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Motivation of our real-time quantum evolution calculation

Studies using EKRT+hydro+BDMPS-Z suggest that energy loss 
must be suppressed in the initial stage of heavy-ion collisions 
[Andres, Armesto, Niemi, Paatelainen, Salgado (2020)]

Classical jet in Glasma studies show that  is very large [Ipp, Müller, 
Schuh (2020)]

̂q

First quantum treatment of the jet interacting with the Glasma 
fields using tBLFQ a light-front Hamiltonian formalism
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See Pablo’s 
talk Tue 16:30 

about the 
Glasma role in 
jet quenching 

effects

See Nicholas 
talk Wed 10:00 
about particle 
production in 
the Glasma



The Color Glass Condensate
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High-energy nuclei before the collision 
can be modeled using Color Glass 

Condensate (CGC)

Based on 
scale 

separation

Large x, static color 
charges

Small x, classical 
color fields

Must follow classical 
Yang-Mills equations

[Dμ, Fμν] = Jν

We work on the MV model, 
where the relevant scale in the 

saturation scale QS



The Glasma fields
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z+z− t

z

1
CGC

2
CGC

3
Glasma

Initial condition for the fields after the 
collision can be derived from the CGC

[Kovner, McLerran, Weigert (1995)]

Classical fields evolve with 
sourceless Yang-Mills equation in 

region (3)
[Dμ, Fμν] = 0

Boost-invariant classical 
Glasma fields

We use real-time lattice gauge 
theory to numerically solve Yang-
Mills equation [Kransnitz, Venugopalan 

(2019)]



Main features of the Glasma fields
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7Features of the glasma
I Physics of glasma determined by the saturation momentum Qs

Flux tubes
I Initially only longitudinal

electric and magnetic fields

Strong fields
I Strong longitudinal fields

dilute after ⌧ ⇠ 1/Qs

Correlation domains
I Fields correlated inside

flux tubes of size ⇠ 1/Qs
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[Fukushima (2016)]

[Ipp, Müller, Schuh (2020)]

The Glasma potential  generates chromo-
electric and chromo-magnetic fields

This fields are correlated inside flux tubes of 
diameter  that expand along the 

longitudinal direction

Initially the chromo-electric and chromo-
magnetic fields only have components along 

the longitudinal direction

𝒜μ

∼ 1/Qs



Jet propagation in the Glasma fields
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z+z−
t

zCGC

Glasma

CGC

Quark 
jet

ℒ = Ψ(x)(iγμDμ − m)Ψ(x)

 where  is the 
classical Glasma background field

There are no quantum gluons because we 
are truncating the quark Fock space to 

the sector, not considering radiation

Dμ = ∂μ − ig𝒜μ 𝒜 = 𝒜ata

|q >

We will study the propagation of a high-
energy quark at mid-rapidity

See Dana’s talk Thu 
15:00 about jet and HQ 
early-time propagation 



The Light-Front Hamiltonian formalism
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H =
1
2 ∫ dx−d2 ⃗x⊥ [ 1

2
Ψ̄γ+ m2 − ∇⊥ 2

i∂+ − g𝒜+
Ψ + gΨ̄(γ+𝒜+ + γi𝒜i)Ψ +

g2

2
Ψ̄γi𝒜i

γ+

i∂+ − g𝒜+
γ j𝒜jΨ]

We will work in the light-front form, where  plays the role of the 
temporal variable

We can obtain the light-front Hamiltonian through the Legendre transform of 
the Lagrangian

x+ = t + x

p+ ≫ 𝒜+

H =
m2 + ( ⃗p⊥ − g ⃗𝒜⊥(x+, ⃗x⊥))

2

2p+
+ g𝒜+(x+, ⃗x⊥) − g

ℬx(x+, ⃗x⊥)σx

2p+



The time-dependent Basis Light Front Quantization (tBLFQ)

Successfully applied to  
and  evolution 

in a MV model field
[Li, Zhao, Maris, Chen, Li, Tuchin, Vary 

(2020)] [Li, Lappi, Zhao (2021)] [Li, 
Lappi, Zhao, Salgado (2023, 2025)]

|q⟩
|q⟩ + |qg⟩
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To numerically define the quark state we expand it in a basis

where or 

|ψ; x+ > = ∑
β

cβ(x+) |β >

|β > = |p+, ⃗p⊥, λ, c > |β > = |p+, ⃗x⊥, λ, c >

Time-evolution contained in the 
coefficients

i
∂

∂x+
|ψ, x+⟩ = H |ψ; x+⟩

c(x+) = 𝒯+ exp [−i∫
x+

0
dtℳ(t)] c(0)

