22020222)7" T 20 202'202)0 " T \2020 27272
VAR A
Vg— 555755 ,V10— 2222 2
@ Multiparticling (Bose Fermi Cone). Saturation (1/8)" BPS.



Table of gas modes

Word Ji /3 Ry R, Rs Numerator(n;)
Tr(X™) 0 0 0 m 0 1-d
Tr(pX™) 3]0 0 | m | 1 3¢ 5% _ot- 7
Tr(d)X'") 0] % 1 m 0 e‘% (e—% + e%)
Tr(FX™) 1 0 ] m 0 e vt
Tr (P X™) 0 0 2 m 0 e 3
Tr(y9X™) 3 1 1 m 1 (3e" — 1) (e“F + 1) e =7 —
Tr(F't/_)Xm) 1 % 1 m (0] (e*wTR 4 ewTR> ef%*%
Tr(ypggX™) | 5 | 0 2 m | 1 3¢ %7 e+ 7
Tr(Fy9pX™) | 1 0 2 m 0 o
Tr(Diag®) | 3 | 0 ] 0 |0 (1-e)° (-e#-%)

@ No more than 3 fermionic letters per trace. So gas charges

(at large charge) lie in the Bosonic Cone.
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Black Holes

@ Susy black holes live on the manifold
ik - 1 1,
5 Ta1RB =G+t gG ) |GG+ 0i1Gs + G — 501 +)2)
(7)
subject to the inequalities
1
Nt+Rtats> 0,
ik

- 1310205 > 0,

—_

Q1Q2 + G193 + Q2G3 5(/1 Fjp) > 0. (8)
@ Their entropy is given by

S = N?Sgy(() =2aN?\/ Q1o + Q2Gs + G3G1 — (i + J2) /2
(9)

In bose fermi cone. But almost every boundary point
outside bosonic cone
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The black hole ‘apple’

Figure: Schematic representation of the base of the black hole sheet
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Partition function and reduced chemical potentials

° Zuen — Tre—BE—Q1d—Qod— 01 Qs — Do Qr— D3 0s) (10)
Set
Q_wf% (i=1...2)
. (1)

A=1-H (=1..3)
9]

@ Plugging (11) into (10) we obtain

— —B(E—Ji—o—Q1—Qo— Q) —widy —wodo—p1 Q1 — 2 Qo — 113 Q3
Zsen = Tre xe
(12)

@ In the limit 3 — oo reduces to

Zgps = Trgps € widi—wado—p1 Qr —p2 Qo — 13 Q3 (13)

(11, p2, 13, wq,w2) = (vj) renormalized chemical potentials.
Part fn only convergent when Re(v;) > 0 Vi
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Chemical potentials of susy black holes

@ Define by taking zero temperature limit of nonsusy black
holes. First find Q; = A, = 1. So susy black holes
compute trace on BPS manifold.

@ Next compute renormalized chemical potentials. Obtain all
five vj as function of where you are on black hole manifold.
Find

v=0, 24=(1,1,1,-1,-1)

® Next check whether v; > 0. Find not always the case.

Define surfaces S¥=0% and S*=9 on black hole sheet.
‘Stable’ and ‘unstable’ black holes
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Intersection of surfaces of vanishing ren chem pot with

boundary of black hole

Side View Top View

Figure: All pink boundary curves above are (1/8)" BPS.
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Chemical potentials in black hole sheet: small char

Rank 2
/ GG (j2)
vlis % \Du
R
87 o
NG
Btable \
AV RN
D 5 i N0
. i 4 X0 "
- 8 : SN Rank 2
x A H S 3G (ja)
Rank 2_Joz® b si 4/“ (j2)
H. H, GG (j2) o
3 3/ <0 :»
3 <0
D13

(b) Forjr <0

Figure: Cross section of the B® (apple) at various values of jr and
CI1+E732+QS 1< %
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Chemical potentials in black hole sheet: large charge

L 0\, 7/ Stk >
= Hank 2 S I o Rank 2
2 e Rauk 2 SR r‘ 5 o UK
maf<0 Mg <0
Dis Dis Dis
(a) Forjg=0 (b) For small negative jz (c) For large negative jr

Figure: Cross sections of the B2 (apple) at various values of jg and
GI1+%2+(73 +jL > %
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Grey Galaxy, RBH and DDBH solutions

® These new solutions can approximately be thought of as a
non interacting mix of (vacuum) black holes and ‘gravitons’.
The ‘gravitons’ carry angular momentum in grey galaxy
solutions, but carry SO(6) charge in DDBH solutions.

