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Introduction

Central to our understanding of TMDs are the TMD soft
function, S,, and Collins-Soper (CS) kernel, v,, [1], [2].
The former appears in the factorization of TMD observ-

ables, while the latter governs the rapidity-evolution of

TMDs:

YQ (bL,N) — d\(;zlnfTMD (X7bJ_7u7 C) y (1)

Since the CS kernel also governs the rapidity evolution of

the soft function,

dlnS(bL,e,y)
dy

these two objects are closely related, allowing one to ob-

UV counterterms, (2)

%1 (bJ_au) —

tain the CS kernel from a computation of the soft function.

Soft function from Euclidean
complex-directional Wilson loops

Figure 1: Schematic for soft function. The schematic for

Whoity will look the same, but with e — 7, and y4 g — 14/),.

Minkowski space

e The soft factor, Fig. (1) suffers from rapidity

divergences on the light-cone

e Directional vectors, nq and np, regulate rapidity
divergences [3]:

Ny = (1 — e_zyA,aL, 1 +e_2yA) :

npg = (1 —e?8.0,,—1— e2y3)

(3)

e [he soft factor at large rapidity is:

Sq (bJ_a U,yA _yB) — S[ (bJ_, u) g%](bLaU)(YA_)’B)
Lo (e—z(yA—yB)) (4)

Euclidean space

e The analog to Eq. (3) in Euclidean space is:

fia=(in3,0,,n3), ifig=(in%,0,,—n3) (5)

e Confiremed via one-loop computation, we have:
ni 1 +e 24 n% 1+ >
y, — — — }"b _ — =
‘ ng 1—e 4’ ny 1—e»’  (6)
1, nany 1) >0
ral, || > 1, nynp(rarp+1) >

e For finite length, L, Wilson lines we encounter power

divergences, b | /a, where a is the lattice spacing

Auxiliary propagator

e \We can model the Wilson line as a one-dimensional

auxiliary field [4], [5] with Green function:
in- DHy(x —y) = i6) (x — y) (7)
e In Euclidean space, this becomes (71 = (in’,7i)):
ifi- DpH(xp —yg) = W (xg —ye)  (8)

e [he tree level propagator suffers from tree-level UV

cutoff effects in Euclidean space

Numerical implementation and
strategy for extracting the CS
kernel

Considerations for lattice computation:
o Cutoff effects from the auxiliary propagator [6], [7]
e Power divergence from finite length Wilson lines
e How to regulate ultraviolet divergences

e On the lattice r has an additive renormalization

T

Figure 2: Schematic for rectangle loop, Wgp. W4 can be

drawn similarly.

“ratio method”
Woty (b1, a,74,1p)
\/WA (bJ_a a,ra, ra) WB (bJ_7 a,rp, l’b)

e Gives the soft function and the CS kernel
e Removes cutoff effects and power divergences

e |n practice, W4 and Wp on the lattice suffer from an

extreme signal to noise problem

e Solving this is the subject of future work

“double ratio”

L Wbﬂy (bJ_,Cl,l") Wbﬂy (bJ_,Cl,r/)
Wbﬂy (bﬂ_aaa l’) Wbﬂy (bﬂ_aaa ,,./) |

where r =r, = rp, in each Wygy.

Rp (10)

e This method only gives the CS kernel
e ‘b’ ratio removes cutoff effects

® ‘v ratio removes power divergences

log (Rp) = (?’q(bbﬂ))—yq( /b“)) (1)
r+1 /r+1 11
xlOg(r_l/,,/_1>

Results

o Figure (3) demonstrates the cancellation of cutoff
effects at large lattice time

e T[he double ratio removes the power divergence, as
we don't see any linear dependence on b in Fig. (6)

e The small values in Fig. (6) suggest that the

contributions to the r renormalization are large
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Figure 3: Time dependence of the ratio of butterfly loops

at two different values of b,. Here, we use b, = 3a,
' =2a, and r =1.001.
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Figure 4. Time dependence of the double ratio. Here, we
use b, =5a, b, =2a, r=1.002, and ¥ = 1.001.
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-igure 5: b dependence of the log of the single ratio.

Here, we use b’L — 2a, and ¥ = 1.001. We also take the

argest possible T on each lattice.
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Figure 6: b dependence of the log of the double ratio.
Here, we use b’ =2a, r =1.002, and ¥ = 1.001. We

also take the largest possible T on each lattice.
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Figure 7: Preliminary extraction of the CS kernel, for the
403 x 80 lattice. We matched the lattice result in the per-

turbative region at Lo~ 1/a and evolved to 1 =2 GeV.

e \We are working to quantify the contribution from

the r renormalization

e We are able to obtain an incredibly high degree of

statistical precision

e Still need to investigate the contributions from

systematic error
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