See Meijian’s talk 
Wed 9:30 about 
dressed quarks 
in a colored field



The quantum definition of kinetic momentum
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We can use the quark state to evaluate the quantum expectation value of any 
operator

To compute momentum broadening  we have to define the kinetic 

momentum operator 

⟨𝒪⟩ = ⟨ψ; x+ |𝒪 |ψ; x+⟩
⟨p2

kin⟩

⃗p kin
⊥,H = p+ d ⃗x⊥,H

dx+

Go to the Heisenberg picture, 
where all the time evolution 

information is contained in the 
operators


d𝒪H

dx+
= i[HH, 𝒪H] + ( ∂𝒪

∂x+ )
H

⃗p kin
⊥,H = ip+[HH, ⃗x⊥,H] = ⃗p⊥ − g ⃗𝒜⊥(x+, ⃗x⊥)
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More convenient to define (in the eikonal limit)

where  is the field strength tensor of the classical background color fields 
which can be determined in terms of the chromo-electric and chromo-magnetic 

fields,  and  is the 

time evolution operator

dpkin
i,H

dx+
= i[HH, pkin

i,H] + ( ∂ ⃗p kin
⊥

∂x+ )
H

= gU†(x+,0)ℱi+(x+)U(x+,0)

ℱi+

ℱy/z = ℰy/z + / − ℬz/y U(x+,0) = 𝒯+ exp (−ig∫
x+

0
dξA+(ξ))

We can in principle define momentum broadening directly as , but there is 
some ambiguity in how to subtract the initial value of the momentum

⟨p2
kin,i⟩

Lorentz force operator



Kinetic momentum broadening
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Momentum broadening is then defined as

where 

⟨(δpkin
i (x+))2⟩ =

g2

4 ∫
x+

0
dλ∫

x+

0
dλ′￼⟨⟨ψ; 0 | f̃i(λ)f̃i(λ′￼) |ψ; 0⟩⟩

f̃i(λ) = U†(λ,0)ℱi+(λ)U(λ,0)

Similar to the classical 
calculation [Ipp, Müller, Schuh 
(2020)], but we are treating 
the quark as a quantum 
particle in a classical 
background field

Non negligible momentum broadening 
during the initial stage

Anisotropic broadening with a larger 
contribution in the beam direction
Good agreement with the classical 

calculation [Ipp, Müller, Schuh (2020)]
QS = 1.5 Gev



Canonical momentum broadening and tBLFQ formalism
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Note that kinetic momentum  is not the same 
as the canonical momentum  which is conjugated to the position

⃗p kin
⊥,H = ⃗p⊥ − g ⃗𝒜⊥(x+, ⃗x⊥)

⃗p⊥

⟨p2
i ⟩ = ⟨Ψ; x+ |p2

i |Ψ; x+⟩ = ∑
β

p2
β |cβ(x+) |2

Opposite behavior to kinetic momentum with 
larger broadening in the transverse 

direction
Good agreement with the classical simulation 

for the -direction, not so good for the z-
direction

Not an observable, result is gauge dependent

y



Kinetic and canonical momentum broadening
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Large difference between kinetic 
and canonical momentum in the 

Fock-Schwinger gauge
Canonical momentum contains a 
large gauge field contribution 

which must be extracted to get the 
gauge invariant kinetic momentum



Conclusions…
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•We did the first quantum treatment of a jet inside the Glasma phase

•We found that momentum broadening is large, anisotropic and greater 
in the beam direction than in the transverse direction

•We also computed the canonical momentum, conjugated to the position 
and found that there is a large, gauge dependent difference, between 
kinetic and canonical momentum

and outlook…

•Relax the exact mid-rapidity and eikonal approximations

• Include gluon radiation to compute medium induced energy loss 
inside the Glasma
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Back-up slides