@ Grey galaxies/ DDBHSs appear in distinct families labeled
by the rank of the SO(4) / SO(6) angular momentum of
their gravitons. Rank also equals twice the number of w;
that are parametrically close to unity (GGs or RBHs) and
twice the number of y; that are close to unity (for DDBHs).
Grey galaxies and RBHs are either of rank 2 or 4, while
DDBHs are of rank 2, 4 or 6.

® Leading large N entropy of these solutions equals the
entropy of the vacuum black hole at centre.

@ These new solutions (rather than vacuum black holes)
dominate the phase diagram of large N N = 4 Yang-Mills
in a band of energies around the BPS plane.
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Susy GGs, RBHs and DDBHS

@ BPS limit. Approx non int mix of susy vacuum black holes
susy ‘gravitons’. Many reasons to believe exactly susy.
RBHSs - supersymmetric descendents of susy black hole
states, so exactly susy. GGs: recent construction of large
classes of fortuitous cohomologies as product of high
angular momentum gravitons with (what appears to be)
core black holes, Direct field theory evidence for some
susy GG states.

@ Susy DDBHs: special dual giants around Gutowski Real
black are supersymmetric, Also of the construction similar
cohomologies on the the field theory side

@ While the SUSY black holes exist only on the black hole
sheet, supersymmetric gravitons carry arbitrary charges
{Z;}, subject only to the restriction Z; > 0 Vi.
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Dressed Concentration Conjecture

@ At leading order in the large N limit, the supersymmetric
entropy of A/ = 4 Yang-Mills at any given values of the
charges {Z;}, is given by

max Sgn(Z), (Z/ <Z Vi=1...5) (14)

1

where the charges Z; lie on the supersymmetric black hole
sheet (7).

@ Reduces computation of large N susy cohomology to a
maximization problem. Easily solved. Phase diagram with
10 different (3 GG and 7 DDBH) phases. Transitions from
GGs to DDBHs through vacuum black holes.
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Superconformal Index

o
5
Zw = Trexp < Z 7/,Z,> where (15)
i=1
V1 + Vo413 — 14— 5 = 20T, (nis an odd integer). (16)
o
n n n n n
71,25, 73,Z4,75) and (z L ALy AL AL _7)
(Z1,22,23,24,2Z5) an 1+ 3 2+223+224 2725 5)
(17)
Same contribution to index upto (—1)”
°
Tw =Y m(Z)(—12E+ B+ 52 B gz (1g)
Z/
n(Z) = (—1)2@+2+23-24 451%:(71)’”,7 (:2172,2272.2372.2472.2572/:),
(19)
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Unobstructed Saddle Conjecture

@ Unobstructed Saddle Conjecture: At leading order in the
large N limit, n;(Z;) equals the maximum of n(Z;) along the
corresponding index line.

@ Together with results of the cohomology, described above,
allows one to compute the superconformal index as a
function of 4 indicial charges. Not too hard to implement.
Find a phase diagram with 9 phases (one vacuum black
hole phase, 2 GG phases and 6 DDBH phases). Definite
prediction for indicial entropy in each phase.

@ Indices parameterized by charges ¢; modulo shifts by .
Can, for instance, use the 6 charges qm, + j; with two
relations. These charges convenient because positive
(Bose Fermi Cone). Space of nontrivial indices a cone over
R*. Base a diamond.
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The Indicial Diamond

Figure: Base of the indicial cone. Every point in the indicial cone is an
index line that passes through some part of the EER, and so yields
and index of order N?. Some index lines intersect black hole sheet,
some dont. No line intersects more than once.
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Black hole sheet on boundary of indicial diamond

@+j1=0

55

H

Figure: On the left figure we have two 1/8 BPS planes g1 +ji2 =0
which touch at ji = j» = 0. The blue curves represent the points
where indicial charges match the black hole charges on this
boundary. On the right, we have depicted the intersection of four such
boundaries: g» + ji = 0 and gy + j; = 0. These surfaces meet at
points where both g; and g, are zero.

