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Abstract

Universal properties about the inner structure of hadrons can be described by parton distribution functions (PDFs) and lightcone distribution amplitudes (LCDA). Their calculation involves the evaluation of matrix elements
with a Wilson line in a light-cone direction. In contrast to Monte Carlo methods in Euclidean spacetime, these matrix elements can be directly obtained in Minkowski space using the Hamiltonian formalism. The necessary
spatial- and time-evolution can be efficiently applied using tensor network methods. We calculate PDFs and LCDAs in the Schwinger model with matrix product states.

Hadron structure and partonic functions

▶ inner structure of hadrons can be tested by deep inelastic scattering (DIS):
scattering of electron on a hadron

▶ exchanged photon has large momentum Q2 = −q2

▶ QCD is asymptotically free: photon scatters on free constituent (parton)
▶ scattering amplitude factorizes: perturbative part × PDF
▶ PDF: probability of finding a parton with momentum fraction ξ
▶ fermion PDF of a hadron |P⟩ with momentum P :

fψ(ξ) =

∫
dz−

4π
e−iξP

+z− 〈P ∣∣ ψ̄(z−)γ+W (z−← 0)ψ(0)
∣∣P〉

▶ momentum distribution of partons in decays/hadronization
→ lightcone distribution amplitude (LCDA):

ϕ (u) =
1
if

∫
dz−

4π
e iuP

+z− 〈0 ∣∣ ψ̄(z−)γ+γ5W (z−← 0)ψ(0)
∣∣P〉

▶ large Q2 → light cone physics → integration along light-front coordinate z−

▶ lattice QCD in euclidean space: light cone ∼ point ⇒ no access to z−

▶ Hamiltonian formalism: light cone well-defined in Minkowski space ✓
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▶ →tensor network states/quantum devices for direct computation of light-front
matrix elements

Cross section of DIS

DIS in the parton
picture, from [3]

LCDA in decay
π0→ γγ

The Schwinger model

▶ quantum electrodynamics in 1+1 dimensions, U(1) gauge symmetry
▶ shares many similarities with QCD: confinement, asymptotic freedom, dynamical mass generation
▶ fermion couples to gauge boson (→ partons), bound states (→ hadrons) [4] ⇒ can calculate PDF [5]
▶ Lagrange density: L =Ψ̄(i /∂ − g /A−m)Ψ− 1

4
FµνF

µν

▶ in Hamiltonian formalism equivalent to spin-model (x = 1
a2g2, µ = 2m

ag2 − 1
4 with lattice spacing a):

H = x
N−2∑
n=0

[
σ+n σ

−
n+1 + σ−n σ

+
n+1

]
+
µ

2

N−1∑
n=0

[1 + (−1)nσzn] +
N−2∑
n=0

 n∑
k=0

(
1
2

(
(−1)k + σzk

)
+ qn

)2

Matrix elements consist of four contributions due to the
staggered fermions, e.g.:〈

P
∣∣ Ψ̄(z−)γ+W (z−← 0)Ψ(0)

∣∣P〉
→M =M(e,e) +M(o,o) −M(o,e) −M(e,o)

M(e,e) ∝ ⟨P |σ
+(z−e )Wz−←0σ

−(0) |P⟩ .

▶ evolution along light cone
→ small time- and space-like steps

▶ time evolution with Nτ =
τ
δτ Trotter steps:

e−iτH ≈
(
e−iδτHeoe−iHoee−iδτHL

)Nτ
▶ spatial evolution: insert static charge qn by operator Q†n

and move stepwise
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M(e,e)(2n, 2m) = ⟨P | e i tnH
∏
d<2n

(−iσzd)σ
+
2nQ2n+1 . . .Q

†
2m−3Q2m−1e

−iτHqQ
†
2m−1

∏
d ′<2m

(iσzd ′)σ
−
2m |P⟩

Tensor network states

▶ number of coefficients of state in Hilbert space grows exponentially:

|ψ⟩ =
∑

s1,s2,...,sN

Ψs1s2...sN |s1⟩ ⊗ |s2⟩ ⊗ . . .⊗ |sN⟩

▶ tensor network state: local tensors as ansatz with polynomial resource scaling

Ψs1s2...sN =
D∑

{ix}=1

A
1,s1
i1
· A2,s2

i1,i2
· A3,s3

i2,i3
. . .A

N ,sN
iN−1

= A1 A2 A3 A4 . . . AN

▶ expressivity systematically controlled by bond dimension D

▶ matrix product state (MPS) in one spatial dimension: good approximation for low energy states
▶ Hamiltonian as matrix product operator (MPO):

H =

▶ ground state (vacuum) and first excited state (vector meson) calculated by DMRG
▶ time evolution with tMPS:

e−iδτH |ψ⟩ ≈

L L L L L L

eo

oe

eo

oe

eo
truncate

Results

Matrix elements for PDF:
▶ real part vanishes, imaginary part is antisymmetric ⇒ PDF is real as required
▶ vanishes for large distances ⇒ PDF can be obtained for arbitrary ξ by a continuous Fourier transform
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Results confirm physical properties of a meson:
▶ 0 ≤ ξ ≤ 1: fψ ≈ symmetric around ξ = 0.5 ⇒ fermions carry half of the meson momentum ✓
▶ −1 ≤ ξ ≤ 0: antiparticle PDF from negative ξ through fψ(ξ) = −fψ(−ξ).
▶ observed symmetry: fψ(ξ) = fψ(ξ): PDFs of fermion and anti-fermion are equal for a meson ✓

▶ peaks broaden with decreasing fermion mass; in agreement with m→ 0 where the PDF becomes a
step function [5] and m→∞ where the PDF is a delta function. ✓

▶ all systematic errors well controlled (due to finite D , x , Ṽ , Nτ and electric-field cutoff), see error bands
▶ LCDA: wider → more sensitive to lattice artifacts → extrapolate in x , estimate other errors
▶ PDF: narrower → more sensitive to volume effects → extrapolate in Ṽ , estimate other errors

Conclusion and outlook

We calculate parton distribution functions and lightcone distribution amplitudes in the Schwinger model
from a direct evaluation of the light-cone matrix elements. This is not possible with Monte Carlo simulations
in euclidean spacetime, where access to partonic functions is challenging and indirect methods need to be
applied. Our approach provides a complementary way to obtain PDFs directly in Minkowski space. The
Hamiltonian approach can be implemented on quantum computations as well.
Good accuracies are achieved in numerical simulations with tensor network states. The states can be expressed
by an MPS with moderate bond dimensions of D ∼ 80. The Wilson line is evolved along the light cone
with a time evolution of the MPS. Systematic errors are controlled and the continuum- or thermodynamic
limits can be reached. This demonstrates the applicability of tensor networks for dynamics of gauge theories.
We obtain the PDFs of the fermion and anti-fermion as well as the LCDA for different fermion masses, and
find the expected properties for the vector meson. This study marks a first step for parton physics in the
Hamiltonian approach with tensor networks and lays a foundation towards higher dimensional gauge theories.
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