Real-time lattice gauge theory

Gauge fields Wilson lines Gauge links

𝒜μ(x) W[c] = 𝒫 exp (−ig∫c
dxμ𝒜μ(x)) Ux, μ = exp (igaμ𝒜μ(x + aμ/2))

The gauge transformation of the gauge fields  is non-local as it 
involves spatial derivatives

Gauge invariant is then only exact up to same order in 
The solution to have exact gauge invariance is to use as degrees of freedom 

the Wilson lines between neighbor points, the gauge links

𝒜μ(x)

aμ

[Müller (2019)]



The Glasma fields initial condition

[Phys. Rev. D 52, 6231]

Gauge fields
Exponentiation

Wilson lines
Discretization

Gauge links

Imposing boost invariance 

                       A(3)
i (τ = 0) = A(1)

i + A(2)
i Aη(τ = 0) =

ig
2

[A(i)
i , A(2)

i ]

The real-time lattice gauge theory



Improvements to the boost-invariant Glasma

 Glasma using a semi-analytical 
approach in the dilute limit

Including the nucleon structure of the nucleus 
in the Glasma initial conditions, as done in IP-
Glasma

For the scope of this work, the boost-invariant 
Glasma is enough

(3 + 1)D

9

Param. Name Value(s) Unit

Nc No. of colors 3 -

�beam Lorentz factor 100 (R), 2700 (L) -
p
sNN c.m. energya 200 (R), 5400 (L) GeV

R WS radius 6.38 (R), 6.62 (L) fm

d WS skin depth 0.535 (R), 0.546 (L) fm

g YM coupling 1 -

µ MV scale 1 GeV

m IR cuto↵ 0.2, 2.0 GeV

⇤UV UV cuto↵ 10 GeV

⇠ correlation length 0.1, 0.5, 2.0 Rl

b impact parameter 0, 1 R

⌧ proper time 0.2, 0.4, 0.6, 0.8, 1.0 fm/c

a Assuming a nucleon mass of m0 ⇡ 1 GeV.

TABLE I. Physical model parameters and their values in our
calculations with R (L) denoting RHIC (LHC) setups. The
correlation length ⇠ and the impact parameter b are given as
multiples of the Woods-Saxon radius and are therefore di↵er-
ent for RHIC and LHC setups. Without loss of generality, we
always put the impact parameter in transverse x-direction.

We note that the dilute limit di↵ers from the non-
perturbative Glasma in one key aspect: due to the per-
turbative expansion, we find that the MV scale parameter
µ, or more generally the energy scale g2µ, appears in our
analytic results only as a prefactor in fµ⌫ or Tµ⌫ . The
scale g2µ does not appear as a transverse momentum
scale in the dilute limit. Instead, the transverse struc-
ture of the nuclei and the resulting Glasma is determined
solely by the infrared regulator m. We thus interpret m
as the analog of the saturation momentum Qs in the non-
perturbative Glasma, and g2µ as an energy scale that re-
quires calibration using either experimental results or a
fit to a non-perturbative lattice simulation. For example,
using the dilute Glasma as an initial stage for a full simu-
lation of a heavy-ion collision, the parameter g2µ may be
fixed such that the charged particle multiplicity at mid-
rapidity is correctly reproduced at either RHIC or LHC.
In the present work, we simply set g2µ = 1 GeV, keep-
ing in mind that phenomenological applications require
a properly chosen value.

Figure 6 shows a perspective plot of the three-
dimensional local rest frame energy density ✏LRF for a
single Au+Au collision event with an impact parameter
b = R at RHIC energy at ⌧ = 0.4 fm/c. We show trans-
verse and longitudinal slices of the energy distribution
in Fig. 7. In the left panel, we observe the typical al-
mond shape induced by the non-zero impact parameter.
The right panel depicts elongated, approximately boost-
invariant structures with varying transverse extents rem-
iniscent of Glasma color flux tubes [10, 47]. These struc-
tures are analogous to the flux tube structure employed
in several initial state models for describing longitudi-

FIG. 6. Perspective view of the local rest frame energy density
✏LRF of a single collision event at ⌧ = 0.4 fm/c with impact
parameter b = R. RHIC nuclear parameters with ⇠ = 0.5Rl,
m = 0.2µ are used. Lighter colors correlate with larger ✏LRF.
A movie showing di↵erent viewing angles is included in the
Supplemental Material [50].

nal correlations in the initial stage of heavy-ion collisions
[48, 49].