Shiraz Minwalla



Top view of boundary of indicial diamond

Top View

Figure: Top view of the boundary of the indicial diamond (the base of
the indicial cone) shown in Figure 6
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Black Hole sheet in ‘equatorial’ horizontal cuts

\H

91+32+4; J1+: 1
(a) For =25 4 152 < ¢

/
1

Jr=0

Stable

M3 0 5
ms<0 |

H

+ao+ j1 -+ 1
(b) For 91 %2 QS+I1212 >§

Figure: Black hole sheet inside the index diamond. The colored part
of the above figures denotes the region of indicial charges that
intersects the black hole sheet and the uncolored region is the space
of indicial charges that do not intersect the black hole sheet.
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Indicial Phase diagram: Small charges

(a) Forji = jo (b) For ji < jo

Figure: Horizontal cross sections of the indicial cone for
Qit+P+as | ith 1
3 T2 <&
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Indicial Phase diagram: Large Charges

(c) For |jg| > |jal
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Indicial Phase diagram: Vertical Cut

Rank 4 il Rank 4

Vacuum 5 Vacuum
Black Hole DDBH E DDBH (5 Black Hole DDBH

(a) For Q1+fg2+0/3 + /1;r/2 < % (b) For Q1+<gz+<73 + 1142r/2 > %

Figure: Vertical cross sections of the indicial diamond indicating the
special (blue) line of indicial charges considered for the equal
charges and unequal angular momentum case.
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Check for g1 = g = g3 = q,

@ In this special case, indicial charges can be chosen as
g +j. and jg. g + j. can be thought of as ‘where on R™’. jr
as ‘where on base’. See previous Fig.

@ Pass through 3 indicial phases, black hole and two GGs. jr
to jg symmetry.

@ At N =10, we Taylor expanded the integrand (in unitary
matrix integral for index) in powers of e* and e“?, and then
evaluated integral term by term. Used that to pull out
microcanonical index (though only at N = 10). Next slide,
comparison between numerics and our prediction at
qg+j.=0.9.
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Data vs prediction

N=10
Seps
0.30 -\
025 N
020" ‘\‘

0.15

0.10-

0.05

' .
I I I I I I T
0.02 0.04 0.06 0.08 0.10 0.12 0.14 IR

Figure: The red dots represent the numerical values of the indicial
entropy, expressed as ﬁ log (|n(Z)]), for N =10,

2(21 + 2> + 23) + 3(24 + Zs) =90, and jg = 2416225 . The blue solid
and dashed lines depict the black hole entropy, determined at the
intersection of the black hole sheet and an index line. The solid line,
combining the blue and orange segments, represents the indicial
entropy Sgps as computed using the Unobstructed Saddle
Conijecture.
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Checkforgi=q=9. ¢:s=q,i=p=]j

@ In this special case, indicial charges can be chosen as
o= 2"T+q' +jr and g — @'. First can be thought of as ‘where
on R, jp as ‘where on base’. See fig on next slide

@ Pass through rank 4 DDBH phase and black hole phase for
a < &, but through rank 4 DDBH phase, black hole phase
and rank 2 DDBH phase for o > {

@ At N =10, we once again compared the numerical N = 10
data with our predictions.
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Passage through indicial phase diagram

!
Hy
! U !
Hy Hj Hj
N+P+a3 | j1the 1 G+%R+9 | jith 1
(a) For =28 - 152 < & (b) For #=—2=5 4 452 > &

Figure: Horizontal cross sections of the indicial diamond depicting the
set of indicial charges (Red line) considered in the two equal charges
and equal angular momentum case.
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Comparison with data

N=10

Sers

-04  -02 7 0.2 0.4 0.6 0.8 2(a'-q)

Figure: The figure compares the numerically computed indicial
entropy (red dots) with the predicted formula (blue and orange solid
lines) at N = 10. The indicial entropy Sgps is calculated as

& In(|n(A1,2Q5 — Q1 — Qy)|), with Ay = 2+%EE 1) = 15 fixed,
while varying 2Q; — Q; — Qz = 2N?(q’ — q). The blue line (solid and
dashed) represents the black hole entropy, determined at the
intersection of the black hole sheet and an index line. The orange line
depicts the entropy of DDBH solutions with p1 = 2 = 0.
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Reason for tail discrepancy

@ Why do tails deviate from both predictions? Reaon.
Gravitons. Extreme right end half BPS. Can analytically
count graviton states. Exact match with last data point.
Deviation from black hole at other points evidence for
DDBHS like states.

@ Left end 1/4 BPS. Again can count states. Again get exact
agreement (for last point) with prediction.

@ This data- while in broad qualitative agreement with our
general predictions- is not as good a check as the previous
data, for two reasons. First our prediction does not deviate
much from the black hole prediction at these accessibble
values of charges. Second, graviton entropy is significant,
and must be accounted for at N = 10.
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Conclusions

@ Input: two conjectures. Reasonable evidence for veracity.
Output: sharp predictions for conomological entropy and
indicial entropy. Some checks of correctness.

@ Nontrivial prediction for susy states as a function of all 5
charges. Prediction of many new indicial phases

@ Urgent to do: Analytically find these new phases in the
unitary matrix integral for the index.
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