A. Longitudinal structure and flow

The three-dimensional Glasma generated in collisions
of longitudinally extended nuclei has a particular longitu-
dinal structure and flow properties that are qualitatively
di↵erent from the boost-invariant scenario. For practical
reasons, we compute the energy-momentum tensor in a
(shifted) Milne frame, parameterized by proper time ⌧
and spacetime rapidity ⌘s, as discussed in Sec. II D. We
find that the longitudinal flow u⌘ of the collision medium,
i.e. the rapidity component of the four-velocity uµ, de-
viates from the idealized Bjorken case, particularly at
large rapidities. This is in contrast to the boost-invariant
Glasma, where u⌘ exhibits only local fluctuations [51]
and thus T ⌧⌧ can be considered as a reasonable mea-
sure for the energy density of the Glasma. The Milne
frame centered at the collision point is naturally adapted
to the symmetries of the boost-invariant Glasma, which
(assuming negligible dynamics in the transverse direc-
tion) expands with u⌧ = 1 and u⌘ = 0, known as free
streaming. As argued in Sec. II D, there is no unique
Milne frame for a collision of longitudinally extended nu-
clei. The shifted origin of the Milne frame compared to
the collision center, along with the extended collision re-
gion leads to a violation of the free streaming behavior.
The three-dimensional Glasma picks up a considerable

[Ipp, Leuthner, Müller, Schliting, 
Schmidt, Singh (2019)]
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where ta are the generators of SU(Nc) in the fundamental
representation (The cell index j is omitted here). The
N2

c −1 equations (4) are highly non-linear and for Nc = 3
are solved iteratively.
The total energy density on the lattice at τ = 0 is given

by

ε(τ = 0) =
2

g2a4
(Nc − Re trU!) +

1

g2a4
trE2

η , (5)

where the first term is the longitudinal magnetic energy,
with the plaquette given by U j

!
= Ux

j Uy
j+x̂ U

x†
j+ŷ U

y†
j .

The explicit lattice expression for the longitudinal elec-
tric field in the second term can be found in Refs. [32, 34].
We note that the boost-invariant CYM framework ne-
glects fluctuations in the rapidity direction. Anisotropic
flow at mid-rapdity is dominated by fluctuations in the
transverse plane but fluctuations in rapidity could have
an effect on the dissipative evolution; the framework to
describe these effects has been developed [35] and will
be addressed in future work. Other rapidity dependent
initial conditions are discussed in Ref. [36].
In Fig. 1 we show the event-by-event fluctuation in

the initial energy per unit rapidity. The mean was ad-
justed to reproduce particle multiplicities after hydro-
dynamic evolution. This and all following results are for
Au+Au collisions at RHIC energies (

√
s = 200AGeV) at

midrapidity. The best fit is given by a negative binomial
(NBD) distribution, as predicted in the Glasma flux tube
framework [37]; our result adds further confirmation to a
previous non-perturbative study [38]. The fact that the
Glasma NBD distribution fits p+p multiplicity distribu-
tions over RHIC and LHC energies [24] lends confidence
that our picture includes fluctuations properly.
We now show the energy density distribution in the

transverse plane in Fig. 2. We compare to the MC-KLN
model and to an MC-Glauber model that was tuned to
reproduce experimental data [4, 8]. In the latter, for ev-
ery participant nucleon, a Gaussian distributed energy
density is added. Its parameters are the same for ev-
ery nucleon in every event, with the width chosen to be
0.4 fm to best describe anisotropic flow data. We will
also present results for a model where the same Gaus-
sians are assigned to each binary collision. The resulting
initial energy densities differ significantly. In particular,
fluctuations in the IP-Glasma occur on the length-scale
Q−1

s (x⊥), leading to finer structures in the initial energy
density relative to the other models. As noted in [25],
this feature of CGC physics is missing in the MC-KLN
model.
We next determine the participant ellipticity ε2 and

triangularity ε3 of all models. Final flow of hadrons vn is
to good approximation proportional to the respective εn
[39], which makes these eccentricities a good indicator of
what to expect for vn. We define

εn =

√

〈rn cos(nφ)〉2 + 〈rn sin(nφ)〉2
〈rn〉

, (6)

FIG. 2. (Color online) Initial energy density (arbitrary units)
in the transverse plane in three different heavy-ion collision
events: from top to bottom, IP-Glasma, MC-KLN and MC-
Glauber [8] models.

where 〈·〉 is the energy density weighted average. The re-
sults from averages over ∼ 600 events for each point plot-
ted are shown in Fig. 3. The ellipticity is largest in the
MC-KLN model and smallest in the MC-Glauber model
with participant scaling of the energy density (Npart).
The result of the present calculation lies in between,
agreeing well with the MC-Glauber model using binary
collision scaling (Nbinary). We note however that this
agreement is accidental; binary collision scaling of eccen-
tricities, as shown explicitly in a previous work applying
average CYM initial conditions [40], does not imply bi-
nary collision scaling of multiplicities.
The triangularities are very similar, with the MC-KLN

result being below the other models for most impact pa-
rameters. Again, the present calculation is closest to the
MC-Glauber model with binary collision scaling. There
is no parameter dependence of eccentricities and trian-
gularities in the IP-Glasma results shown in Fig. 3. It
is reassuring that both are close to those from the MC-
Glauber model because the latter is tuned to reproduce
data even though it does not have dynamical QCD fluc-
tuations.
We have checked that our results for ε2, ε3 are insensi-

[Schenke, Tribedy, Venugopalan (2012)]



The eikonal Light-Front Hamiltonian

Taking the limit  and neglecting terms suppressed by p+ → ∞ p+

H =
g
2 ∫ dx−d2 ⃗x⊥Ψ̄γ+𝒜+Ψ

In the eikonal limit only the  
components of the classical 

background field appear in the 
Hamiltonian, violations of the LC 

gauge condition  are 
suppressed as 

𝒜+

𝒜− = 0
1/p+

NO NEED TO GAUGE 
TRANSFORM THE 

GLASMA FIELDS !!!



Expectation value of the momentum

Knowing the wavefunction, the expectation value of the momentum 
operator can be determined at any time

< p2
i > = < ψ; x+ |p2

i |ψ; x+ > = ∑
ββ′￼

cβ(x+)cβ′￼(x+) < β′￼(p+
β′￼

, ⃗p⊥
β′￼
, cβ′￼, λβ′￼) |pi 2 |β(p+

β , ⃗p⊥
β , cβ, λβ) >

Matrix element 
< β′￼(p+

β′￼
, ⃗p⊥

β′￼
, cβ′￼, λβ′￼|pi 2 |β(p+

β , ⃗p⊥
β , cβ, λβ > = pi 2

β (2π)δ(p+
β − p+

β′￼
)(2π)2δ(2)( ⃗p⊥

β − p⊥
β′￼

)δλβλβ′￼
δcβcβ′￼

< p2
i > = ∑

β

pi 2
β |cβ(x+) |2



Equation of motion for classical < p2
i >

Taking the eikonal limit for the quark and imposing the boost-invariance of the Glasma 
fields

dpi

dt
=

∂pi

∂t
+ {pi, H}

dpy

dt
= g∂y𝒜x

dpz

dt
= 0




where 

< p2
y (x+) > =

g2

Nc ∫
x+

0
dt1 ∫

x+

0
dt2 < Tr[U(0,t1)∂y𝒜x(t1, y)U(t1,0)U(0,t2)∂y𝒜x(t2, y)U(t2,0)] >

U(x+,0) = 𝒫 exp (−ig∫
x+

0
dtAx(dt))



Equation of motion for classical < p2
kin, i >

Given by the non-Abelian generalization of the Lorentz force, the Wong’s equations 
[Nuovo Cim. A 65, 689 (1970)]




where







and the Wilson line is the same as in the previous slide

< p2
kin, i(x

+) > =
g2

NC ∫
x+

0
dt1 ∫

x+

0
dt2 < Tr[ f i(t1)f i(t2)] >

f y(t) = U(0,t)(Ey(t) − Bz(t))U(t,0)
f z(t) = U(0,t)(Ez(t) + By(t))U(t,0)

[Phys. Lett. B 810 (2020) 135810]



Parameters of the simulation shown in this slides

; 

g2μ = 1.5 Gev
L = 1 fm
N = 128
τ = 0.25 fm
δτ = a /8 a = L/N
mIR = 0.2 GeV


